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Page 54, line 7. For collect-groups read generator-groups. 
" 106, § 81. The first formula should read (A±B) C=AC±BC. 
" 126. The third formula should read k (i — k) =j . 

" 132. Foot-note, second line of second paragraph, read (Ji — J*i) > * = (1 + J*0 • 

2 2 

136. Last line of foot-note. For e , read I . 
" 148. Multiplication table of (i 5 ) . For Ji = i , read Ji =j . 
u 171. Last line of foot-note, insert I , at beginning of line. 

" 182. Foot-note. Add that on substituting k + tj for A; , the algebra (aw ft ) reduces to (ax,), 

and the same substitution reduces (ay,) to (as,) . 
" 187. Last line of foot-note. For i , read I . 

" 246, line 14. After the word that insert with a value of h capable of being made less than 
any assignable quantity. 



On the 34 Concomitants of the Ternary Cubic. 



By Professor Cayley, Cambridge, England. 



I have (by aid of Gundelfinger's formulae, afterwards referred to,) calculated, 
and I give in the present paper, the expressions of the 34 concomitants of the 
canonical ternary cubic ax 3 + by 3 + e£ + Gfayz, or, what is the same thing, 
the 34 covariants of this cubic and the adjoint linear function %x + yjy + %z: 
this is the chief object of the paper. I prefix a list of memoirs, with short 
remarks upon some of them ; and, after a few observations, proceed to the expres- 
sions for the 34 concomitants ; and, in conclusion, exhibit the process of calciu 
lation of these concomitants other than such of them as are taken to be known 
forms. I insert a supplemental table of 6 derived forms. 

The list of memoirs (not by any means a complete one) is as follows : 

Hesse, Ueber die Elimination der Variabeln aus drei algebraischen Gleichun- 
gen vom zweiten Grade mit zwei Variabeln : Crelle, t. xxviii (1844), pp. 68-96. 
Although purporting to relate to a different subject, this is in fact the earliest, 
and a very important, memoir in regard to the general ternary cubic ; and in it 
is established the canonical form, as Hesse writes it, ?/f + v/J + $ + Qnya/^. 

Aronhold, Zur Theorie der homogenen Functionen dritten Grades von drei 
> Variabeln: Crelle, t. xxxix (1850), pp. 140-159. 

Cayley, A Third Memoir on Quantics : Phil. Tram., t. cxlvi (1856), pp. 
627-647. 

Aronhold, Theorie der homogenen Functionen dritten Grades von drei 
Variabeln : Crelle, t. lv (1858), pp. 97-191. 

Salmon, Lessons Introductory to the Modern Higher Algebra : 8°, Dublin, 
1859. 

Cayley, A Seventh Memoir on Quantics: Phil. Trans., t. cli (1861), pp. . 
277-292. 

Brioschi, Sur la theorie des formes cubiques a trois indeterminSes : Comptes 
Rendu*, t. lvi (1863), pp. 304-307. 

Vol. IV. 
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Hermite, Extrait (Tune lettre k M. Brioschi : Crelle, t. lxiii (1864), pp. 30-32 ? 
followed by a note by Brioschi, pp. 32-33. 

The skew covariant of the ninth order (y* — z 8 . z 8 — v* . — y* for the 
canonical form a 3 + y 3 + z 8 + 6foyz), and the corresponding contravariant 
r* — . — £ 3 . £ 3 — >7 3 , alluded to p. 116 of Salmon's Lessons, were obtained, 
the covariant by Brioschi and the contravariant by Hermite, in the last-men- 
tioned papers. 

Clebsch and Gordan, Ueber die Theorie der ternaren cubischen Formen : 
Math. Annalen, t. i (1869), pp. 56-89. 

The establishment of the complete system of the 34 covariants, contravariants 
and Zwwchenformen, or, as I have here called them, the 34 concomitants, was 
first effected by Gordan in the next following memoir : 

Gordan, Ueber die ternaren Formen dritten Grades: Math. Annalen, t. i 
(1869), pp. 90-128. 

And the theory is further considered : 

Gundelfinger, Zur Theorie der ternaren cubischen Formen : Math. Annakn 
t. vi (1871), pp. 144-163. The author speaks of the 34 forms as being 14 theils 
mit den von Gordan gewahlten identisch, theils moglichst einfache Combina- 
tionen derselben." They are, in fact, the 34 forms given in the present paper 
for the canonical form of the cubic, and the meaning of the adopted combina- 
tions of Gordan's forms will presently clearly appear. 



There is an advantage in using the form oar* + by* + cz 3 + Qlxyz rather than 
the Hessian form a* + }f + z 8 + Wxyz , employed in my Third and Seventh 
Memoirs on Quantics : for the form ao* + by* + c£ + Qlxyz is what the general 
cubic (a, b, c,/, g, A, i,y, k, l)(x, y, z) 3 becomes by no other change than 
the reduction to zero of certain of its coefficients ; and thus any concomitant of 
the canonical form consists of terms which are leading terms of the same con- 
comitant of the general form. 

The concomitants are functions of the coefficients (a , b , . . I) , of (£ , ri , £) , 
and of {x , y , z) : the dimensions in regard to the three sets respectively may be 
distinguished as the degree, class, and order ; and we have thus to consider the 
deg-class-order of a concomitant. 

Two or more concomitants of the same deg-class-order may be linearly 
combined together : viz., the linear combination is the sum of the concomitants 
each multiplied by a mere number. The question thus arises as to the selection 
of a representative concomitant. As already mentioned, I follow Gundelfinger, 
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viz., my 34 concomitants of the canonical form correspond each to each (with 
only the difference of a numerical factor of the entire concomitant) to his 34 
concomitants of the general form. The principle underlying the selection would, 
in regard to the general form, have to be explained altogether differently ; but 
this principle exhibits itself in a very remarkable manner in regard to the 
canonical form cu? + fty 3 + ct? -4- Qlxyz. 

Bach concomitant of the general form is an indecomposable function, not 
breaking up into rational factors ; but this is not of necessity the case in regard 
to a canonical form (only a concomitant which does break up must be regarded 
as indecomposable, no factor of such concomitant being rejected, or separated). 
So far from it, there is, in regard to the canonical form in question, a frequent 
occurrence of abc + 8i 8 or a power thereof, either as a factor of a unique con- 
comitant, or when there are two or more concomitants of the sanje deg-class- 
order, then as a factor of a properly selected linear combination of such con- 
comitants : and the principle referred to is in fact that of the selection of such 
combination for the representative concomitant ; or (in other words) the repre- 
sentative concomitant is taken so as to contain as a factor the highest power 
that may be of abc .+ 8P. (As to the signification of this expression abc + 8Z 8 , 
I call to mind that the discriminant of the form is abc (abc + SP) 3 ). 

As to numerical factor : my principle has been, and is, to throw out any 
common numerical divisor of all the terms : thus I write S = — abcl + l\ 
instead of Aronhold's S = — Aabcl + 4£*. There is also the question of nomen- 
clature : I retain that of my Seventh Memoir on Quantics, except that I use 
single letters H, P, &c, instead of the same letters with Z7, thus HU> PU, &c. ; 
in particular I use Z7, H, P, Q instead of Aronhold's /, A, S f1 T f . It is thus 
at all events necessary to make some change in Gundelfinger's letters ; and there 
is moreover a laxity in his use of accented letters ; his B , B, B\ B", and so 
in other cases E, E f , E", &c, are used to denote functions derived in a determi- 
nate manner each from the preceding one (by the ^-process explained further 
on) ; whereas his L , L\ M, M'\ N, N' are functions having to each other an 
altogether different relation ; also three of his functions are not denoted by any 
letters at all. Under the circumstances, I retain only a few of his letters ; use 
the accent where it denotes the 5-process; and introduce barred letters J, K, &c, 
to denote a different correspondence with the unbarred letters J, 2T, &c. But I 
attach also to each concomitant a numerical symbol showing its deg-class-order, 
thus: 541 (degree = 5, class = 4, order = 1) or 1290, (there is no ambi- 
guity in the two-digit numbers 10, 11 , 12 which present themselves in the system 
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of the 34 symbol*) : and it seems to me very desirable that the significations of 
these deg-class-order symbols should be considered as permanent and unalterable. 
Thus, in writing S = 400 = — aM + I 4 . I wish the 400 to be regarded as de- 
noting iu* expressed value — aM + I 4 : if the same letter S is to be used in 
Aronholds sense to denote — 4aM + 4A 4 . this would be completely expressed 
by the new definition 8 = 4.400. the meaning of the symbol 400 being explained 
by reference to the present memoir, or by the actual quotation 400 = — aM + /*. 

I proceed at once to the table : for shortness. I omit in general terms which 
can be derived from an expressed term by mere cyclical interchanges of the letters 
(a, b. c) r (t, r t , £) t ( x > !t> *)• 

Table of the 34 Comriant* of the Canonical Cubic aj* + bif + cz* + ami 

linear form %x + r t y + £z. 

First Part, 10 Forms. Class = Order. 

Current No. 



1 


S 


— 400 


= — «M + P. 


2 


T 


= 600 


— «W — 20ofet — SI*. 


3 


A 


= 011 


— & + ry + £z. 


4 


e 


= 222 


= ^[-Pe-2alrQ.. 








+ yz[bce + 2fyQ . . 


•5 




= 422 


— 7* \l(ab<; + W)? +a {ah: — 4P) >£j . . 








+ yz [hcP? - 2 (ah: + 2P) <| . . 


6 


e" 


= 622 


= j* l — (abc + 2/») , f + 12«/ l («/x- + 2P) jts] . 








+ yz [SGbcP? + 2 (ate + 2/ 3 )S£] . . 


7 


B 


— 333 


= *»[«»(«,»-«$»)].. 



+ y*z [(ate + SP) ft + 12M*{»£ + 66c/f >;] . . 
+ yz» [— (a6c + 8/») ^ — §bc%? — 12c/»&»] . . 



8 B = 533 = ^ [3aV» («-» — ft?)] . . 

+ .y»2 [— P (abc + 8/») itf + 4W (— a&- + P) 

— be (abc — 10/*) f»r] . . 
+ yz» (7»(aAc + S/*)^ + k(afe — 107*) 

— 4cl(—abc + P)^ . . 

9 5" = 733 = j* [9aV («?» — K?)] . . 

+ /A (7(afc + 8f*)(2afc- + P)rf 

+ b(abc+2P)(abc— l0P)?£+GhP(— aic+Z 3 )^] . . 
+ yz* [— I (abc +8P)(2abc + /») 

— 6bcP(— ah:+P)^— c(abc+2P)(abt— 10/*)$Y] • • 
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Current No. 



10 


B" 


= 933 = 


= x 3 [27a*/ 6 (cit» - . . 








+ ifz [— (abc + 8P)(abc — / 3 )Y£ + 9bP(abc + 2/*)V£ 








— 27 bcP (abc +2/ 3 )i'V| • • 








+ ye [(abc + 8P)(abc — P)\? + 276c/ 4 (abc + 2/ 3 ) 








- 9cP (abc + 2Z S ) 2 £>7 J ] . . 




Second Part, (4 + 4 = ) 8 forms. Class = , and Order = . 




Class = 0. 




11 


U 


= 103 


= ax 3 + bif + cz 3 + 6/;cyz. 


12 


H 


= 303 


= P(ax s + b,f + cz 3 ) — (abc + 2P) xyz. 


13 




= 806 


= (abc + 8P)>\a*x t +b % y t + c¥— 10(%V+ razV+ abx 3 y 3 )\. 


14 


a 


= 1209 


= (abc + 8/ s f\ by 3 — cz 3 . cz 3 — ax 3 , ax 3 — bf\. 




Order = 0. 




15 


P 


= 330 


— — l (bee + <m % + + (— abc + 4/») Zrf. 


16 


Q 


= 530 


= (abc — l0P)(bc£ 3 + car, 3 + ab?) — 6/* (babe + 4P) £>7C . 


17 


F 


= 460 


= 6Vf + cW + aWP— 2 (afc + 16/ 8 )(a> 7 V+ c£Y) 








— 24/ s (6cf + car, 3 + aft? 3 ) — 24/(a6c + 2/ 3 ) £Y£». 


18 


n 


= 1290 


= (abc + 8/ 8 ) 3 Jo7 3 — b?. a? — cf . 6£ s — ar, 3 \. 




Third Part, (8 + 8 =) 16 forms. Class less or greater than Order. 




Class less than Order. 


19 


/ 


= 414 


= (a£c + 8P)\ ix(b,f— cz 3 ) + w (cz 3 ^ a* 8 ) + £z (oar 1 — />//)}. 


20 


K 


= 514 


= (aftc + 8/ 3 ) \ i [a/a- 4 — 2ft/a# 3 — Mis»+ Sbtrfz*] . . J . 


21 


K' 


= 714 


= (a&c + 8P)\£ [(abc + 2/ 3 ) (ax* — 2&&y — 2c/a^) 








— 186c/Yz»] . .j. 


22 


E 


= 625 


= (abc + 8Z 3 ) — cz 3 ) [2/V + %z] . . 








+ r,S(btf - cz 3 )[4a/a* + 2fyz] . . }. 


23 


E' 


= 825 


= (abc + 8P) (by 3 — a?)[l(abc + 2/ 3 ) x> — %bcPyz~\ . . 








+ *lK (V — «*)[ « — 4Z 3 ) a* + / (a&c + 2/ 3 ) yz] . .}. 


24 


E" 


= 1025 


= (aftc + 8/ 3 ) \e (by 3 — cz 3 )[(a/>c + 2Pf x* + 186c/ 4 .yz] . . 








+ tf(bjf— cz 3 )[—\2aP(abc + 2Z 3 ) a^+(aAc + 2Pf yz~]..\. 


25 


M 


= 917 


= (abc + 8/ 3 )»^ cz 3 )[5a& 4 — bhttf—eh*— Sbcy**] . . f . 


26 


M' 


= 1117 


= (rtArj + 8/")^ (V — cz 3 )[(a6c + 2/ 3 )(5a« 4 — bxy 3 — cxz 3 ) 



+ i8&c/yz»] . 

Order less than Class. 



27 J = 841 = (o^ ! +8/ , ) ! {a;^a(cV— 6^ + y>7*(<— ^ s ) + <c(6f— aj; 3 )}. 

28 5 s = 541 = (aic + 8/ 3 ) \ x [be? — 2ca^y, 3 — 2ab^ — Gatf?] . . \ . 
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Current No. Order \em than Clam. 

29 K' = 741= («AH- 8/*) { x[/*(Ac^— 2<v/^- %ibZ<?)+«(abe+ '!!*)■< »{*] • .J • 

30 £ = 652 = (<J«+8!*)\j* (cr? — b<?)[2ul? + a'rf] . . 

+ yz (cr? - A£»)[4/»£» + 2«Ar<] . . } . 

31 A" = 852 = (rt/x-4-8/ 3 ) (07* — b?) [« — 4/*) «* — 6oVi£| . . 

+ yz (or*— fc?)[ 4/ (aAc + 2P) ?+ a (abc <]..}. 

32 E" = 1 052 = (atjc+ 8P) J j* (erf— k?) [— 3<//» (afcr + 2/*) f+ 9a»ftrf] . . 

+yz ^< 3 )[(«/x:+2/') , £ , — 3a/*(a6c — ti*)r,Q 

33 J/ = 771 = («/*• +8/*) I* — ^[(afe — S/ 3 )^ — «'^»- a»6g<» 

— 12a/"M — 6aV<*] • 

34 Jf'= 971 = («/*;+ 8P)M*tf"— 6^) [^(70^+8^— 3a*c/ , {^— 3rtV>/*£<* 

+ 4«/ («/x; — /*) + a*(abc — 101 3 ) r;*?] . . \ . 

To thi." may be joined the following Supplemental Table of certain De- 
rived Forms: 

64S 3 — r = — ahn (a/jr + 8Pf. 

— TU+ 24SH= (alx: + 8P)\ (— «Ac+4f)(«* , + %"+ '-2 s ) 

+ 18wAc/x//z}. 

85* tf— 3 TH= (abc + SP) 1 P(5abc+ ±P)(ax>+by*+rf) 

+ 3a^( tt 6c — 10/")3-//2}. . 
3 TP — iSQ = (alx; + 8Py\t(bc? + car? + ab?) 

- StfArfra 

— 48S I / > + TQ=(af»:+8ry\(ab<- + 2/ !, )(&e£ 8 + anf+aij?) 

+ lfr/Wfrft. 

12 (a6c + 8PfF — 288£77* + 768£ I P(> — 87^ 

= (aic + SPyiVc*? + Sa'r,* + «W 
— lOabc (ar; 3 ? + b?e + <*VH. 

viz., these are derived forms characterized by having a power of ab- -f 8P as a 
factor : /£ is the discriminant ; C, D, Y, Z occur in Aronhold, and see my Seventh 
memoir on Quantics: <I> in Clebsch and Gordan's memoir of 1869. 

I regard as known forms A, U, H, P, Q, S, T, F, that is, the eight forms 
3 , 11 , 12 , 15 , 16 , 1 , 2 , 17 ; the remaining 26 forms are expressed in terms of 
these by formulae involving notations which will be explained, viz : We have 



35 


R 




1200 


36 


a 




703 


37 


D 




903 


38 


Y 




930 


39 


Z 




1130 


40 


<t> 




1640 



13 * = 3 (bc'+b'c— 2ff, . . gh'+g'h — af— a'f , . .{X, Y, Z\X', Y', Z') + TU\ 

14 Ll = h J*c(U, H, *). 
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n 





-k Pac] (P, Q, F). 


4 




= 


(be — f *, . . gh — af , . .$£ , vj , £)*. 









T 0®. 


a 





= 




*7 
1 


n 
£> 




3- Jac ( £/, fcj , A) . 


Q 
O 


Jy 




1 t n 

T oB . 


9 


Bf 1 


"~— 




1 A 




"""" 




19 


J 




— x Jac ( U, H, A) . 


27 


J 




i [Jac](P, A). 


20 


K 






21 


K' 






28 


K 




3 {3,©3 f p + 3 tf 03,p + a,ea { /»j 


29 


K' 






22 


E 




- A Jac(A-, Z7, A). 


23 


E' 




- 4 


24 


E" 




4 (P)JP. 


30 


E 




— 4 Jac (K, U, A) . 


31 


E' 




4(*)£- 


32 


E" 




- !(*•)*. 


25 


M 




i Jac(f7, A). 


26 


M' 




- (5) M. 


33 


M 




- \ [Jac](/>, F, A) . 


34 


M' 




4 («) if. 



In explanation of the notations, observe that 

U = fi* 3 + V + ez 3 + 6/*yz, 

# = 1* (aa* + V + 08 s ) — + 2/ s ) x#z . 

Hence, writing 

65 = a'* 3 + &y + + 6^?/z , 

we have 

a', V, d, T = 6aP, 66P, 6cP, — (abc + 2/*). 
And this being so, we write 

X, T, Z = aa»+ 27//z, %* + 2/z*, cz» + 2/xy, 

a, b, c, f, g, h = ax, by, cz, fx, fy , h, 
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for \ of the first differential coefficient*, and £ of the second differential coeffi- 
cients of U ; and in like manner 

X', Y\ Z' — az* + 2.r?z. by + 2fzz, ^ + 2/xy. 

a', V, c\ f, g'. h' = crz, 6>, ^, />. r*. 
for J of the first differential coefficient*, and J of the second differential coeffi- 
cients of 6/L 

Jae. is written to denote the Jacobian, vix : 

| d m * , a,* , a,* : 

and in like manner [JacJ to denote the Jacobian, when the differentiations are 
in regard to {£. r t . ±) instead of (x, y, z) : b is the symbol of the ^process, or 
substitution of the coefficients (a\ V, c\ () in place of (a, A, c ? I): in fact 
A = <ar'a # + b'd h + ^a c + tdg m . b, 4m?.. each operate directly on a function of 
(a , 6. c, /). the (a', A', /') of the symbol b being in the first instance regarded 
as constants, and being replaced ultimately by their values; for instance, 
bai* — a'U + ab'c + ale 1 , #a/x: = 2 (ab'c + a be + a'6'c) , #afc = Oa'bV. 

In several of the formulae, instead of b or the symbol used is (b) or (A 1 ) : 
in these cases the function operated upon contains the factor (abc + SP) or 
(abc + &l*f, and is of the form (abc + 8/*)(a£7 + bV+ cW) or (afc + SPf 
(a* (7 + abV+ &c): the meaning is, that the b or & is supposed to operate 
through the (ofe + 8/*)a, or (a£e + 8/*)*a*, Aw?., as if this were a constant, upon 
the CT, P\ &a. only; thus: (b).(abc + 8/ , X«C r + + clP) is used to denote 
(a/x- + %P)(ahU + bbV + cbW). As to this, observe that, operating with * 
instead of (i) , there would be the additional terms Ub {abc + 8/*)a + &c. ; we 
have in this case b (abc + 8/> , = a (2a! be + aZ/c + a&c' + 24/V) + 8/V, = 2 4a , 6c/* 
— 24a/* (a/x + 2P) + 48a/*, = ; or the rejected terms in fact vanish. For 
(#) .(abc + $P)(aU + 6F + cIT), operating with we should have, in like 
manner, terms W(abc + 8/*)a, &c; here #(afc + 8/*)a = a n bc + 2afoV 
+ 2a0arW + aW + 2W + 24a//* which is found to be = — 24a (abc + 8/*) 
(— abel + / 4 ), that is, = — 24S(abc + 8l*)a ; and the terms in question are 
thus = — 24S(abc + 8P)(aU+ bY+ cW), viz. (abc + 8/*)(a{7+iF + cW) 
being a covariant, this is also a covariant ; that is, in using (b*) instead of A*, we 
in lact reject certain covariant terms : or say, for instance, b*E being a covariant. 
then (#)E is also a covariant, but a different covariant The calculation with (b) 
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or (&*) is more simple than it would have been with ^ or o*. See post, the calcula- 
tions of K', K', &c. 

I give for each of the 26 covariants a calculation showing how at least a 
single term of the final result is arrived at, and, in the several cases for which 
there is a power of abc + 87 s as a factor, showing how this factor presents itself. 



Calculations for the 26 Covariants. 
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* = 3 (bc'+ b'c — 2ff', . . gh'+ g'h— af — a'f, . .\X, Y, Z\X', Y', Z') + TIP, 
= 3((bc'+ b'c)yz — 2U'x t , . 2ltyz — (aF+ a'l)x*, .|ox»+2fyz , .\a'-j*+ 11! yz , .) 
+ T(aW + . .). 

The whole coefficient of »' is 

— 677W + To*, = 36a*? 8 (abc + 2P) + To*, 
viz. the coefficient of aV is 

= 36Z 8 (abc + 27 s ) + aW — 20a7*7 3 — 87 4 
= aW -|- Uabcl 3 + 647«, 
= (abc + spy. 

x, x', \ a.* 

a = ^ Jac(tT, H, ¥), = t' 



14. 
Here 



Y, Y',\d y V 
Z, Z',\d& 



YZ' — 



i 

i 9 



Y'Z — (by* + 2lzx)(dz % + 2l'xy) — (cz* + 2lxy)(b'z t + 2l'xy) , 
— [be 1 — b'c) y*z* + (2M — b'l )xy s —2 (cl' — c7 ) xz\ 
= — 2 (abc '+ 8l 3 ) x^ — cz 3 ); 
. \ djf = t (<A* — babJy 3 — baex'z 3 ) . 
Hence the whole is 

= _ (abc + S/^K** (*.'/ — cz*) + *Y (a? — + «*2 6 (<*** — 6//)f , 
= («ic + 87 3 )(% 3 - c^cz 8 - ax*)^*? —by 3 ). 

d f P, d ( Q, d ( F 

is. n = - £ [Jac](P, g,^) = - £ a,p, a,^ 

d ( Q, d ( F\ 

viz. if, in this calculation, we write 

6P = ac*-|-by / J -|-cC'-|- 61?^ , *• «• a,b,c,l= — 6lbc, — 6foa, — Glob , — abc + 4P 

Q = &'?+ bV+c'C'-l- » » a '» b '» c '» !' = («*»— lOPXAe , ca , fib), — F (babe + 4F), 
then 

a£» + 21^, b!?+ 2Vrf,ld t F 
c£» + 21fr, c'$»+ ja^ 



n = -i 
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Here 

( w + 2 i#x«v + 2 ) - (*v + 2 i'ax<^ + 2 1#) 

= (lx/ — Vc)r??+ 2(bl' — ba)£i»— 2(eF— crt)#» 

or since 

W — l/c = 0, 

hi'— VI = — 6/<m . — /»(5oAc + iP) — (abc — 10P) ca(—abc+ iP) 
= ca \W (oatx; + 4P) + (abc — 4P)(abc — 10/*) f 
= ca(abc + SPY, 

and the like for cl' — d , the expression is 

= 2(obc + 8Pf(car? — ab?) £ ; 

and the whole is thus 

= —i(abc + 8Pf\(oa n l — ab?)Z.±dtF+ . •} 

= — J (o&r + 8/ ^ )»Hc«'r , — ab?)[»<*?— (abc + 16/»)(6^f + cf r?) + Ac] 
+ (o^» — bee )[<W — (afc + 16/»Kcf ^ + ar*D + &<l 
+ (Acf — cajflfaW?— (aic + lB^a^* ) + &a]f. 
Here the coefficient of £Vt inside the } }, is 

ab*c* + bc*(abc + UP), = 2br*(abc + 8P), 
and consequently the whole is 

= — (abc+ SPf(^y - . .), 

= (abc + gpy<(<rf-b?)(a?-ce)(b?-ar?)\. 

4. e= (be — f*..gh — af, 0* 

= (bcyz-Px*)*.. + 2(Pyz-ah?W.. 
which are the terms of the final result 

e = z* [- re - 2aInQ +yz[bce + WnQ. 
5 and 6. The ^-process applied to the terms of just written down gives 
& = \ he = z* \Jl'e-(aT + o7X| + yz [_\(M + Vc) e + 27/'>£), 

6"= ;ye = ^[- r?- 2*?o + ^ pv? + 

and substituting for d, V, d, V their values, we have the corresponding terms of 
0' and 0" respectively. 

7. B — — j Jac.({7, 0, A), = — Y,d,e,rt 

z, a.e.c 

A term is Xirfijh — £d r 0)> and if, in this calculation, we write 
e=M, B, C, F. (i, H<x,y,zf, i.e. A = — — 2aZ^, • . F= 4 icf + ISjf, 
then th* term is 

= <** + 2/yz)\x.2(Gn + V-^Fn - BO + z.2(ty - FQ\. 
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Here 

and hence the whole term in 7? is = aV^ 8 — b^ 8 ). 

8, 9, 10. The coefficient of aV in 5 is a'c, and hence in SB, 5 8 £ 
the coefficients of this term are 2a'ac + aV, 2a'*c + 4aaV, 6aV, whence in 
i?, J3", B" — y 5JB , u &B , ^ S 8 U respectively, the coefficients are 
\ (aV + 2aa'c) , b (a»c + 2aa!d) , j a"</, 
= 3ZVc , 9ZVc , 27ZWc respectively. 



19. 



</= — I Jac(Z7, JJ, A) = — I 



1 



X, X, 1 
Y, r, r, 
z, z, t, 



a term is — \ (YZ — YZ)%, where, as in a previous calculation, 
YZ — TZ— — 2 (abc + W)z(bif— eg 3 ). 

Hence, whole is 

= (abc + 81 s ) fa (by* — cz 9 ) + ny (cz* — aa?) + $z(ax* — bf)\ 

*e + 21r£, a'$» + 21'»£, x 

27. J=|[Jac](P, Q, A) = | b,? 1 + 2 1# , bV+21'#, y 

c£» + 21fr, c^ + 21'fr, s 

if, as in a previous calculation 

6P = af + b^ 8 + cf + 61|^, <? = a'f + bY+ <#» + 61'fc£. 
Here, as before, 

(brj> + 2 l#)(cf$»+2 l'^)-(bV+2 l'#)(c£»+ 2 1^) = 2 (oJc + 8Z7(ca>7 s - . 
Hence, whole is 

= (abc + 8Py\xfr, (07 s — b?) + ynb (a£» - cf ) + s£c (if - a>:% 

20. K= — \ (d t ed.H + d,ed,H + djdd.H) -SUA, 
which, H being 

= I (a!x* + Vy> + dz* + 

and putting = (4, B, G, F, G, H^, ij, A = — l % x> + bcyz, . . 

F= — aJx* + Pyz , . . is 

= - j \(a!x* + 2l'yz)(A£ + Hrj + GO - (- abel + I*) Ufa + *W + ?«) 
+ (Vy 1 + 2«'w)(J^ +Bn+ F$) 
+ (ctf + 2PayX^ + ^7 + C£)f. 
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The whole coefficient of £ is thu* 

= - *: + 2Vyz) A + (Vy* + 2l'zr) H + (<?z* + 2l'xy) G\ - (- abet + P)Ux 

- - * i(f/j*+ 2l'yz%- Px*+ bcyz) + 2Vzx)(- + ftry) 

+ (eV + 2/'^)(- + — (— afc/ + l*) s ,ax* + bxy>+ «z*+ Utyz\ , 

and herein the coefficient of /* in 

= J«7» — «/ (— abc + /»). = 9«/ 4 — al(—abr: + P), = (abc + 8P)aI; 
viz. we have thus the term (abc + 8P) <■ . air* of the final result. 

21. JC= — (h)K, where K is of the form (abc + 8P) (aU + bV + cW). 
and operating with (A), we obtain (ate + 8P)(abU + bhV + chW). Taking for 
instance the term of K, (abc + SP) £ [ale* — 2blxy t — 2clxz* + 3bcy*z*] , tlien. in 
operating with (h). the term 6c may be considered indifferently as belonging 
to b V or c W, and the resulting term of K' is 

K' — — (b) K= — (ah: + 8P) £ [at'x 4 — 2Wxy i — 2cTxz* + Mc'y'z*]. 

= (abc + 8P) Z \(abc + 2P)(ax* — 2bxy* — 2co») — 186c/ , /z»] 

28. k = Sidjbd,p + a,ea,p + a,ea<P} + ; viz. writing 

H = (A,B,G, F, G, H\x, y, zf, A= — P?— 2alr£, . . F= j be? + Pr,;, . . 
then this is 

= V, [- 36c/f + (- abc + 4/ 3 )0 2(Ax+ Hy + Gz) 
+ [- 3*iV+ (- abc + 4P)tf-\ 2 (Hx + By + Fz) 
+ [- 3abi?+ (- alx: + 4P)£r,] 2 (Gx + Fy + Cz)>( 
+ \(abc — 107 s )(Acf + car? + a#?) — 6/*(5<ifc + 4P)W ( (zx + r.y + 

The whole coefficient of z is thus 

= 31 [— 3/x/f 1 + (— abc + 4/ s ) >£] (— 2/*f — 4k«/>;0 
+ [- 3cwV + (- a£c + 4/ s )^(aK» + Z 4 ^) 
+ [- 3aM? + (- afc + 4/')^](aor« + 
+ ■(abf:—U)/ 3 )(bc?+ ca&+ abg?) — 61* (babe + iP) 

and herein the coefficient of ? is \8bcP + (abc — 107 s ) be, = (abc + 8/ J ) br, 
giving, in the final result, the term (abc + 8/ s ) if . bcx*. 

29. k' = \ (j) 

Here Fis of the form + 8P)(aU + 6F + cW), and we have 
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A term of aU + bV + cW is x [be?— 2cairf^ 2ab£!? — 6a where be? 
may be considered as belonging indifferently to 4 For cW, and so for the other 
terms. The resulting term in | (ao U + bo V + cb W) is thus 

i x \bd?- 2ca!^ — 2o## 3 — 6a?Vr]. 

which is = x [P(bcl? — 1ca$rf— 2a4g») + a(abc + 2/ 3 ) v?*?*] , and we have thus 
a term of K'. 

22. E — — £ Jac (.ST, U, A) : 

A" contains the factor aftc + 8Z 8 , and if, omitting this factor, the value of K is 
called A% + By + C£, then we have 

E = - i \ (& X A + ^i? + &.C){ Y{ - Zr) + (& V A + *d y B + & C\Z£ - XQ 
+ (&,A + v d,B + &,C){Xn- Y£)\, 

and the term herein in £* is — f £* (Z3„.4 — Yd,A), where A is 

= afx* — 2blxy* — 2clx£ + 3ic#V ; viz. the coefficient of £* is 

= — + 2%)(— 66?V + 6%z») — (V + 27zx)(— 6c&z» + Qbcy*z)\, 

= ft V« — kfya* + 2Wy — 2cl*x*z 3 , 
= (2ZV + %«) (V — 

Hence, restoring the omitted factor (abc + 8?), we have in E the term 
(abc + 8P)f (ty 3 — cz 3 ) [2ZV + fccyz]. 

23, 24. = — j (5) ^; = j i?: 

^ is of the form (abc + 8P) (a £7" + + cW), and, as before, in a term such as 
(abc + 8?)|*(6y — cz s )(2?x* +bcyz) we operate with 5 or o' only on the factor 
2/'x*+ £»eyz; and in E' and j?" respectively, operating upon this factor, we obtain 

- | \ Ul'x* + (bd + i'c) yz } , and j { 4ZV + 26'c'yz } , 
viz. we thus obtain in E' the term 

(abc + 8P)?(bif — cz 3 ) [I (abc + 2P) x> — 36c?yz], 
and in E" the term 

(abc + 8Z 3 ) £ (6/ — cz 3 ) [(u6c + 2/ 3 )V + 186cfyz]- 

30. .e* = — 4 Jac (/r, tr, a), = - | a^jr, r, 

a.^, z, t 
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and. if orairainjt in iTche factor tlx + W. we write /?= Ax By -r <*z. where 

J. X. f 

A = htf-2rn&-%*&-*nb??, this is = - J if. F. r wilich contains 

C. Z. £ 

the serm 

£ X i — C r >. = 5 <«* + (V — '2nbr? — V»*g — WZ??) 

Henee. restoring the factor air + 8^ r we hare the terms 

2?= fofe + 8f) rf^-h?) [2dP-H<rX] -H ^ - *0 [4f? + 3«K] K 
31 and 32. 1T= — i(*)2?. F^-^jlT: 

J it of the form fair + &F)(aU +bV + tW). and we operate with J and & on 
the factors 2d? + aV^ r Ac: viz. i(2a^» + «S<) = 2(af' + + Wr<. 
( J»(2a^ 5 + <rV<"> = 4«Tp + 2o*r<. and we thus obtain in IT the term 

(ofc + SF)x*{cf — b?)\a(abc — 4/)? — 6o*ft<j. 
and m 5* the term 

25. JT= « Jac (T, A): this, omitting the factor (o&? + 8/V of » is 

= \ btf+Hzx, btfibtf— he* — box 1 ), r : 
<3» + 2fay, o» (a? — Sax 1 — Uf). £ 

the coefficient of £ herein is 

= | 6V+ &2») + 2&[-4y+ rV + 5oi'(6^ -«»)]:. 

= — <3*)[5o&* — Wry» — <rte» — SieyV] . 

Hence, restoring the (actor (ate + 8/*)*, we hare the term 

(ate + Wf.Kbtf — c*)\hah*— ttry»— efaz* — 3te//]. 

2«. Jf = — (*) Jf. Here Jf is of the form (ate + STfi^U + Ac.) ; and 
the h operates through the (abc + SPfa*, Ac ; we in fact have in Jf the term 

— (air + Siy.£(bf— «»)[5a7V— Way 8 — ef'«» — 3&eyf|. 

which is 

= (afe + Wf.iW— ez*)[(afc + 21^00*— bef — exf) + l8M*f*]. 
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33. M = — -J- [Jac] (P, .F, A), = —\ 



— SUxe + i—abc+il'W, d ( F, x 

— + (- abc + 47 8 )# , 3,^, y 

— Slab? + (—abc+ U*)Zn , d { F, z 



and the whole coefficient of x is thus 

= j \ [Slcar, 9 + (aftc - 47 s ) 3^ - [Slab? + (abc - 47 s ) fr] 9,Ff , 
or substituting for j 3^, J 3, F their values, this is 

= { $lcar?+(abc— 47 8 )# } [cW£»— (o6c + 167 S )(&£V + a£Y) 

— 47* (bc?n + caSn* + 4a6^D — Sl(abc + 27 8 )£Y£] 

— \Slab?+(abc-Al 9 )^\[a 9 c i r, i — (abc + W 9 )(an 9 ? + eft 9 ) 

— 47* (heft* + ica^^ + ab%') —8l(abc + 21 s ) f ^] . 

Collecting first the terms independent of abc — 47 s , and next those which con- 
tain abc — 47 s , each set contains the factor 07 s — M?, and the whole is = 07 s — bl? 
into 

— 3la i bc>j % ?—3a i l(abc+ 8Z 3 Vr — (abc?+ aW+a*^)— 2ial s (abc + 21*)% 

+ (abc — 47 s ) { + a'bff —(abc + 167 s ) + 12a7»£\£ f ; 

and here collecting the terms in £ 4 , if (07 s + b?) , i^f , and rf]?, each of these 
contains the factor abc + 87 s , and, finally, the term of if is 
= (abc + Sl 9 )(o, 9 - b?)[(abc - SI 9 ) a'c^v, 9 — a'b& — 12al 9 ?r,S — 6aV?] * • 
34. M = \(h)M 

M is here of the form (abc + 87 3 )(a U+bV+cW); and, operating with 5 through 
the (abc + 87 s ) a , &c, we obtain in AT the term 

J- (oic + 87 s )a(c>7 8 — b?)[(dbc + aVc + abd — 247*7') £ 4 + &c], 

where it be + ab'c + abd — 247*7' = 18a6c7* + 247* (abc + 27 s ), = 67* (lobe + SI 9 ), 
and the term thus is 

= (abc + 87 s ) x (07 s — bt?) [(labc + 87 s ) 7*£ 4 . . ]. 

This concludes the series of calculations. 

Cambridge, England, 17 May, 1881. 



On Certain Expansion Theorems. 

By Emory McClintock, F. I. A. 



Any function fy can be expanded in terms (positive integral powers) of x, if 
y = x<pj/ , provided fy and <py can be expanded in terms of y , and <py does not 
vanish with /y ; because x can, by dividing y by <py, be expressed in terms of y . 
and by reversion y , and therefore fy , in terms of x. These algebraic operations 
do not, however, disclose the law of the coefficients, which may be found in the 
following manner. 

Assuming it known that d* ~ \tyy) n v&*^ _ o] = ^ where d = unless m = n, 
when it becomes equal to 1 . 2 . 3 . . . n or n ! , we have, supposing fy = a + a x x 

D*- 1 (^) w Dfy [y = 03 = T> n ~\<l>y) n i>(a + (hx +...) = ^ a n n\ = a n ; 
also ft) =r , so that 

= fy[y=o] + + -g « , - D (4>y) , i>fy[ y =o] + — (1) 

For several reasons which will appear, I think this series will be found highly 
important. Lying midway between those of Lagrange and Biirmann, and trans- 
formable at once into either of those well-known series, the present result appears 
both simpler in form and easier of proof than either of them. 
t The correctness of the assumption upon which (1) is founded is readily 
shown. Since x = y(^y)"" 1 , or say y<p _1 , 

d w ~ l <p n nx m ^ _ = D tt ~ l q> n vy m qr m ^_^ = d w ~ l q> n ~ m Dy m + d* ~" l ty n y m v$~~™_ 0] . 
If m > n , this vanishes, since y is a factor. If m = n , the second term van- 
ishes, and there remains D n-1 Dy w = n !. If m < n, the whole expression again 

vanishes. We may write it d w ~ l q> n ~ m my m ~~ 1 — D n ~~ l y m m ^ D<p n ~~ _ 0] • If 

we suppose this expanded in terms of y , all of the terms necessarily vanish, 

16 
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since y = , except the term independent of y . Supposing c to be the coeffi- 
cient of y n ~ m in the expansion of $> n ~" m , the independent term will be 

D n - 1 cy n - m my m -~ 1 —D n - 1 y m m J < n—m)cy n ^ m ^ l = m cD n ~ V* ~ 1 — mcv" - *y n - 1 = . * 

I have said that (1) can be transformed at once into Lagrange's theorem. 
If u = y + 25, D y fu = D M fu. In (1), let fy = fu, and $y = ^u. Then w = z 
+ xtyt, and we have Lagrange's theorem, in its later form, 

fu—fz + x. fynjz + — x>. v a {-bz) % i>Jz + 

If x — 1 , we have the same theorem in its original form, 

fu=fz + ^d 9 /z + . . . , 

where u = z + ^a. I have also said that (1) is simpler in form and easier of 
proof than Lagrange's theorem. As regards its form, it is almost identical with 
that case of Lagrange's theorem in which s = , and, consequently, u = y = xtyy , 

fy = fz [# = ] + x • $3D,% = 0] + . . . , 

a case declared by Lagrange himself, in comparison with that theorem, to be 
equally general and much more simple. Even this case of Lagrange's theorem is in 
form less simple than (1), because it introduces unnecessarily a third quantity, z, 
in addition to those given by the conditions of the problem, x and y . I am 
disposed to regard (1) as new and distinct, not only on account of this slight 
difference of form, but also, and chiefly, on account of its origin, diametrically 
opposite to that of the series just referred to ; the one being a casual deduction 
from a more complex expression, retaining a remnant of its complexity in the 
unnecessary variable z, the other being, of and by itself, a simple and complete 
solution of the general problem of reversion. As regards demonstration, it is 
to be remarked that Lagrange's theorem has not been found easy to prove. By 
far the best and simplest demonstration, of many which I have met, is that of 
Laplace, usually followed by the text-books. Concerning it, we may observe 
that it assumes Maclaurin's theorem ; that it proceeds, step by step, from one 
degree to the next higher ; and that it keeps up a cross-fire of differentiations 
with respect to different variables. Concerning the proof of (1) we may remark 
that it involves, in the most elementary manner, a few of the most elementary 

* We might modify the demonstration by beginning with 

d*- V*Dtf" = War — d'-Vd^ , 
both of which terms vanish when m > n , and the second when m = n , since x = when y = , and 
x remains as a factor. When m < n , the term independent of y is 

D* m ctf- m —D n -*y n ^ m vcy*- m = cd* y"— CD H - , ny- 1 = 0. 

Vol. IV. 
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principles, and announces at once the value of the general term. It has also the 
merit of indicating at the start the class of functions to which it is applicable. 
By means of it we may observe that Lagrange's theorem can be employed when 
fu and can be expanded in terms of y = u — 2, provided does not vanish 
when u = 2 . Of course /*/and fyi , or/(y + 2) and uV (y + 2), can be expanded 
in terms of y in all cases to which Taylor's theorem applies. 

I have said, on the other hand, that (1) can be transformed at once into 
Burmann's theorem. Let x be any function of / , and let iy =ft ; then, since 

<py — ~ , (1) becomes Burmann's first theorem, 

fi =Af-o] + -jDj/'fr-o] + 

I call this "first" because two other series sometimes get the name of 
" Burmann's theorem." It was devised for the purpose of expanding one func- 
tion of t in terms of another. Published in 1796, it was long regarded as not 
only different from, but more comprehensive than, that of Lagrange.* 

Biirmann himself showed that Lagrange's theorem can be readily derived 
from his own. The converse, as will be seen, is equally true. Burmann's proof 
of his theorem, the only demonstration of it with which I have met, may be 
found in Lacroix's Appendix and in Grunert's Supplement to KlugeFs Worterbuch, 
as well as in the works cited in the footnote. It occupies five of Grunert's pages. 
There can be no doubt of the correctness of my statement that (1) is both simpler 
in form and easier of proof than Burmann's theorem. 

We have, then, in (1) a series which is essentially identical with those of 
Lagrange and Biirmann, which is simpler in form than either, and which is at 
once a connecting link between them and a necessary step in the most direct 
demonstration of both. The inference seems warranted that we should regard it 
as the main proposition, of which the others are corollaries. This inference will 
be strengthened when we see how readily other corollaries can be deduced from 
it, which are usually referred to Lagrange's and Burmann's theorems. 

For instance, let v = uV( 2 + y) , $y = x» = xM z + andfy = /t? = ft (2 + y). 
Then v = ^(2 + %Z V )> an( ^ si 11 ^ w ith regard to any function of 2 + y, d w = D # , 
we have from (1) Laplace's theorem, 

fv = f^z + x . x^J^h + 

* Bee the Encyclopaedia Metropolitans, Article Integral Calculus, part 8, p. 89 ; De Morgan. Calculus, pp. 
808-805. In the appendix to the Calculus, p. 774, De Morgan says, however. %k Biirmann s theorem is 
nothing but Lagrange 'a, v and proves it concerning Burmann's second theorem. 
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Again, let y = u — a, iy = fu, x= ^ — ^ = tyu, so that tyy = > an d 

we have from (1) what we may call Burmann's second theorem, 

fu=fu lu = a] + . U -^i>fu iu = a] + 

This * 1 very remarkable formula," as Lacroix and others style it, gives 
explicitly the development of one function, /m, in terms of another, ^u. 

Another of Burmann's series may be derived from (1) by substituting for 

14 CL 

y, u — a ; for x, — ^a \ for q>y , — — — ; and for ty,fu. 

Nearly seventy years ago, M. Wronski published a theorem for develop- 
ment, afterwards characterized by De Morgan as " excessively general," " ele- 
gant," " really remarkable." For this theorem, Professor Cayley has presented 
{Quarterly Jvwrwxl, xii, 221) a simpler substitute, as follows : 

" Suppose, in general, tyx = (x — a)^,or let the equation be (x — a)^x 

f x 

+ %fx = , that is, x — a + X ~ = ; we have then, by Lagrange's theorem, 

Consider, for example, the term j F'^-j") | " ; this is = j Fx . ^ \ "' 

the accents denoting differentiation in regard to x, and x being ultimately 

put = a ; or, what is the same thing, it is = (Jjfi) + 0) » 

the accents now denoting differentiation in regard to 0, and this being ulti- 
mately put = . This is 

This may be written (f 1 /* ~j\ where A = <p' + ± 0<p"+ y 6*$'"+ . . . , it 

being understood that as regards F'f 3 , which is expressed as a function of a only 
(0 having been therein put = 0) , the exterior accents denote differentiations in 

respect to a , whereas, in regard to A , = q! + \- 0$"+ &c, they denote differ- 

entiation in regard to 0, which is afterwards put = 0. And the theorem thus is 
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Tl* n^ewortfcj nesoh thos derived by Professor Cayiey saj bt obtained 
from >1«. Q & Terr dire*?* miL»r. as follow*. Given = . %zA — to 
develop fe in !ena» of x . Let 5 = 2 — 'i . a&d 

Then • 1 r beeom« 



IL 

«>f varkus corollaries following from * 1 . two are of ere** praeskml 
iKprjnau*. and are ap-parently perfect in fcra and so£«ai>re- incapable of 
aa&»d=i*ct. I re?er. cf «»or5e. to Lagrange's arid Lapia^es theorems. The 
«-rtraI fieri** jr»:p*:«ed by B^tzhxhil as aid* in devekping one ftn**k*n in terms 
<«r *zsjTae~_ d> ^pi^ seem 10 be quite so jerfecr. Tbey aoromplish ix^hhig whkh 
■amc-s \*t w:tn liable :r*iisforTnatior&. by either of th** theorems or 

vj I . T^rir *v£«9ft <r*fr». therefore, lies solely in the help whkh they afford 
yj zzstyxzz-z ~mh*z transformations may be ne»:essfcry. and by &*nnuaimf the 
re»i2s of transformations. If we hare to expand fm in term* of v« . and 
zf to be readily divisible by « — *i . Burmazm's second theorem will 

be zn-HHtSasely avi£*V?e az>i_ of course, useful. I£ as is much more Iike!y. v« 
5* iri-n ^;cLT«iri5?iitIy irrisb> by * — «i . we may perhaps ram to Burma r^r 's firs* 
tais>;«au wiki telis ^s to x->k for some funcuon of * whkh vanishes with v* . 
zl a fi ~~te ?a;n>:_ is rather va£^e. and. as a matter of artatl prartke. mast 

Tiara Hrna^D^AZi^ w:^i prefer to leave Bunnann's series alone, and to employ 
ttst if *i**r :cit*r 3Xr:«* fcm^w theorems, devising at the moment soA trartsfor- 
mazitiim t* TT'rgrr; ««2L ifWiesBary. There is. however, a <onnok applicable to a 
innLi»*r :<f !a*e*. wikh seetas to have escaped the notice of Bormann 
acut :ra*T ^rr^r* lac wiki w.>-aI«L I think, be foand of use if K>rae in 
sane 17 tii:if*e wii: iarr* >wafr->n to deal with developments of the kind in 

i^nx — T: f«r i*: t*5^risr.f rV faid ?«cvme expre^ion of the form C~ 1 • — m 
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the general term being — -(/t*)". pm ~\ /{% / D ^^" ^ * n a PP^^ n S ^is 

rule, we find that fu can be conveniently divided by u — a, the series becomes 
equivalent, as a special case, to Burmann's second theorem, which it thus practi- 
cally replaces. As an illustration, let fu —u 9 — au*. Here fu is divisible by u 4 — a , 

so that ^r l u = u 4 , tyt = u*, and ^y^~ = (y — a ) (y* — a V^) — Hence, 

fa = • D afa* + W" Daa-^afa* + 

The series (2) is derived from (1) by putting x = fu, y = ^r l u — a, 
(whence w = 4 (y + a), <?>y = -| = f^^ +a y = fa = fKy + «)), and finally 

writing y — a for y, throughout. It may also be derived very readily from 
Laplace's theorem, to which it bears exactly the same relation as that borne to 
Lagrange's by Burmann's second theorem. Whether there is any real necessity 
for an explicit formula, distinct from Laplace's theorem, for dealing with this 
subject, may be questioned. Biirmann and many other writers have thought it 
desirable to have one or more. The present formula appears to meet the require- 
ment. 

III. 

Among the questions to which (1) is directly applicable, one of the most 
important is that of the common reversion of series. Expressed most simply, 
this question is, given x = y + ay 2 + iy 3 + . . . , to expand y in terms of x. Here 
y — x<py, where q>y is the reciprocal of 1 + ay + hip + . . or (1 + ay + - . 
and from (1) we have 

y = x + —7?.D (<py)\ y = ] + 

This is the same result, of course, as that usually derived from Lagrange's 
theorem, with the merely formal difference that y takes the place of z in the 
second member. The determination of the coefficients is a matter of some diffi- 
culty ; so much so that on several occasions on which extensions have been made 
to the known portion of the series, the name of the calculator has been recorded, 
The latest calculation appears to have been that made by De Morgan (Penny 
Cyclopaedia, Article Reversion of Series), who describes the process devised by him 
to facilitate the work. 
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It has, perhaps, not been noticed that, having given the series 

\ = * +*y + .# + .... 

it is peculiarly easy to expand # in terms of x. Here we have, as before. 
y = Jfyy, and 

but in this case tyy = 1 + ay* + t if + . . . , and the coefficients are simpler and 
easier to determine. In the former instance, 

y = x— fjrf— (b — 2ct)**—(c— bab+$c?)2*— (d— W—^ac+'lWb—lAa')^—. . 
while in the present, 

y = x + oj? + $1* + (y + 2a') * + (i + 5oJ) + . . (3) 

Either result may be derived from the other by putting a = — cur. b = — 3x , 
Ac. In another light, we may regard (3) as the development of a root of the 

equation 1 — + af + 3y* + . . . = 0, in descending powers of the coeffi- 

cient of y. When this equation has a very small root, the series may be employed 
for its arithmetical computation, though it is not so good for that purpose as the 
other series, produced by reversion. 

My chief purpose in presenting (3) is to show how it may be employed in 
facilitating the determination of the usual reversion-coefficients, by a method 
even less laborious than that pursued by De Morgan. The reason why the coeffi- 
cients of (3) are, in comparison with those of the other series, so easy to deter- 
mine is two-fold : first, <py is not a fraction, and secondly" ixpy vanishes when y= 0. 
In consequence of these favoring circumstances, the coefficients may, by the help 
of the combinatorial analysis (see De Morgan, Calculi**, pp. 335, 336), be written 
down almost at will. To find the coefficient of x", let us first see how ~~ 1 can 
be resolved into factors of the form if , f , . . . y*~ l . If for example, m = 10, 
we find that f can be resolved in several ways, as follows: f , fy 1 , ff, ff, 
iflflf i ititlt y V V I? I? I? if- Each of these expressions stands for a term or 
element of the result, it being understood that instead of each power of y we must 

write its coefficient in 1 — + af+ j3f+ . . . = 0. Thus 0, a£, pe. yb, a*b, 

a3y, (P, and a*3 will be elements in the case chosen. To each element thus 
found, containing more than one factor, a numerical coefficient is to be an- 
nexed. Each element being of the form a r (i 9 y* . . ., its coefficient will be 
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(OT _1 )(W ^2) (,-, + !) wheren = r+s+t + ThuS( the coefficient 

rl 81 tl . . . 

9 . 8 

of a/3y is 9 . 8 = 72 ; that of is = 36, and so in other cases. The result, 
in the case chosen, may thus be written out : 

Coefficient of a 10 = + 9 (a£ + (3s + yS) + 36a>5 + 72a/?y + 12/? 3 + 84a 8 £. 

If, therefore, it is desired to determine the reversion-coefficients as far as 
those of x m inclusive, we must find the coefficients of (3) in this way as far as 
the with power, and also certain elements of the coefficients of higher powers 
(namely, those elements of the coefficient of each higher power, say x m + r , for 

which n is not less than r) , and then put a = — — ,/?= — , and so on. 

X x 

The process thus indicated will give the expansion of y , where x = y 
+ + by* + . . . . If the given series is x = c x y + c % y* + c z y* + . . . , it 
can be reduced to the first form by dividing both members by c x , when y can be 

x 

expanded in terms of -~ . 

IV. 

Lagrange's and Laplace's theorems can be demonstrated by the means 
employed in proving (1) , without explicitly naming the latter as a step in the 
process. In doing so, however, we cannot fail to be impressed with the fact that 
we are not treating the subject in the best and simplest manner. For Laplace's 
theorem, the proof would be as follows. 

If ft// (y + z) and ^ (y + z) can be expanded in terms (positive integral 
powers) of y , and if ty^z is not , and if x — y -r- ^ (y + z) , then can x be 
expanded in terms of y , and by reversion y, and therefore (y + z), in terms 
of x . It is required to determine the coefficients in the latter case. That is to 
say, it is required to determine the general form of a n in 

H(y + z)= ao + x.a 1 + ^ x . a, + 

Let it be shown, as before, that the expression *>y~~ l [$'4'(y + z)] n D y x m vanishes 
when y = , unless m = n , when it is equal to n ! . Then 

i>r 1 W (y + *)] n »ty (y + *)[,=<>] = dj- 1 (y + *)] n D («• + x . a, + . . .) 



Siurr. t>Jly -r z) = i>Jiy + 2/. thia expression L* equivalent no 

AW/. . -in re fj = when * = 0. Let * = *»jf -t~ ij : then- stnoe 

y = 1^ + 2;= -r/^// . we have #/ = ^ (2 + and oar first equation 

become* 

f* = + «r . f^zD/yz 4- . . . . 

which L* Laplace * theorem. 

For Lagrange » theorem, the proof would be the *ame. omitting through- 
out the functional symbol ^ . 
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§1. On the Residues mod. h of the Symmetric Functions of the Numbers less 
than Ic, where k = any Integer. 

In the following = will denote identical congruity, i. e., $(x) = ^(x) , mod. Jc, 
will denote that the coefficients of corresponding powers of x are respectively 
congruous to one another mod. Jc. If U (x — a) denote the product (x — l)(x — 2) 
(sc — 3) .... (x — a + 1), where a is a prime number, we know that II (sc — a) 
== af -1 — 1 mod. a. This expresses the fact that the symmetric functions 2a, 
2a^3, Za/3y , &c. of the numbers less than (and prime to) a are each = mod. a, 
except the last, which is = — 1 mod. a. It is proposed in this section to determine 
the value of II (x — a) for any integer, k, = a*b u . . . g v h w . . . q', where a, i, &c. are 
prime numbers ; or, more generally, to determine the residue, mod. Jc, of II (x — 6 t ) , 
where 0' 9 , Q',', 0' 9 ", &c. are those numbers less than A; which contain s = hi.. .q, 
and no prime factor of Jc not found in s. These numbers were called in my 
former paper, Vol. 3, No. 4, of this Journal, the s-totitives of Jc. The number 

# of them was called the *-totient of and denoted by r,(&). It was there seen 

# that r,(Jc) = a?-*— 1 . . . tf- l (a — l){b— 1).' . .(g — l). 

Theorem I. If n o r,(x — X ) denote the product (x — Q[)(x — 0[')(x — d[") 
where the numbers O x are the prime totitives of a', a being an odd prime 
number, then 

n a . {x — O x ) = (of - 1 — l)'- 1 mod. a* ; 
and if 9 a , 4£ 9 Ac. be the a-totitives of a', then 

n a . (x — $ a ) = of 9 - 1 mod. a*. 

To prove the theorem it will be shown first that 

U a *(x — O x ) = [n a .-i(s — 0x)] a mod. a*. 

15 

Vol. IV. 



Mitch km. : St/m* 'n&fjf*m* in X>tmt*r*. 



Let a .3. y . . . (* be the prime totitirea of l : then r *he prime touuTis* of ** 
will be given by a + ^ + >st x . k<:. where a ha- all rai-j« from •> :o 

a — J , Xow 

— (Jl- x Att- l af)*- x +kz. mod.'/. 

where the term* containing a 44 " 1 '. i*' -1 '. Ac, have been dropped, and C[. C\, 
Ac. are the successive binomial coefficient* of the a** power, and J = 4- 1 

+2+3+. - . + 1)= a( ^^- } . But .4=0 mod. a. Aaf-' = mod. a*, 
and 

II (x — a >y? = (x — af mod. a*. 
/. II, (x — ff t ) = (x — af{x — J)" . . . (x — uf m [fl*- (x — H x >]* mod- <r. 
Xo*. 

n, fa: — 6,)= y* ~ 1 — 1 mod. a . 

.-. n«. (^-'—lr " a*. 

.mm*-*i>=<**- '-if""'" rf. 

and the first part of the theorem is proved. The same proof applies to the 
second part of the theorem, if we suppose a. 3 . kc. to be not the prime toti- 
tirea. hut the a-totitives of of- 1 . Then we get. just as before. 

ix - b„) = [U^-,{x - *.)]• mod. ct. 

But we have 

n. (x — *.) = x — 0. 
.'. n«j(jr — h m ) = x* mod. a*. Ac. 
.-. II* (a: — = x*'" mod. a*. Q. E. D. 
If. in the foregoing, we put a = 2 . then 

II fx — * + -?- 1 X) = z t — (2o± 2*- l )x+[a?± mod. 2*. 
since ^4 = 0+ l = ±l mod. 2 . This may be written 

IKx — a + 2*- l X) = (x — af± 2'- , (jr— 1) mod. 2*. 

n y fx - ) = (x — af ± 2' - 1 (x — 1) J \(x — 3? ± 2' " 1 ( x — 1) J 

-;(jt-»/±2 , - | (x— l)f mod. 2*. 

.-. rv ^ - = [nr-:(x— o>]» ± y-^x— i){(*— 3Y(x— r y. . . (x — »)» 

+(x-*f(x— yf. . .(x- «)»+. . .+(x-a)»(x— 3Y(x— yV. . .(x— W-mod. 2*. 
Xow. if * > 2 . the number of the prime totitives of 2' ~ 1 is even. »". e.. a. 3 . 
k/:. %r<t the 2*~* odd numbers from 1 to 2' -1 — 1 . Thus, we have 

fl, ix—Htf = {llr- ix — dt ^-'(x— l){2'-»(x — lY '-* + 2/(x);- mod. 2f 

IV = [n,- {x— 6,)J* mod. 2*. when / > 2 . 
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If a, (3, y, &c. be the 2-totitives of 2* _1 , i. <?., the 2* -s even numbers from to 
2' -1 — 2 , then we get, as before, 

n t . (x — 0,) = pi,-, (x — 0,)] s =b 2'~ 1 (x — 1) { 2' - V - ' ~» + 2$ (x) f mod. 2* 
II, (a; — 0,) = pi,.-. (a; — 0,)]* mod. 2', when t > 2 . 

By inspection, we have 

n,(x— x ) = x— 1, 
n 4 (x — 0i) = a*— 1 mod. 4 , 
••• n, (x — X ) = (x* — l) s mod. 8 , 
and thence, by induction, 

n,. (x — 0,) = (a* — l) s '~* mod. 2*. 
So we have, by inspection, 

II, (a; — 0,) = x , 

II 4 (x — 0,) = x(x— 2) 
••• n, (x — 0,) = X s (x — 2)* mod. 8 , 
.-.n 14 (x-0,)=x 4 (x-2)* "16, 
••• n,.(x- 0,) = [x (x — 2)] s '~* mod. 2*. 

This last expression may evidently be written 

n,.(x — 0,) = x»'"'- l (x , + 2 < - 1 x + 2 < - 1 ) mod. 2*. 

Thus we have 

Theorem II. If II (x — d x ) denote the continued product (x — S[)(x — 01').- • , 
where the numbers 0i are the successive odd numbers from 1 to 2' — 1 , then, 
t being > I , 

n (x — 0,) = (X s — 1)*'"' mod. 2' ; 

and if II (x — 0,) denote a similar product where the numbers 0, are the suc- 
cessive even numbers from to 2' — 2 , then, t being > 2 , 

n (x - 0,) = [x (x — 2)]*'- 1 = x 4 '"'-* (x» + 2'- J x + 2'- 1 ) mod. 2'. 

Example of Theorem I. Suppose a' = 27. Then 

(x — l)(x - 2)(x — 4)(x— 5)(x — 7)(x — 8)(x — 10)(x— ll)(x — 13) 
(x + 13)(x+ll)...(x+l) 
= (X s — 1) (x» — 10) (x 8 — 19) (X s — 4) (x»— 7) (x»— 16) (x 8 — 22) (X s — 25) (X s — 1 3) 
= (X s — l) 8 (x 4 — 11^ + I) 3 = (x 4 — 12x 4 + 12x»— l) 3 = (x>— 1)» mod. 27. 
That is, n (x — 0,) = (x* — l) s * mod. 3 8 . So, 

n (x — 0,) = (x — 0)(x — 3)(x— 6) . . . (x + 6)(x + 3) m X s mod. 27. 
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Fss/tmfjA of Thv/rem II, Suppose 2* = 16 . Then 

II fx — h l} = (z—\)(z—%)<z — otz —~tz — e 4)(z— \\j(z — 13* x — 15) 
s 1 ff*— = i*— l<h>+ '4f = J— 4/+ 1 =<**— 1 f mod. 16- 

— — 2,'x — V* — 6j^ — %;(* + 6>(z + 4;<*4-2» = — 8mx*— 
s = tyx — 2;j* mod, 16 . 

In the following if k = '/lf. . 'fh*. . 'f. and * = hi . . q. R 9 will denote 
that one of the root* of = * mod. k. which i» an *-totitive of k , (For the 
properties of the*> root- or repetent*. *ee my paper. VoL IIL Xo. 4. of this 
Journal), R, will denote that repetent of whose *ubecript contain* all those 
prime fa/rtora of £ not found in *. Thus /?- will denote briefly the same thing 
ait //^ ^ , We can now prove the general theorem concerning the function 
fljz — H 9 ) of any integer k. 

Thfittrtm IIL If k = afb m . . <fh m . . <f . where a . b . Ac. are different prime 
umber*, and if * = A ... 9 . <x = A* . . . <y* - and 6£ . be the *-totitives 

>f A, then 

fM*- *,) = £„ If-*' + J%(a*-" — lr-*'+ ...+ Bjfr-t — lYJ* 

+ R;z?> ( *> mod. it: 

Tl t (x—0.) = Rt(a* — 1)*^+ i?;^ mod. 1% 
and (2) when — = 1 and of = 2' where * = or >2, in which case, if t=2. 
then 

Tl k (r- e.) = x r - <k > + jkz"*>~ 1 mod. *. 

and if t > 2 , then 

IM* — 0,) = + j kx r . (k >~ l + \ W- % mod. *. 

To prove the theorem, let us consider each component of the modulus sepa- 
rately, With respect to mod. a*, the formula to be proved reduces to 

Yi M (x -e 9 ) = {z?- 1 — 1 )*-<*> mod. a*, 

tune* Hi, ...Rj, R; each contain a*, and Jfc=l, mod. of. Now it is 
clear that if we take the residues mod. a' of the numbers 0, we shall get 
each prime totitive of cf the same number of times, and shall consequently get, 
r/i) 

in all, -T-/ groups, each group containing all the prime totitives of of. If 
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n a (x — 0,) denote the product taken for those numbers 0, which compose 
any one of these groups, then by Theorem I 

n a . {x—6,) = (tf- 1 — I)"" 1 mod. a\ 
if a be an odd prime number. Hence 

Tl k (x - 0,) = (x* - 1 - l)* 1 - 1 riS I mod a', 

or 

n* (x — d,) = (x - 1 — l) T -<*> mod. a'. 
If a = 2, we have, by Theorem II, 

II 2 < {x — 0.) = (x 2 - l)*'"' mod. 2', 

/. n 4 (x — 0.) = (a*—l) f —f$ mod. 2*. 
Now, if contain at least one odd prime number, then 2'"*. ^| ( = 4 r *(^)) * 8 

divisible by 2'- 1 ; but (a*— l) 2 '- 1 = (x— + 2) 2 '" 1 , and(i^l + 2) 2 '- 1 
= (x— mod. 2', therefore (a* — If" 1 = (x — If mod. 2'. Therefore, 

n 4 (z — 0.) = (x— 1) T - W mod. 2*. 

But if — = 4, or a higher power of 2, according to exception (1), then we have, 
o 

as above, II* (z — 0,) = (z?— 1)W mod. 2*. 

Having shown that the formula holds true for mod. a', we have shown it true 
k 

for mod. — , since no distinction is to be made among a, i, ... a. 
<j 

Let us now consider one of the components of <r, as q*. The formula to be 
proved reduces to 

U k (x— e 9 ) = x r ' (i) mod. g*, 

since 22,- =1 mod. q*, and 22- 22$, . . 22- each contain The numbers 
0, all contain 9, and it is clear that, if we take their residues mod. q 9 , we shall 
get each j-totitive of <f the same number of times, and shall consequently get, 
r (k) 

in all, groups, each group containing all the j-totitives of q 9 . If II q . (x — 0,) 

denote the product taken for those numbers 0, which compose any one of these 
groups, then, by Theorem I, we have, when q is odd, 

n^. (x — 0,) = a*" 1 mod. q*. 
■'• n» (x — 0,) = x"™ mod. q*. 

But if q = 2, we have, by Theorem II, second part, 

n y (a — 0,) = (x(x — 2)f~ % mod. 2'. 
/. n» (a — 0,) = (x(x— 2))*^*> mod. 2*. 



And if be not equal to unity, then - rjk) will be divisible by 2*~ : when 
<l = 2, Then, since [^ — 2)]* = a* mod 2*. it follow* riiat 

X\ k (x—b 9 ) = tef* mod. *2*. as before. 
But if * = 1 and 7 = 2. then ~£ is odd. and we have, bv Theorem II. a* before. 

II, — s [jrf*—2)j*-s + 2— 1 * + 2— : naod2«. 

where the laat term in the parenthesis b present or absent according as 1 > 2 

or 2 = 2 , 

/. n^-^i^' 2— + -l*- 1 )}^ mod. 2*. 

5ow. f/ , + 2'- I z + 2'- I f = (/)»+ A-Jl^f-Vl— + j^r^a— l )f mod. 2* 
which, when n is odd. becomes 

^^+ 2'- , / > - I + 2— V-* = + 2*~ 1 x + 2*" 1 ) mod. 2V 

Then, since is odd, we have for z > 2 T 

1l t (x- 9.) = 2'~ l x + 2— M**— » mod. 2*. 

irhere »= r^-j . Xow. since is odd, we have 4 * = 2* _1 ^2>. + 1). Then 

n t (x — 6 t ) = t?j*- % (z» + y ** + y *) mod - 2 *- 

which is exception (2). second part. In exactly the same way we get 
when 2=2. 

n t (ar — 6,) = a?'* + ^ **) moA 2 *' 

which is exception (2). first part. 

Having shown, now. that the formula of the theorem holds good with 
reapect to any component of the modulus, the theorem is proved. 

In the expansion of J2i (jc* -1 — l)*-*** the coefficient of or* is 

= {-)^' R^(fj* or = 0, 
«— i 

according a* r i* or » not divisible by « — 1 , where C^* 4 ** is a binomial coeffi- 
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cient. For, if r contain a— 1 , then ( — ) " = ( — ) a_1 . Therefore, put- 

ting r, (&) — r = m , the preceding theorem may be stated as follows : 

Theorem IV. If k = a'b*. . . g*h». . . tf 9 s = h...q, and P TO (0,) denote 
Z0;0',\ . . 0J m] , where 0^, &c. are the *-totitives of k, then 



PM^'z^-y-^Cj?" mod. *, 

• — 1 



the summation including only those terms for which is an integer; except 

k 

(1) when — = 4 or a higher power of 2 , in which case 

(T 

P 1 .(d # ) = (-) i " J B 1 (7™ mod.*, 
and (2) when — = 1 and one of the components of k = 2*, in which case, if 
n = 2 , then p ^ = { and P 1 + , = mod. Jfe, 

but if n > 2 , then 

P,(0 # ) = P 2 (0,) = \ k, and P 2 + , = mod. k. 

When m = r 9 (k) , the formula becomes 

P T . (4) (0.) = i2- + R s + . . . + B f = R^rrr g = R. mod. k, 

k a 
except when — = p n , 2p n , or 4 , and — is at the same time an odd number, in 

which case r,(k) :p — 1 is odd, and the formula becomes 

P r , (k) (0,)=-R t moa. k. 
This special case of the formula is the generalization of the Wilsonian theorem 
given in my former paper, for P Ta{k) (0 # ) = the product of the $-totitives of k . 

Example. Suppose k— 60 = 2*. 3.5, then those three roots of a?=x 
mod. 60 which I have denoted by R* , R* , #5 are 45 , 40 , 36 respectively. 
/. s = 1 . 

PJM = (-f'RjCT + (-r 1 RfCT + (-f^RlCT mod. 60 . 

t=l- T=T 

Whence P x (0 X ) = — 45 . 16 = , 

P t ffl = 45. 1 -^-40.8=-20, 

r> az 16.15.14 __„ 

P s {$ 1 ) = -A5. t % 3 = 0, 

PM= M 1 l A l A t A l + 40.^-36,4 = 16, 
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etc., to PJf>j= Ri + Ri + Rf = l. 

These relation*, expressed bj Theorem III, become 

!!(* — *,) = /2f (x- + Jfc (z» - \ f m + R f (z t - If mod. 

or, 

Iliz — = 4o(x-lf+ 40(x*-lf + 36 lj* mod 60. 
//. * = 5. 

= (-/^ AfcC*-''* + {-f^BjCl'* mod. 60. 
P,^) =-45.4 = 0, 

= 45. ^| -40.2 = 10. 

f\(0,) = 45 + 40 = 25 = ^. 
These relations, when expressed bj Theorem III. become 

n(z — f ) = 45 (x— 1)* + 40(z»— 1)»+ 36x* mod. 60. 

///. *= 3. 

P.(d,J = {-f^BtCV^ + (-jf^t^* mod. 60. 
/>,(*,)= — 45.8 = 0. 
/>,(*,) = 45.^| = 0. 
^=-45.^ = 0. 

/>,(*,) = 45.^1^-36.2 = 18. etc.. to 

P,(0,) = 45 + 36 = 21 = .R, : otherwise. 
n(x — 0,)= 45(x— 1)»+ 40jt»+ 36(z«— IV mod. 60. 

JV. 9 = 2. 

P m (6 t ) = (— )*^fiy£?Y" + (— f^RiCV* mod. 60. 
P,(0,) = O. 

P t («.)=-40.ill = 20. 

/>,(*,) = 0. 

PiW = nlx-J ~ 36 4 = 16 ' etc " to 

/»,(«,) = 40 + 36 = 16 = B,. 
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7. a = 2.3. 

P„(0,.s) = (-f^RgCT? " m mod. 60, 

Pi(6 t . 3 ) = P t = P s = 0, 
P 4 (0,.,)= — 36.2=— 12, 
P 5 =P 4 =P, = 0, 
P e (0 s . 8 ) = 36 = 

7/. * = 3 . 5 . 

i 60 

This is a case of exception (1), since — = — = 4 . 

.'. P m (6 3 . 5 )= (-)"i^ ,,,<W mod. 60, 

P, = 0, 
P,=-45 

7//. s = 5 . 2 . 

P m (0 5 . 8 ) = (-)^ a -^- ^ mod. 60, 
P, = P 3 = , 

P,(0 5 .,) =-40.2 = — 20, 
P 4 (0,.,) = 40.f^=i? 5 . s . 
7///. * = 2.3.6. 

This is a case of exception (2) , since — = = 1 , and 60 contains 4 . 

o & » o ■ o 

.•.^(^.3.5) =^-(60), and ^ = = ^.3.5. 

The only two numbers included here are 

and 30, P x = + 30, and P* = 0.30. 

Theorem V. If k = a*b u . . . q*, and U k (x — 0) denote the continued product, 
x(x — l){x— 2)...(x — k^l), then 

U k (x — 0) = Ri(Qf — xf + Rs{i» — xf + . . . + R^ofl — xf 9 mod. k ; 
except when one of the factors of k , as a , = 2 , and t > 1 , in which case 

n* {x — 0) = R> [(a?— x) f — 2 (a?— x)f + R»{a*— xf +. . .+ R; — xf mod. k. 
To prove this theorem we have only to consider one component of the 
modulus, as a*. Since , , . . . R- q each contain a', and ifc •= 1 mod. a*, the 

congruence to be proved reduces to Tl k (x — 0) = (cc" — x) m mod. a*. Now it is 

Vol. IV. 



^ i = i aaii * > 1 II v — r 5;r :cwr rrniu = ~ — 1 1 r- — ir J* ~ = :mi«L jf. 

n.jr — + It** — I =:-r — i ^ — r 'nut* EL D. 

St ^m^ar^iz tin*- 'MsAseca \i ^rmfCKtbimz rf r j»t» 

mining* fr.ai ■} v. i — I i ^nw :£ "at* "Wiai* :c r^aimaL nus* icT 
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forms s° + A,! a?" 1 + A*a°~ s + &c, x b + [iix b ~ l + pw?-* + &c. respect- 
ively. It is well known that K can be so represented in only one way. 

A function, $(x) y is said to contain another function, /(cc), with respect to p, when 
= f(x)fi(x) + pf%(x). In the following the words with respect to p are 
always to be understood when the word contain is used with reference to func- 
tions, and when one function is said to be prime to another it is to be under- 
stood that they have no common factor with respect to p. 

Let the number of incongruous (mod. p) functions of a less degree than 
that of K and prime to K be called the prime totient of K } and let it be denoted 
by r^K) after the analogy of Professor Sylvester's notation and nomenclature in 
the case of integers. Likewise let the functions themselves be called the prime 
totitives of K. In the same way let the number of those which contain A but no other 
prime factor of K be called the ^.-totient of K, and let it be denoted by r A (K) ; 
and let the functions themselves be called the JL-totitives of K. So on, for 
*ab(K) j r ABc(K) » & c - There are plainly 2* different classes of totitives of K, 
if i denote the number of the unequal prime factors of K. A means of finding 
the value of the different totients of K will be furnished by the following : 

Lemma. There are p n ~ m incongruous (mod. p) functions of x, degree <w, 
which contain a given /miction $(x) of form x m + ~ 1 + \x m ~ % + . . . + X m . 

For let ^(x) = ax 11 " 1 + (3x n ~*+ &c, where a, &c. are variable coeffi- 
cients. Dividing ^(x) by q>(x), we get a remainder of degree m — 1. In order 
that there may be an exact division, each of the coefficients of the remainder 
must be equal to zero. We thus have m equations, which, as the process of 
division shows, are linear in the n quantities, a , (3 , &c. We may give arbitrary 
values to n — m of these quantities, and considering the system of equations as 
a system of congruences mod. p } we may evidently satisfy the system in^ w ~ ro 
different ways. Hence the lemma is proved. 

Suppose, now, that K— AWC*. We easily find, by means of the pre- 
ceding lemma, and by use of the process employed to find the totients of an 
integer, that 

ri (K) = /-i)y-i)y-i)^- l)(p b — 1)(;> C — 1), 
r A (K) = « ( ^_i)(^_i )f 

*ab(K)= " (i> c -l), &c. 

The analogy between these numbers and the totients of an integer is at once 
apparent, viz: if an integer k = a'&V where a, 6, c are prime numbers, the 
totients of K are derived from the totients of k by substituting in the latter 



36 



Mitchkll : Some Theorem* in Numbers. 



p a for a, p b for h, Ac, where, however, a, b, c, the degrees of A, B. C, are 
not prime numbers, but any integers. 

It is proposed, in what follows, to show briefly that certain theorems of my 
former paper, as well as those of the preceding section, have their analogues in 
the theory of functions (mod. p, K) . 

Let us first consider the properties of the roots of X* = X (mod />, K), 
where K= A l B?. . . G V H». . . Q 9 . Let * = H . . Q, and a = H w . . . Q*. We 

evidently have X=0 (mod. p, a), and X = 1 fmod. — j, and thence 

If K 
Jut — (i — = 1 mod. ^ . Since a and — have no common factor with respect 

to p , this congruence gives one, and only one, value of X . (See Serret, Cours 
cPAIg. Sup., § 341), and consequently one, and only one, value of X for the 
two preceding congruences. This value contains a . Call it R 9 . It is evident 
now that there are twice as many roots of X* = X (mod. p , K) as there are 
ways of separating K into two factors prime to one another, viz : 2\ and that 
one of them belongs to each of the 2* classes of the totitives of K, where i is 
the number of the unequal prime factors in K. It is at once evident that these 
roots or repetents of K have the same properties as the integer roots of a* = x 
mod. k . For convenience, I restate some of them : 

(1) . R 9 R^ = R„- (mod. p, K), where s and d are prime to each other. 

(2) . The sum of any given number of the repetents of K is congruous 
(mod. p , K) to the sum of the same number of any others of them, provided 
only that the product of the subscripts is the same for each sum. 

(3) . If h denote the product of all the unequal prime factors of K not 
contained in * , then 

RjRp = (mod. p, K), 

(4) . R; + R,. + . . . + ite, = /? „..,, m (mod. p , K) . 

(5) . If A' t be prime totitives of A*. B?, . . . G*. respectively, 
and H'. . . . Q are multiples of J9T, /, . . . Q , respectively, then the residue 
(mod. />, K) of the function, A1R- A + BR~ B + . . . + QRg is an *-totitive of K. 

The analogue of Fermat's extended theorem is X r / K '= R 9 (mod. />, 2T), 
where X 9 is an *-totitive of K. 

If K = A', it is proved, in the ordinary way, that 

X?*' EE 1 (mod./*, K), 
and it is, of course, obvious that 

X r / At) =0(mod.p, K). 
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Hence the theorem is true for K= A 1 , since R l = 1 and R A = (mod. p, K). 
Then since [see (5)] 

X, = A f R A + BRg + . . . + QRq (mod. />, K), 
we have, by raising both sides to power t # (/T), inasmuch as r a (K) contains 
* X (A% . ..r x {&), 

X;^ = R A + R B + . . . + Rs = Rtbt^g = R. (mod. j,, K) ; 

and the general theorem is proved- 

Let it be required now to find the residues (mod. p, K) of the symmetric 
functions 2©^ , &c, where ©^ , 0^', &c. are the s-totitives of K } or, in 

other words, to find the residue of the function li K {X — 0,), in analogy with 
the results of the preceding section. First, let us prove that li A *{X — X ) 
= [II^-i(X— ©^'(mod. p, A*). The method of proof is precisely that of 
last section. Let a, (3, y , Ac. be the prime totitives of A'" 1 ; then those of A* 
will be given by a + %A*- 1 , (3 + %A* t &c. where A, is any one of the p a incon- 
gruous (mod. p) functions of a less degree than that of A . But 

U(X - a + XA'- 1 ) = X** — ( Of a + Q.A* - l ) X*' - 1 + ( Or of + OTOA' ~ l a)X*' - * 

— (Cga 3 + Cr-'nA'-^X*--* + &c. (mod. p, A*) 

just as before, where fi here equals the sum of the p a incongruous (mod. p) func- 
tions of a less degree than that of A. But we evidently have fl = mod. p. 

n(X— a + XA'- 1 ) =(X— a) pm , (mod. p, A*). 
■'• IMX- 0,) = [(X-a)(X-/3) . . . (mod. p, A<). 

.-. n A *(x- = [n A <-ix- ©o? - , (mod. P , a*). 

Now we know (Serret, § 345, et seq.) that 

11^ (X- ©0 = X*--* — 1, (mod. P , A), 
/. n A >(X- e x ) = (X*- 1 - I)*"', (mod. Pl A% 
IMX- ©0 = (X*- 1 - (mod. p y A*). 

In the same way, we evidently get 

IM-T- e A ) = (X)>«- 1) , (mod. p, A<). 
In general we have the following 

Theorem. If K= A'B* . . . G*H U . . . where A, B, Ac. are different 
irreducible (mod. p) functions of x, of degrees, a, b, Ac. and if S= HI. . Q, 
and Q',', &c. be the #-totitives of K, then 

n r (x- e 8 ) m R 2 {x*—* — iy«*> + . . . + r 9 {x*- 1 - i)™<*> 

+ R g X^ K \ (mod. p, K). 
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There are no exceptions to this formula as in the case of the corresponding 
formula for integers, for the unique prime number. 2. has no analogue in this 
theory of functions. The proof of the theorem is so nearly the same as that of 
the one for integers that it does not seem worth while to repeat it here. It is 
simply a substitution of p* for a. // for 6. «kc. and (mod. p. K) for mod. k in 
the proof of Theorem HI in the last section. 

If P m (& 9 ) denote 1H' 8 H^ . . 0i" : . we have as another form of the preceding 
theorem, analogous to Theorem IV of the last section. 

P m (0,) = I (- )*°/? (?; . mod. (p. ICl 



= A 



rQ 



where the process of summation includes onlv those terms for which —rr % i «-., 

rflrj 

= an integer. 



When m = t.(A') . the formula becomes 

P„ x . = R-2 + + . . + B = r - s - R*. 
except when — = a power of an irreducible function, as A*, and p is not 2, in 

which case -^r- e - . is odd- and we have 

ziA) p*— 1 

P rmK = — B 2 = — B 8 . (mod. p. AT 

Since P TmK = the product of the *-totitives of A", this special case of the 
above theorem constitutes the analogue of the generalized Wilsonian theorem. 

It is easy to see that Theorem V of last section also has its analogue here, 
viz : If Tl K (X — 9) denote the continued product ( JT — &)\ JT — ©") . . . where 
f#. ff. Ac. are the whole set of the x = p* + * + — ^ f incongruous (mod. p. K) 
functions of x from up to AT. then 

c « 

n r i X — H\ = RjiX**— Jf + . . + Rq(S^— SY\ [mod.;,, JTJ. 

or 

m _c m m_ 

P m tf)) = i—r-'R I C~ m +.. + (—r- 1 B 9 Cl. (mod. K). 

Baxtdko. 14 AprH. 1*1. 



Note on the Frequency of Use of the Different Digits in 

Natural Numbers. 



By Simon Newcomb. 



That the ten digits do not occur with equal frequency must be evident to 
any one making much use of logarithmic tables, and noticing how much faster 
the first pages wear out than the last ones. The first significant figure is oftener 
1 than any other digit, and the frequency diminishes up to 9. The question 
naturally arises whether the reverse would be true of logarithms. That is, in a 
table of anti-logarithms, would the last part be more used than the first, or 
would every part be used equally ? The law of frequency in the one case may 
be deduced from that in the other. The question we have to consider is, what 
is the probability that if a natural number be taken at random its first significant 
digit will be n , its second n', etc. 

As natural numbers occur in nature, they are to be considered as the ratios 
of quantities. Therefore, instead of selecting a number at random, we must 
select two numbers, and inquire what is the probability that the first significant 
digit of their ratio is the digit n . To solve the problem we may form an indefi- 
nite number of such ratios, taken independently ; and then must make the same 
inquiry respecting their quotients, and continue the process so as to find the 
limit towards which the probability approaches. 

Let us suppose the numbers with which we commence to be arranged in 
periods according to the number of their digits, or, which is the same thing, 
according to the characteristics of their logarithms on the scale of which the 
basis is i, (i being 10 in the common system). Then, if two numbers are t c4 ** 
and i e ' + *, c and d being integers, the significant figures of the ratio will be inde- 
pendent of c and d y since changing these integers will only change the 
decimal point. We may, therefore, take both numerator and denominator of 
the ratio out of the same period. 

Moreover, since both numerator and denominator are formed by the same 
process, we may suppose the law of distribution of the numbers from which 
they are selected to be the same. Our problem is thus reduced to the fol- 
lowing: w 
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We have a series of numbers between 1 and i . represented by fractional 
powers of i, say i # , the distribution of the exponents*, and therefore of the 
numbers, being according to any arbitrary law. Since these exponent* are 
formed by casting off all the integers from a series of numbers, we may sup- 
pose them arranged around a circle according to some law. Then, if we select 
2* exponents at random and call them J, d\ etc.. the final ratio, obtained in 
the manner we have described, will be 

jt'— #"+ #""-f- €U. 

The question is, what is the probability that the positive fractional portion 
of fi — *" + — + etc., will be contained between the limits s and s + ds. 
It is evident that, whatever be the original law of arrangement, the fractions 
will approach to an equal distribution around the circle as n is increased, or 
the required probability will be equal to ds. But. the fractional part of 
✓ — *" + — etc. is the mantissa of the logarithm of the limiting ratio. We 
thus reach the conclusion : 

The tfiw of j/robability of the occurrence of numbers is such that all mantissce of 
their logarithms are equally probable. 

In other words, every part of a table of anti-logarithms is entered with 
equal frequency. We thus find the required probabilities of occurrence in the 
case of the first two significant digits of a natural number to be : 



Dig. 


First Digit. 


8econd Digit. 







0.1197 


1 . . 


. 0.3010 


0.1139 


2 . . 


. 0.1761 


0.1088 


3 . . 


. 0.1249 


0.1043 


4 . 


. . 0.0969 


0.1003 


5 . 


. 0.0792 


0.0967 


6 . 


. 0.0669 


0.0934 


7 . 


. . 0.0580 


0.0904 


8 . 


. 0.0512 


0.0876 


9 . 


. . 0.0458 


0.0850 



In the case of the third figure the probability will be nearly the same for 
each digit, and for the fourth and following ones the difference will be inappre- 
ciable. 

It is curious to remark that this law would enable us to decide whether a 
large collection of independent numerical results were composed of natural 
numbers or logarithms. 



Tables of the Generating Functions and Groundforms 
of the Binary Duodecimic, with some General 
Remarks, and Tables of the Irreducible 
Syzygies of certain Quantics,* 

By J. J. Sylvester. 



Generating Function for differentiants, 
Denominator : 

(1 — a)(l — a*)\l — a 8 )(l — a 4 )(l - a 5 )(l — a»)(l — a 7 )(l — a 8 )(l — a 9 ) 
(1 — a l0 )(l — a 11 ). 

Numerator : 

1 + 4a» + 17a s + 49a 4 + 125a 5 + 285a« + 594a T + 1143a 8 + 2068a* 
+ 3517a 10 + 5693a u +8817a u +13104a 18 +18769a 14 +25979a 15 +34830a 19 
+ 45317a" + 57327a 18 + 70595a" + 84730a 80 + 99214a 41 + 113430a* 
+ 126698a"+ 138345a i4 +147722a ,5 + 154297a*»+157689a 87 +157689a i8 
+ 154297a 18 + 147722a 30 + 138345a 31 + 126698a ffl + 113430a 33 + 99214a 34 
+ 84730a 35 + 70595a 38 + 57327a 37 + 45317a 38 + 34830a 88 + 25979a 40 
+ 18769a 41 + 13104a 4S + 8817a 48 + 5693a 44 + 3517a 45 + 2063a 46 + 1 143a 47 
+ 594a 48 + 285a 40 + 125a 50 + 49a 51 + 17a 5 * + 4a 53 + a 55 . 

Generating Function for covariante, reduced form, 
Denominator : 

(1 — a»)(l — a 3 )(l - a 4 )(l - a 5 )(l — a 8 )(l - a 7 )(l - a 8 )(l - a»)(l - a 10 ) 
(1 - a u )(l — ax»)(l — aa; 4 )(l — aa; 8 )(l - aa*)(l — a» 10 )(l - ax") . 



* The tables of the duodecimic have been calculated by Mr. F. Franklin in accordance with Professor 
Sylvester's second method (see this Journal, Vol. Ill, p. 146), in pursuance of a grant made by the British 
Association for the Advancement of Science. The corresponding tables for the binary quantics of the 
first ten orders are given in this Journal, Vol. II, p. 338; those for systems of quantics of the first four 
orders, taken two and wo together, are given at page 298 of the same volume. 
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Numerator :* 



l 



a' 
«» 
«* 

a s 
«• 

•»'! 

,/» : 

a- I 
a" 

«*; 

a"! 
«» i 

a" : 

« K 

« M 

a n 

<t* 

«" 

«*» 



l l 



l l 
l 



l 
i 
3 
4 



1 * 

_* 7 
7 10 



9 



a* 



111 __ 

2 1 1 _ 

1 1 1 2 3 3 3 3 2 1 1 

1 3 1 1 1 2 2 3 2 2 1 1 

2 2 1 2 2 3 2 2 J 1 1 11 

4 1 1 2 3 3 1 2 1 1 

7 4 1 6 7 8 _3 1 1_1 11 1 

7 12 17 10 6 2 H 13 12 5 2 5 3 6 2 1 

9 23 25 18 7 6 21 24 22 10 3 7 7 8 _2 1 1 2 
17 » » 25 5 15 39 45 37 15 1 16 16 15 5 1 2 3 
21 56 53 32 1 32 67 72 54 19 9 31 34 24 9 1 6 7 
36 81 76 44 7 52 100 106 72 17 _24 56 56 K 11 5 14 13 

J£ 112 97 51 27 93 158 162 101 21 45 85 87 47 11 14 24 22 

65 151 133 63 j45 134 216 218 120 3 90 143 136 69 15 22 40 32 8 7 7 

81 199 163 66 83 206 309 303 157 5 139 199 187 83 4 48 66 51 14 13 9 

110 251 206 69 124 282 404 386 173 52 226 301 267 114 69 97 68 16 24 17 

131 309 241 59 188 389 532 489 196 97 323 403 345 127 29 120 146 100 23 37 21 j 

168 370 288 51 253 495 653 580 193 188 460 550 446 150 58 169 202 127 23 57 36 

193 433 318 22 347 636 808 692 196 274 604 691 539 149 116 251 274 168 26 83 _45 

232 493 359 6 436 759 939 770 153 421 797 883 655 160 176 329 352 204 19 115 65 

256 561 377 54 546 9121093 861 119 554 9801045 742 128 277 448 450 254 18 154 81 

293 598 402 97^4810351209 909 35 74612011252 844 110 372. 553 543 292 1 201 110 

3T/7 638 402 161 J76211741335 956 43 91414021410 907 45 510 697 654 343 14 251 131 

336 667 4QT 210 85212661404 948 168113116191594 972 14 687 ^21 752 375 44 308 168 

339 679 381 280 9531371 1480 944 274129617911706 983 119 800 972 855 417 69 369 196 



351 678 367 326101214051477 867 430150819721836 997 209 9341086 987 434 114 430 238 
339 664 323 382107014461479 810 542163220691860 937 351110012251017 457 148 490 256 



336 635 291 410108614181410 692 688178221641900 893 453121113011056 446 203 547 



307 5*5 239 445109313931340 595 784183721721837 784 595134213931093 445 239 595 807 



* In the tabulated numerators, the minus feign is placed over the number which it affects. 



of the Binary Duodecimic, with Remarks, etc. 



Numerator — ( C<mtinued) : 
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ar 
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a 



41 



a* 
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43 



a 



44 



a 
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a 1 



46 



47 



.,48 



,4» 



50 



a" 



a' 



52 



a' 



58 



a 1 



54 



a* 



55 



a 



56 



a' 



57 



.58 



293 547 203i 4461105613011211 458 893 1900,2 164|l782 688: 6921410 1418 1086 : 4l0l 291: 6S5< 336 



256; 490; 148 457|l017|l225 

i i n — 




65 M5 



45 m 26 



30f 57 23 
31 



37 23 



17 

7 
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8 
1 
1 



24 16 



13 14 
J 8 
8 6 
4 



204 352 329 176 160 
168 274 



127 203 



100 140 120 20 127 345 
08 97 
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32 40 22 



mi 



22 24 
13 II 

7 



8 2 1 



25 1 



169 58 150 



4* 



14 



1100 



116 149 



4 88 



15 
II 
M 



- 



114 207 



69 136 143 00 



47 



3.1 



655 883 
539 



446 



187 



87 



56 



9 24 34 31 



5 15 16 16 

2 



I 



691 

550 



403 323 
301 226 



199 139 



H5 



56 



707 



m m 



45 



34 



421 



274 



97 



5 
3 



21 



J!! 
10 



16 



10 



;>42 SK.H4T0 1446 ji»Tfi :>*2 323 t;i; i 339 



430 8671477 



274] 94414301171 



119 801 



153 



106 602 808 636t 347 



103 580 658 495, 253 51 



196 48fr 532 3S9 188 
178 



157 
120 



101 



12 



2481404 126& 852 210 
95618351174 
1035 



9001200 



1093 912 546 54 377 



770 930 759 486 



386 



303 309 206 



218 



162 158 



72 108 100 52 
54 72 67 32 



22 24 



8 7 



404 



216 134 



37 45 ;j0 15 



21 
11 
6 



1405 



1012 



053 280 



7t>e 



es2 



o:t 



1 

2 



648 97 402 



124 



45 



27 



7 
6 
4 

4 

2 
3 
1 
2 



1126 



161 



22 



50 



60 



6(1 



63 



51 



44 

32 



25 



m 



881 



407 667 



402 



350 



318 
288 



241 



206 



163 



133 



07 



76 



53 



30 



25 
J7 
JO 
7 
4 
8 



678 



670 



638 



508 



551 



403 



433 
370 



300 



251 



100 



151 



112 



81 



56 



36 



23 
12 
7 
_8 
I 



351 



33© 



336 



307 



203 



25fl 



103 



168 
131 



110 



81 



65 



45 



36 



21 



17 





Sylvester: Tables of the Generating Functions and Ground forms 



Generating Function for covariants, representative farm, 
Denominator : 

(1 — — o*)(l — a'Xl — « 5 )(1 — a«)(l — « 7 )(1 — — <t\\ — <*") 
(1 — a u )(l — aV)(l - aV)(l — aV*)(l — aV«)(l — — 




ar 



a 1 



2* 



a 



29 



30 



,31 



85ljlfll71S8frl4flfrmO 50?! 51 ]18«7f 29»8|88l2 |41 2^^83413192^1 44 69S1 105 2575 3305 
339 101 5 1352-1^ 101 fij 85( K 704^^3^4033 ^4249 38603067 IW 801 1*61 )si 99^4344 
SSflj 974)15^4] 126 71 88?J flOgf ^^^^^^\^^^\^^^^^^ lTsjg^g wltMl 
Wt\ 9Sl| lglolll5gi 76fl 86) 103^ 'Um 4 1 K241^3558j25l8 1 1 -J 3 27kh 4374 5329 
283! 854 1 105 1031 61 1 1 00 1 146 2456 3-1-1 rs 4 1 -jL'.> I J I _'T Oy^ 1 1 ; ;^9O48.'S0 5697 

256 783 988 893 482, 236121 92447!3333,3876!3701 13681 11690, 226.1 6 12 3730 5 5942 



of the Biliary Duodeeimic, with Remarks, etc. 



Numerator — ( Continued) : 



x 36 x 38 x 40 x 42 x 44 x 46 x* 8 x 50 x? 2 x 54 x 56 x 58 x 60 x 62 x 64 x 66 x 68 x 70 
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169 
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46 
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34 
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392 


mi 
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243 


161 


51 
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50 
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87 
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4 
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34a 
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602 


526 


440 
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43 
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17 
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1553 
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260 
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4H8 
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76 


15 
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73 
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1812 


784 


101 


378 


680 


748 
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88 


40 


105 


102 


36 


8140 


2910 
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1441 


728 


57 


BOO 


954 


093 
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597 
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H2 


74 


154 


148 


45 


3568 
4301 


8714 
4240 


3338 
3738 


2388 


1510 


656 


184 


886 


1269 


1285 
1596 
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394 


78 
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65 
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1511 


513 
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860 
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81 
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Sylvester: Tables of the Generating Functions and Groundformt 
Numerator — ( Continued) : 
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a" 



X 


ar 


ar 
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JJ86 


860 
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m 
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419 


490 
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383 


81 


264 


293 


65 


196 


216 


_45 


148 


154 
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21 


73 


70 


17 


45 


42 


9 


80 


27 


7 


16 


14 


4 


10 


8 


3 


4 


3 


1 


2 


1 


1 







753 J40 
615 233 
488 124 
870 53 
272 14 
189 48 
123 78 
74 j82 
40 88 
15 75 

3 69 
5 51 
7 42 

_7 28 
5 21 

4 J3 
2 8 

1 4 

3 

1 

1 



330125128748161359233472446 1231 2252023404354036008 ' 
417 123722422905325729253003 780 6342331 425054425620 
454118320622612285824891538 856 9812561480158465665' 



480 1098 1844 22762454 2036 1115 2 12502658423950885285 , 



466 9871605194220291617 723 29814222667402947214772 
444 8601360159616391221 399 513 1 511 2561 373342404201 
394 TOO 11 161285 1269 886 134 65615102888333837143568 
348 597 890 993 954 600 57 723 1441 2135 291031402947 
283 476 684 748 680 378 191 73413121862 244325882884 
232 366 510 537 J68 207 260 66211491553199820481788 
114 271 365 375 298 91 287 621 9621264 15641574 1266 
132 193 250 244 179 12 279 525 780 96011921152 906 
89 132 163 155 94 29 250 427 601 740 861 815 582 
63 88J0O 90 _43 48206326445526 602540848 
37 55 58 50 11 51 161 243 311 867 392 844 177 
24 34 31 23 2 46 116 166 209 287 247 199 78 

12 19 14 10 9 37^9 JJ5 130 149 139 106 8 

7 9 5 1 9 27 51 J2 78 85 75 46 18 

2 5 1 7 18 29 43 40 45 31 15 82 



_1 1 

1 

1 

1 



1 4 11 _15_22 ^20^0 11 3 28 

12 7 6_11 7 10 6 22 

1 3 2 5 3 2 2 8 13 

1 3 2 3 4 _7 

J 1 2 1 2 2 

1 2 



of the Binary Dvodecimie, with Remarks, etc. 



Numerator — ( Carvtmrted) : 




5321*43742788 



60221213251 



34471219 



482338242223 1 75 1530 2839 37 52 4281 4t30ftl8& 2274 



1143 25 1 8 3558 4 1 83 4 1 62 3452 2399 1 032 38 7621 1 56 



24561146 



236 



100 



2967 195* 614 1032 2299 3304 371 9 3876 3525 2691 1 L607j SlOi 63111921437 1 384 1 015 339 



2;mi:>93 l82l26:i2:r^3n5 3490:i5H7:U5;i j:;f!4l^i 11H 744; 1225; 1480' 1352 974! 336 



1768| 8931 151 1408!2S10;2930 3200817112763^99811050! 54, 814 1241 |l38S| 1398 
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The total number of groundform* i counting in the at«*oIote constant and 
the quantis; ittself j is 949 . 



Th*r manuscript sheets containing the original calculations from which the 
pr^^ding table* hare been constructed (as is the case also with the calculations 
c/fcftt^rted with all the similar tables which have appeared in this journal) are 
deported in the iron §afe of the Johns Hopkins University. Baltimore, where 
their /an be seen and examined, or copied, by any one interested in the subject. 
From the manifold independent systematic tests* to which the work has been 



* Oa* fA fas** teste depxriM upon the following p to peiti of the generating fu nction, whkn has been 
t\**k0»A hf 'toemtkm- and of which the significance is not jet known. On pulling a = 1 in the 
jmrn^nsV* 'A the gi s n e fa tin g function, the coefficients of the various powers of x are i nt eger multip le s 
'A tfc* 'S#0&*M <A Thus in the case of the duodecimic. the numerator of the reduced form 
\+**m+*. *m putting * = 1 . 

9M» \+%*+* 4**-4r*— 2a> + 2^+5sr* + fcr*+&r* + 2**- 2r*— 4r*— 4T-— Xr* 

Tana tfc* numerical dhisibilitj of the result of patting a = 1 furnishes a test for the sums of the 
vAmmmM , urfcffe the algebraic drritdbtlitj of the resoh of putting x — l (see this JoornaL ToL m. p. 151) 
Mats taw mum of the row; and the satisfaction of both testa makes the correctness of the result praoti- 
eaty <*rtara~ 



of (lie Binary Duodeeimic, imth Remarks, etc. 



49 



subjected, Mr. Franklin estimates that the chance is far more than a million to 
one that the generating functions for the twelfthic as calculated do not contain 
a single numerical error. The highest order of any ground-covariant to the 
twelfthic it will be seen is 34, which is the superior limit of order given by M. 
Camille Jordan's formula for the ground-covariants to a system of an indefinite 
number of simultaneous binary forms of each of which the order is 12 or less : 
M. Jordan's " superior limit" in fact in this as in all the other calculated cases, 
being actually attained by one (and only one) ground-covariant to a single 
form.* It will also be noticed that for all orders of the primitive which have 
been calculated, viz., from 3 to 12 (with 11 omitted), the degree of the covariant 
of highest order is either 3 or 4. Looking at single quantics of the even orders 
6, 8, 10, 12, it will be observed that the maximum order of their ground cova- 
riants for any degree (from and after the 4th degree) diminishes, or, to speak 
more strictly, never increases as the degree increases. As regards quantics of 
the odd orders 5, 7, 9, the same rule applies for the maximum order of their 
groundforms of even degrees; and in respect to their groundforms of odd degrees, 
the maximum order from and after the 3d degree diminishes or remains station- 
ary as the degree increases. Also (alike for quantics of odd or even order) when 
(beginning with the 3d degree) in passing from an odd to the next even 
or from an even to the next odd degree of the groundforms, an increase in the 
maximum order takes place, it is only to the extent of a single unit. These 
facts, which constitute a sort of laic of shrinkage, assume practical importance 
when the successive tables of groundforms are compared together, with a 
view to track the ground-differentiants, (or, in Mr. Cayley's language, the 
ground-seminvariants or sources of covariants) as the order of the primitive 
quantic is increased. Some of these ground-sources retain their irreducible 
character permanently, others only up to a particular limit of order in the 
primitive. The former may be regarded as the irreducible differentiants to a 
quantic of an infinite order : such for instance are all the differentiants of the 
second and third degree. But when we consider differentiants of the 4th degree 
this is no longer true. Thus we have the well-known example of the discrimi- 



* It is also particularly noticeable that the number of the successively positive and negative blocks 
in the table follows the law observed in the inferior cases, viz. for Quantics of orders 8 and 4 there is a 
single block, for Quantics of orders 5 and 6 two blocks, for order 8 three blocks, and for orders 9 and 
10 four blocks, there being five distinct blocks alternately positive and negative in the instance before 
us of the Quantic of order 12. 
Vol. IV. 



tar t to <r. 4. ' . y ? . viz. 'r*?^- 4-/' J — v>h~ — -V/^ — . wh>A i* irre- 
for til* ',,-ianti':- Vit fvr the ^uan*: / * -v * * r^nAin*. h » 

o"vt>/-j* a. d;rerent:an% but r.o longer * 2T : und-iirerentiant. "••eiiz expressible 

"-^OrrT tirr f'sTZL of the dl5eren r -e of two IT l >i >'^> of '.OTr. r ll5erentiaiil*L TIL. as 

•i £ r 

a* — 4 J ^ a* — il'l — - 3*r* — *• - *i 

^s r y.**z a differential :o r -e the s:»ur -e of & co variant of the deg- 

orderr/. * :o:L-:de red a.- belonging to :he quant: - -r- -jr ,l : tb* n it 

2* ea*ilj *een that it will Ve the «*;ur:e ■ f & covariant of the iez-order j.j+e 
in re*peo-t to the qu*nv>; */ t . . . . . " _ -vt We ^an_ therefor*, in 

r^r - -^a«e^ t ^ mere :r_-i ec'ion of *u- ive ta v Ie* - f zr-"-un«if. eliminate 
♦cme at le-*st of -he transient ^':"^:-v^ ^ : a- -~ : i". r. wherever there are IT 
zro ridform? of deg-order j". c to & quanvl-? of the order but «:n> A" — A of the 
dfrg-order *:J to the quantio of the . rder » — >. . we kn ■"• w that a: least -A of 

the *c-ur»* to the AT groundforms. •". A zrvr—d^iirerentiants of degree J and 

weight " . # ire onlj transiently irreduoi' le. Thus j*. the table of ground- 

fonia for the quintic exhibit a sroundform of des-order 4 . 4 . f. <- of deg- 
weigit 4 . * : tit the tat le of sroundfirms for the sextic contains no ground- 
fcm cf the ^aiie dejr-weizht. * . of *iej-:.pier 4 . > . He^.>? the «iii?erentiant 
of <ie£-Tre:zh: 4 . S . alth >-izh :rre«i^o: ; *Ie when r^z^nie^i a function of 6 letters 
the - -iiit-rr of letter? which a*"tuallv appear in :t :s r>^iuo:Ke when regarded 
« a function zotentiallj of 7 or more. 

So. again, for a like reas-i^n. the gro ur. i-iife rer. : : an:s of o letters, of 
dtrz-orier? ^ in re?p^?t to the quinti*:-' o.l and 5.7. •". ? t . of «ieg- weights 
5. 12. o. > . are nly transient > irreducible : and. what is Terr interesting, it 
will *e ieen at a slar. * an i here the law of shrinkage makes its importance 
felt that the *o~ir i :e* of all the srroundform* to a ouintio of a higher order than 
*he 5th ar^ onlj tran^i j.»nr • or provisional, so to say * CTOund-*i:tTerenriants. So 
!r. l.xe manner it will \^ re«X'Snize*i bv «x»mfiarin^ the tables of groundforms for 
•he -^Ten*hic and eizhthic. that of the zround-sourees of the degree 6 to the 

former on It *wo permanent, viz. «»ne of the weight — — - — - and one of 

•he Ts-elzh* 4 * * "f *he dez-weiirht> t» . 2" and ^. 1^ resp^nivelr: all 
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the others becoming resoluble when an additional letter is introduced into the 
quantic. Moreover, as the table for the eighthic contains no groundforms of deg- 
order 7 . 8 , we see from the law of shrinkage that there can be no ground-source 
to the seventhic of a higher than the 6th degree which is permanently irreducible.* 

A systematic weeding out of the transitory ground-sources from the published 
tables, which cannot in all cases for groundforms of earlier degrees be effected 
completely without an examination of a more searching kind than that illustrated 
by the above examples, must be reserved for a future occasion — after I shall 
have completed, as I hope soon to do, the study of a subject of higher interest 
and more pressing importance, which has for its object to determine not only the 
ground-forms so called, but also the ground-syzygants, the ground-counter- 
syzygants, etc., of quantics from their generating functions by a purely arithmetical 
process, which I believe to be already substantially in my possession. 

As the first fruits of this method, I may state that the invariantive ground- 
syzygants (or, if the expression is preferred, fundamental syzygies) to the octavian 
quantic (x } y) 9 are 5 in number, and of the degrees 16, 17, 18, 19, 20 respect- 
ively in the coefficients. As regards the ground-syzygants (invariantive and 
covariantive) of the quintic, my method furnishes the same list as that given in 
Professor Cayley's Tenth Memoir on Quantics. Their deg-orders may be found as 
follows. 

By the supernumerary ground-types understand the deg-orders of the ground- 
covariants exclusive of those represented by the factors .which appear in the 
denominator of the representative generating function, f which are therefore 
23 — 6 , i. e. 17 in number. Let these types be added each to itself and every 

17 . 18 

other, thus giving rise to — ^ — types : out of these sums strike out the types 

8.4 9.5 10.2 10.4 11.3 12.2 14.4 16.2 

and replace them by 

13.5 14.6 15.3 15.5 16.4 17.3 19.5 21.3 

The 153 types thus formed, together with the types, 26 in number, furnished by 
the negative terms in the numerator to the generating function, (see this Journal, 

* For the 6th degree it will at once be seen that there can be no permanent differential to the seventhic 
except one of the 2d and one of the 4th order. 

t In such denominator the number of f acton for a Quantic of any odd order 2 1 — 1 is 8 1 — 8 , and for 
any even order 2 1 is 8 1* — 2 (t in each case being supposed greater than unity). 



vol. ff, p. 224,) 179 in all, will be the deg-ordera of the fundamental fyiyzanrx. 
Mr. (\%y\ny found* thi« rule on hi* theory of the *o-eailed Real tienerarine Func- 
tion, which ewenfially conaist* in what may be termed tiie Ihalyoe Presentation 
of the Representative CK F. for the Quinrie— namely a* a ram of 2*5 pairs, each 
pair containing one positive and one negative term of the numerator divided by 
the denominator, ao selected for conjiinction that the developed expresaoa of each 
pair shall be .seen to be omni~pooitive by an obvious dialytie process. 

The method followed by the eminent author in singling oat the fundamental 
sy zy ganta does not appear ( aa far as I can make out > to be explicitly stated in his 
memoir. The dialytie form (supposing, aa is probably the «!ase. it always exists 
for finite representative generating functions ) is not easy d> arrive at : a serioas 
additional obstacle to the use of the dialytie method would arise in the case 
where fas for the seven thic) the numerator of the representative form becomes an 
infinite series. The method I employ does not require the use of the dialytie 
method, nor even of the rtffft&rntatir* form of the G. F.. although the practical 
process is much simplified by the use of the representative form when it has a finite 
numerator. The result I obtain for the fundamental syzygants of the sexdc is as 
follows: Take the 19 supernumerary ground-types (see vol. IL p. 225.) and 
add them each to each and to every other, as in the preceding case. Then strike 
out of the sums so formed the types of the deg-orders 6.4. 9.6. 8.4. 11.6. 10.4. 
7.8.8.6, 11. 4. as well as one of the two sums 13.4 obtained from the addition of 
5.2 and 8.2 or of 3.2 and 10.2 and replace the nine types 50 omitted by the eight 
types 12.8, 14.8, 13.6. 15. 6. 10. 10. 11.8. 14.6. 16.6. There will thus arise 

20 

19. ^ — & + 8, or 189 types: to these adjoin the 29 types given by the negative 

terms in the numerator of the Rep. G. F. : the total number of types 189 + 29 
or 218 so obtained will be the deg-orders of the complete system of fundamental 
syzygants to the sextic. The two types of the deg-order 6.6 which appear 
among the supernumerary types, it will of course be understood, are to be treated 
as distinct types in forming the binary sums. It is just barely possible (but I think 
very unlikely) that I may have committed some oversight in the table of replace- 
ment in the above calculation, and that the true number of ground-svzygies may be 

19 . — +29 or 219 instead of 218* 

* 5m* binary mum of types are omitted, and are replaced by only eight other combinations. Tkm 
j* analogous to th* loss of a unit in counting the irreducible gyzygies to the mrariantso/ an eighthic. Hie 
mtptrnwmerftrg inrarianta in thin case are 3 in number : of degrees 8, 9, 10 respectrrely. Their binary 
eombmation* would grre bat the true number of irreducible syzygies is only 5. 
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I subjoin a brief apergu of the general theory. 

A generating function (whatever its subject-matter) developed in a series 
consists of facients and coefficients, where any facient is a product of a finite set 
of letters each raised to a certain power. The totality of the exponents expressing 
these powers may be termed the type of the facient. In the generating functions 
to be referred to hereinunder, the letters employed are just as many in number 
as there are quantics in the system to be considered : viz., one letter corresponds 
to each quantic. 

A generating function proper (with reference to the present theory) is defined 
to be one that is or can be developed into a series of facients whose coefficients 
and whose types are orani-positive integers, and where each such numerical 
coefficient is the number of linearly independent invariants whose degrees in the 
coefficients of the several quantics of the system are identical with the indices of 
the corresponding letters in the facient to which that numerical coefficient is 
attached.* The type of the facient may be also styled the type of the connoted 
invariants. A binomial expression consisting of unity followed by a facient and 
separated from it by the negative sign may be termed a generator.^ 

A proper generating function to a system of quantics may always by known 
methods (see this Journal, vol. Ill, p. 133) be expressed by a fraction whose 
numerator is a finite series of facients with numerical coefficients and its 
denominator a finite product of generators. 

It may also be expressed (according to a definite process), and in one way 
only, by a fraction whose numerator and denominator alike consist of a finite 
or infinite (except in a few trivial cases, an infinite) product of generators. J 



* I speak designedly (for greater facility of expression) of invariants only, which can be done for 
binary quantics without any loss of generality, inasmuch as covariants may be regarded as invariants 
of a given system of quantics with a linear quantic superadded. 

t If a , b , c , . . . are facients, 1 — cftfe* ... is a generator, and <* , , ? . . . (taken in a definite 
order) is its type. 

X For instance let G be the generating function proper to the invariants of an eighthic. 
l + tt 8 +tt» + a 10 + a 18 



Then G = 



(l-a«)(l— a 8 )(l — a 4 )(l — a«)(l — a 8 )(l — a 7 ) 
==[(1 — a a )(l — a»)(l — a*)(l-a 5 )(l — a«)(l — a')(l— a')(l — a'Xl-ai )]" 1 
. (1 — a 18 )(l — a 17 )(l — a 18 )(l — a 19 )(l — a 20 ) 
. [(1 — a")(l — a 28 )(l — a 27 )(l-a 28 )(l — a")]" 1 
. (1 — a 88 )(l- a 84 )(l — a 88 ) 2 (l — a 88 ) 2 (l — a 8 ') 2 (l — a 88 )(l — a 8 ») 
. t(l — a 4, )(l— a 42 )*(l— a 48 ) 8 (l — a* 4 )*(l — a 48 ) 4 (l — a 46 ) 4 (l— « 47 ) a (l— a 48 )']" 1 



A ftrure pr'Aiuv. of z&CittTifsx* or yr>w*r* A ^n.Vin may ie ytrxu&i a 

for arreafer »mifcrmify of *fAremeriT .n. r»2sur r t v, voar 3. ill >r a* a^cw 
f/# >\x\A*x«xc\<\ r>j * vzjzzcs. of ? Cit > j^vi* it*-*. ^rr^Uwi.''^ jrrir^iar. Then, 
fhe ?wo infinite prodi*** awre r^ferr**i Y* ■ wt*#f; txzjt* jk a^sshraiisLLy :ae 
^KMnr«fir»jr torsion, ma? <>a^h raoirei ittj \ prviwc iguaZr Tunny- of 
^ti4ef>jrro>>fft «iv*h # ha* *he v/a^irr of *J&e *jpea *>f -Jae 2* . . . zr^uct* :f die 
d^#min*ror *ha»i r^pe^iTely r%pr**et>?: v.raii-7 .f -he ~y3«» of irrsduiahie 
*jzj%&s* of *'c& arrade* 0. 2 . . . . » 'lk — 2 ami -he Vjtalirj of -Jut rrp« *>f *±e 
I* '2*. „ , . P arro»;p* of ?he t*nmmUjr v.raliry of -ie 'Tpes ~A :r»ini£}ie frrr- 
£»a?* of 'he ipa/iea I . % . o 2* — I • . *r, -han rr^iD rnAj he jairf be 
related v, or v> repr«5*ent a complete »7*tem of ir»tsMr. «rzj2aa£* of a rertam 
jnwie uTrrafiantA vnnar regarded a* zero-£ra/ii^i tjzjrxr — :haz » at. a* 
ftKfc&7 nrne* » t 2*r^raror La repeated in a zroap «o T.ar. j aart :lo mor*' irre- 
dneioie xjzjyaxtf* of 'hat type will riiere be of "he *orrwpoo>ioLz zr*ie. 

I>* <? a proper generating function to a *y*tem of q^arti*;*. T,. T : . T, . . - 
pxjx%?s*-irr<*\Y> xwii that 

r % . r x . r % . . . . 

tt&n. m ,w^?^t^4 to me hv Mr, Franklin, in order tha: :i^e T seri*? mar be 
repres«?T*fatfve of complete .%y«temd of bredTirible *vzygan^ of the swwseiTe 

jpvUa. h w rfx+Aonf that ^ — <?; / — <?; ^* — G: ^ — . . . shall. 

when developed m serie* of facient« with omni-poeitive indices, be alternately 
owni-^itive and or/jrii-negatrve. But the existence of these inequalities, although 
a rwJtvtnj. i* not a tuffieind condition in order that the F"? shall be so rejwe- 
*entafive , <rs,. <jr. . V % and T, . I\ might eridentiv be regarded as single 
jpr^jp^ and the inequalities would still be satined : but suppose we further limit 
fhe P* in AfjcceMiion by the following rule. viz.. that on withdrawing any one of 

the geT#eraf//r-fa/]£or» from I\ and calling rj the grroup so reduced — G is no 

l//figer ofrifii-po*itive f this will serve to define T # absolutely : T # being so deter- 
mined, r, may in like manner be limited by the condition that its quotient by any 

r r 

//rie of it* freneratom l^eing called ri . -j- — G shall be no longer omni-negative : then 
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Yi is. accurately determined, and, proceeding in like manner with each group in 
succession, the whole system of groups becomes exactly defined, and thus we 
obtain the necessary and sufficient condition of group-representation. 

i r r r r r 

Calling T , ^, -jt 5 , y^ s , . . . v 0l v x , v % , v s respectively, 

the v series of quantities stand to G in somewhat the same relation as .the com- 
plete quotients of a continued fraction to its complete value. Observe that 
v — 1 , v x — 1 , v % — 1 , . . . each vanish when the variables in G are each zero, 
and become infinite when the variables in G are each unity. 

When each such • variable has any value intermediate between and 1 , I 
think it almost certain that no two of the r's can become equal, so that for all 
values of the variables inside those limits the parabolic lines or surfaces or hyper- 
surfaces, &c, represented (after introducing a new variable g>) by the equations 
g) — Vq — , o — Ti = , o — = . . . . (which coincide for the limiting values 
of the original variables at the origin and at a point at infinity) will never inter- 
sect, so that within the prescribed limits v — v % , v % — v A , r 4 — v t . . . . will be 
always positive and v x — v 3 , v % — v B , . . . . will be always negative, the limited 
boundaries represented by 

o — G, o — v , o — i> 2 , q — v Al . . . 

being each external to the one that precedes it on one side of o — G, and 

6) G, 6) V Xl G) — v Sl o — y B ,... 

following the same law on the other side. It is possible, moreover, that a more 
stringent condition than the above may be verified, viz., that 

v — G, v % — v , v 4 — v 2 . . . . 
G — v 11 v 1 —v 3l v 8 — v B . . . . 

may each be developable into omni-negative functions, and again (to complete the 
analogy with the parallel theory of continued fractions or converging continued 
products) that 

v — G } G — Vi, v 2 — G, G — v Sl v A — G, 

shall form a single series of continually decreasing quantities, or even in their 
developed state, of functions in which the corresponding coefficients to each 
facient form a continually decreasing (or, at least, never-increasing) series of 



KTitctfrtr*. Ttser. m the *a*e of a *tnjpe qoaxra?. wra±: *»ae tti^» **e&a&& hy the 
fi^i^* * rad 1 *i*^jrre*w — 4* — >, — G - — o — r 9 . 

w-;i fcn& ar* Infinite ierva of #*>y* harzi* oc* -wasjar^e i*ym?C6ce a»d cut 
ykzi\ of \:A0iT*f*i:i<fZ^ %zA except as -iat oo* r>^2 ke*pci£ dear of each 

of her. 

I ar*T;ez tables? /pp. 5*. o' J j of the £i^iacie~:al *jrjz*zr£* oc if out ptenes 
*o to »y J irreducible ♦yzrgie* for the rjasstse ax/i §ex~>*. revered m»re amplete 
by rwarrtm^ vzi\rv& coiTe^/nding to the feHa.T.e^.al ~- az*i- *%TaRaa3&. The 
portfire integer* correspond to the*e larter. :be rje»crre z^ieger? the ne£»- 
fire r^mg aet orer the figure \ to the irredTrriKe *jtt&z.Z3~ Thza* jr. 
in titf: table to tte zexxic the positive integer 2 ?,~zid z: the «Mi lib* and 6th 
column, indicate* that there are 2 grr^md-^ variant* of 4e^-*>rier 5 . 6. The 
negative integer 7 found in the 12th line and 12th eol^rrr ir«i>!a:^ that there are 
7 irreducible ayzygies of deg-order 12.12 * The negative «gn a? appropriate. 
fnaeTnuch a* every independent syzygy of axy dear-order L*y*rer5 by a nnh the 
number of linearly independent in- or- covariant* of that *i&z-order that can be 
produced out of the inferior groundform*. so that syrrgant* nay regarded as 
negative existences in regard to groundform* : carrying on the same idea, counter- 
rrzygarjU might be numbered by integers carrying two negative agr^« ooctzadkting 
each other, and so on indefinitely. 

The method of partitions or generating function, which lead* to these- sur- 
prising contraction*, looks at invariants and their connexions solely with regard 
to their deg-order or type without taking any account of their content : in other 
words it deals only with the idea or nc/um of these being* and their relations* 



*5. R — ArrzTgant to a Qoam^ is a rational integer function of its in- or- covariaKE* wfckfe. expressed 
a*, a fanctk*i of the coefficient*, ranishes idrntirallj. bat we mar sdll mhientud its "degree in the 
ftdtof & gm* ~ to mean the degree of anr one of the terms of which it is the sun. 

+ If / or « exceed the highest degree or order regpectiTerj found in any table, or. if mithont that 
being the cane there is a blank space in the j* line and e* column of the table, the — «"™g is that there 
i» no trredadble groandform or syzrgy of the deg-order 7. e. In the tables exhmited it win be seen that 
the deg~order /. ^ of each sjzrgant is superior to the deg-order j. t of ererx groandform : L e. the 
difference* / — / . e' — * are neither of them leas and one of them is greater than aero. The same is trae 
for all qoantka which have a finite Rep. G. ¥.. but not neceaamrihr and probahhr nerer acteaDj so 
in 'Aher caaea: thus «ar. or. to the serenthic belongs an irreducible invariant of degree 9 and an 
"TWdncible rczrgy of degree 20. so that here the /. e' 20.0 is inferior to the j. e ■ . The fact of 
ererr/.^ being superior to xbej.e can be expressed bv saying that the inrariantiTe stAig e tk |r**^ n t 
of a Eep, G. F. table are not mtermingled but lie totallr apart and mar be divided from each other br a 
single ^Athnioat cot. 
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and may therefore, I think, suitably be termed the Idealistic method.* I cannot 
see the faintest possibility of the symbolic method serving to determine a 
complete system of syzygies in any but the trivial cases of quantics of the 3d or 
4th order — the only cases where the infinite procession of beings (syzygants, 
counter-syzygants, anti-counter-syzygants, etc.,) rising out of each other, comes to 
a stop — there being for those cases no procession after the 1st step, as is also true 
of invariants (as distinguished from covariante) for quantics of the 6th order. 
This is how it came to pass in the infancy of the theory that the number of 
ground-covariants was supposed to become infinite for quantics beyond the 
fourth and their ground-invariants for quantics beyond the 6th order. 

I think it may be interesting to some of the readers of the Journal to be 
put in possession of the complete system of irreducible syzygies to a system of 
two or more quantics, and I select as an easy example the case of a combined 
quadratic and cubic, reserving the other combinations of which the groundform 
tables have been published for a subsequent number of the Journal. The super- 
numerary groundforms for the quadri-cubic system (see this Journal, vol. II, pp. 
295, 296,) are of the deg-deg-orders 3 . 4 . , 1.1.1, 2.1.1, 1.3.1, 2.3.1, 
1.2.2, 1.1.3, 0.3.3, where the first and second numbers express the degrees 
in the coefficients of the quadric and cubic respectively, and the last number 

* My proof in the Phil. Trains., founded on the canonical form of the Quintic, of its 4th, 8th, 12th and 
18th-degreed invariants forming a complete system, the late Mr. Boole's discovery of the cubin variant 
to the Quartic, the various disproofs in the Comptes Rendu* and in this Journal of the existence of sup- 
posed groundforms, are aU exemplifications of the Realistic point of view. The symbolic lies between 
this and the Idealistic aspect of the subject, in so far as the operations by which invariants are engen- 
dered constitute a new and so to say finer subject-matter, capable of being itself operated upon in all 
respects like ordinary algebraical substance. In Professor Cay ley's 10th Memoir on Quantics there is a 
sort of half return from the Idealistic to the Realistic view— a kind of substantiality being attributed 
to the groundforms themselves as primary elements in the study of their syzygetic interconnections. It may 
be well to notice, for the benefit of the readers of that memoir (Phil. Trans. 1878,) that in the Represen- 
tative Form given at p. 657 two terms are omitted by an oversight, viz. — a l7 x 4 and a*x 12 . I need 
hardly add (since the publication of my tables in this Journal), with reference to a doubt expressed by 
Prof. Cay ley (loc. cit.), that I had obtained the form referred to in the paragraph following the 
R. G. F. in question, though not by dividing out the common factors from the numerator and 
denominator of the R. G. F. ; on the contrary, the N. G. F. is first obtained from the generating function 
in its crude form (which if left in that form would lead to a bivergent series), and then the R. G. F. is 
obtained from this, through multiplying its numerator and denominator by the factors needed to render the 
denominator a product of representative groundforms. 

The Symbolic and the Idealistic (which I formerly called the fatalistic or peprotic) method alike, as 
far as is known, owe their conception to the same (unnecessary to be named) acute and capacious intellect* 
Whether very much that is essential, remains to be added to the great discoveries of Gordan and Jordan 
in the direction of the former may reasonably be doubted, but no such misgiving can be entertained 
with respect to the latter, which already has given rise to many more questions than it has settled (of a 
kind, too, of which a solution sooner or later may reasonably be anticipated). 
Vol. IV. 
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Hxyr***** the '>rder in the rxnih'&*. A&Ltlz ;f lit*** ir^i* r»if and 
«rrerr other, reje/rting the com vinati'/rj* 2.2.2. 3.2.2 2.4.2. appear in 

the numerator of the G. F. 'and arise from t«r aoihrtc* I _ 1 . 1 — 1 . 1 .1 _ 1.1.1 
+ 2,1.1- 1 . 1 . 1 1 . 3 . 1 . .» t*\>'j*kizjl xkitzL by iixber -x~=L~-c=a»jGi» 1.1.1 

+ 1.1.1-1.1.1. 1.1.1-1.1.1-2.1.:. :-i.s.i. 

t. 3.3.3. 4.3.3. 3.5.3. and adding i the 12 type* fg~i**rj»»i Vv lie nega- 
tive terztji i:+ \l*z uvu&r*v,r of the G. F.. v^jklrry «>f ir^x^st-** Miigies 
'4*5 isiiuttzTf y> the binary qijadri^vic •ts^i. arrrr^i e^ftited in 

tfcrfr a&;.ezed tar,ie. in which the expoijenti *rz**i&i to a^j type arsi^r the 
tmusJ&r of irredu'Hble gyzygie* of the •>jire*p>Ctdiiiz »iez-<i«-:^itr. 



6.*.0 f 4.5.1. 4.7.1. 5.5.1. 5.7.1. 2.6.2. i3.4.2/. 
i3.6.2/ f 4.2.2 f 14.4.2/. i4. o.2/. 1.5.3. 2.3.3. t2.6.3P, 
(8.8.8/ f «.5.3/. 3.6.3. 3.7.3. 4.3.3. 4.5.3. 1.4.4. 

1.6.4. 2.2.4. i2.4.4/. 2.6.4. 3.2.4. 3.4.4. 3.6.4. 
(1.5. 5/. 2.3.5, 2.5.5. 3.5.5. 0.6.6. 1.3.6. 1.4.6. 

2.2.6, 4.7.6. 

there being thus one irreducible invariantive srirgy and 4. 10. 12. 11. 5. 5 
eorariantive ^yzygies of orders 1. 2. 3. 4. 5. 6 respectively. 

It may be worth while just to notice that the types to the complete system 
of irreducible syzygies to a simultaneous linear and quartic form will consist 
amply of the sums of the 13 supernumerary types. (A. ML J.. voL TL p. 295.) 
6.3.0, 3.1.1, 3.2.1, 5.3.1. 2.1.2, 2.2.2. 4.3.2. 1.1.3. 
1.2.3. 3.3.3. 2.3.4, 1.3.5. 0.3.6. added each to itself and every 
other, together with the 14 types taken from the negative terms in the numerator 
of theG. F. ? viz: 7.3.1, 6.3.2, 5.3.3, 4.3.4. 6.4.4, 6.5.4, 
3.3.5, 5.4.5, 5.5.5, 2.3.6. 4.4.6. 4.5.6, 1.3.7, 7.6.7, 
13 14 

making — '- — + 14, i. 105 in alL In this instance there is no rejection or 

substitution of sums called for. 

A word or two seems necessary to leave unambiguous the meaning of the 
term syzygants of any specified grade in what precedes. 
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In- or- covariants may be termed syzygants of grade zero (as already stated). 
Syzygants of the first grade are defined to be rational integer functions of those 
of grade zero which vanish when the latter are expressed in terms of the original 
coefficients. It is not necessary to define these syzygants as functions of irreducible 
ones of grade zero (which vanish under the condition aforesaid), because every in- 
or- covariant is a rational integer function of the irreducible in- or- covariants. 
But when we come to syzygants of the second grade (since those of the first grade 
are not necessarily functions of the irreducible ones of that grade, but may be 
so of the in- or- covariants as well), it becomes necessary to define syzygants of 
the second grade (aJiter counter-syzygants) as rational integer functions of irredu- 
cible ones of the first grade which vanish when they are expressed in terms of 
the quantities (here the in- or- covariants) which immediately precede them in 
the scale of generation. And so, in general, following out the defining process 
step by step, by a syzygant of the (i -f I) 1 * grade for the purpose of this theory, 
is to be understood a rational integer function of the irreducible ones of the i* 11 
grade which vanishes when these latter are expressed in terms of those of the 
grade i — 1 . Such at least is my present impression ; but, supposing that I am 
laboring under a misconception on this point, it will in nowise affect the validity 
of the theory in what regards the computation of the irreducible in- or- cova- 
riants and the syzygants of the first grade. 



A Demonstration of the Impossibility of the Binary 
Oetavie possessing any Groundform 
of deg-order 10 . 4. 



Bt J. J. Sylvester. 



Dr. von Gall haa rendered an inestimable service to algebraical science by 
working out. according to Gordan s method, the complete system of groundforms 
to tl& octavian binary quantic [(jr. yjfj . His results, published in the Matkt- 
wvrtitrf* Arastkn. were at first widely discordant from those which have appeared 
tn this Journal, but eventually have been brought by their author into perfect 
agreement with them, with the sole exception that his table includes a covariant 
of d&^/nkr 10 . 4 r not included in my list, which he states that he has not been 
able to decompose ; it is the object of the present communication to bring the 
two tablet into exact accord by demonstrating that no irreducible covariant to 
{x. yf of that deg-order can exist. The total number of covariant* of deg-order 
10.4 obtained by multiplying together the irreducible co variants of an inferior 
deg-order (which appear equally in von Gall s table and in my own. and whose 
existence therefore may be taken for granted >* will be seen to be 32. which is the 
number of linearly independent covariants of that deg-order given by Cayleys 
law, (see p. 80) ; hence, by the fundamental postulate, the 32 compounds in ques- 
tion must not be supposed subject to any linear relation, so that, according to that 
postulate, there exists no groundform of the deg-order in question ; but my 
object is to use this instance as another exemplification of the validity of that 

* Am I fa*r* elsewhere remarked, since no ground! orms can exist exterior to the tables furnished by 
Oordaa'* aaetfcoii. and no reducible forma can be contained in the tables furniahed by the Engbah 
awrtfaod- it follows, even without tamming the truth of the fundamental postulate, that wherever the 
taMes formatted by the two methods accord, they must, of logical n occ a sUi . be correct, aim error* of 
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same very reasonable postulate — as I have done on the three former occasions 
where the tables of Clebsch, Gordan and Gundelfinger comprised groundforins 
extraneous to the tables obtained by me on the assumption of its truth ; the 
proof, however, on the present occasion, is much lengthier than any that has 
ever hitherto been employed, and involves arithmetical computations of 
considerable prolixity, all necessity for which I had, in previous cases, been able 
to evade. It is, I may add, only after repeated trials and discomfitures, that 
I have succeeded at length in devising a special method adequate to prove 
the important point at issue. 

The irreducible invariants and co variants of deg-order inferior to 10 . 4 , 
(i. e. whose degree in the coefficients and whose order in the variables are not 
each as great as 10 and 4 respectively,) and which also can enter as factors of a 
co variant of deg-order 10 . 4 (this excludes the necessity of considering inva- 
riants of degrees 9 or 10) are as follows : the invariants are of degrees 
2, 3, 4, 5, 6, 7, 8, one of each degree ; the covariants are one of deg-orders 
5.2, 2.4, 3 . 4 respectively, and two of deg-orders 4. 4, 5.4, 6.4, 7.4, 8.4 
respectively. We may denote the invariants by 2.0, 3.0, 4.0, 5.0, 6.0^ 
7.0, 8.0, and the covariants by 5.2, 2.4, 3.4, 4.4, 4.4*, 5.4, 5.4*, 
6.4, 6.4*, 7.4, 7.4*, 8.4, 8.4*, and it is an easy arithmetical calcula- 
tion to show (see Gomptes Rendus, July 25, 1881) that there are (as already 
stated) 32 different ways in which these duads, by their combination, can give 
rise to the duad 10.4. Out of these 32 it is important, with a view to what 
follows, to isolate those in which neither 2 . nor 3 . appears ; their number 
will easily be seen to be 10 , as shown in the scheme below — 

4.0 + 6.4 4.0 + 6.4* 4.0 + 4.0 + 2.4 5.0 + 5.4 5.0 + 5.4* 
6.0 + 4.4 6.0 + 4.4* 7.0 + 3.4 8.0 + 2.4 5.2 + 5.2. 

What I have to prove is, that no equation ft = exists, where ft is a linear 
function of the 32 products in question, connected by numerical coeffi- 
cients. Suppose it can be shown that ft does not contain any of the 10 func- 
tions above indicated. Then ft is either of the form (2 . 0) U or (3 . 0) F, or is 
a linear function of (2 . 0) U and (3 . 0) V. In the former two cases we should 
obtain TJ— or V= respectively; and in the third case the equation 
A, (2 . 0) Z7+ (i (3 . 0) V= , since 2 . and 3 . have no common factor, implies 

U V 

the existence of an integral equation A, t^-^ + (i to-ttv = . Hence, in the 



m &v*& -jWf» w-viirt *x>: a rjrjrj \t - ^u>r &&r~<;rfisr * 4 7. 4. 5.4 

rt»p«r*-»*37 w-r-wa +xsxLZf#CA *x/Tirj*2Sjt \i niersx iee~2ra»: me if 
^inw ir*r% -.n* .v-uah^r -,f *rr*»iiiti'- *xst\tjx2C* ;f :a* :r iai:dn*r ioe 
'teT-^r-itw ir vwi % wis*r. - * *r jr»w«rL -»ir. ^i :ritr v, flacufr Cay-ity"* 
iaar »vuri v, .ii^r»»e»i *.t a sl.* . - ,»r w:r». r»xls» 

•Jw*r ^Vwuar. rui^icuvl w v.l»i *rr;Ci*c*at wi^a. 2rfr*r «l *±*»r ane.* Beam, 
ra** :vr,&~^ jfttttu*£ £i = w„ ift^ocjOT^r^i _f r: saa. te *n*ywiL lias, for 
*r,rru*: p*rui*r.iaf iv^m <vf 'in*: r»:- ^ral prin_-LT* * f* wiLii am *ie srca- 
rjtxjrjt of ~'c& ttrxA zzA *Liri i»*-zr*e* e»i -o t*^hl li* z*r^t^L*r va2ae» *fcn 
aaftra^: -.7 Iv w^pr/sids -jni-tr: ^r*^. iz. Q ar* m linear 

nj*r>ifjZ: Of w^r^ ^cT*r» wo^i r/>~ *e zrjt : lii* i^^n ->f ~Jht eiware 
of a. *JTJZJ '*nw**r:„ \i&s¥t I*\ or *ve- v .«T»~*e- "J^t wb: 31 ttHiLpjJZrife for a 
*9*?*iai Svrrz: of prisi:::T>, worLd **r^i-l^o. ^ *x2*cerL<e of a ±\ xi gi 
t*Aw+#z> rj&m lr* :h*r ^raera* <aae. 

Tr^ zr*a* pra^u^a* scaiik of mairSg £t5S ±T*z?an.T* t^t^ » that it 
>a/i» v> a cot&p*r.at:or* rr. whl+h orjj !•> ir^cead of 3i liMar f^r&xa* kare to 
iazAjfA — *>*is h L* not pc**ei *•> a priori heioK ^al-^a^-c-Ci* ha« been 
throojdL v> fe^rl at all assured ^a: ibe p<ar^mlar forzi a*c=i« mar not 
1^ «Kb a* to I^rad oiilr to nogaiorj resilte. Sf>i hapjvlj. i«>weTer. torn* oat 
Dot to ^ the caiie with the form I am abotn 10 eziplor wh>i >ad? to the 
*rxpr^Kon of tfc^r 10 compounds a^ homogeneous linear fm^doo* of 11 arpi- 
tt^rnu^ jdriL? ri*e to a rectangular matrix 11 places wide and !•> pla-res deep 
of vhich it can fc*r *hown that the complete minor? de:erminan3 of the 10th 
ordCT; do not ail vanish, so that the 10 functions carmo: t«e subject to anv 
*jzrgr : and consequently, if Q = were a really exisiinz stttzt. H must 
conri*t exclusively of 22 terms, every one of which •x»n:ains one or both of the 
two first invariant* : but this has been shown to be impossible, so that the non- 
erane*cence of the minors referred to at once establishes the non-existence of 
a *yzygy of deg-order 10.4. and. therefore, the non-existence of a gnmmd- 



'T'/owli the end of this paper I im ililinh the nine conrfaiskn by a bor direct 1 1hoil m 
wioth nfAbmg extraneoo* to Dr. tod Gail's own table m aaramed. except the one fact of the tif ilj 
mAvpxiAtxA <*jrmanSB of deg-order 10 . 4 being 33 in number. 

r On* of tbea^ argnmentB is itself a linear fanctkm of 3 crnihinatinnt of the <xie<aVcieMla and Tartihiea. 
the V/tal number of such combinations which appear in the 10 compounds being 13. 
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I take for the primitive the special form (0, i, 2c, d } 0, 0, 0, 0, ljse, y) B , 
that is to say, Sbx^y + 56cafy* + 56cisey + y 8 , with the relation bd = 3c*, and 
proceed to form the required derivatives in conformity with von Gall's scheme 
of derivation. I use, as the best practical method of obtaining the "alliance" 
of the 1 th order between any two forms $ , t// (of the orders fi , v) denoted by 
($> the lineo-linear quadrinvariant (with respect to the variables of emana- 
tion) of the i" 1 emanant of $ combined into a system with the fl h emanant of ^ , 

taking care to reduce the result to the parenthetical form ( \x, y) M + """" 2< , 

containing only integer coefficients free from any common numerical factor. 
For the sake of brevity, too, I omit in general the symbolical factor con- 
taining (x , y) : so that (o^ , a^ , a? , . . . , a,) will indicate the same thing as 
(a,,, a 1} Oa, . . . , a$x, y)*. I shall adhere, in what follows, to the notation 
employed by Dr. von Gall. 

We have then, according to this notation, 

/=(0, 6, 2c, d, 0, 0, 0, 0, 1) . . . (1) 
i = (/, /) 4 = (4&*fy + 12c*Y + 4c% 3 ) y 4 — 4<fo 4 (fcc 4 + 8cafy + 6efcY) 

+ 3(2cx 4 + idrfyf 
= [12c> — 4M y lQcd, 24<P, 0, 0, 46, 12c, 4d, 0][>, y] 8 , 

where the square bracket is employed to signify the same thing as would be 
indicated by the use of the round clamp, with the exception that the binomial 
coefficients are suppressed. We have, therefore, introducing the multipliers 
14 1_4 14 1_4 14 14 1_4 1_4 14 
1 ' 8 9 28' 56' 70' 56' 28' 8 ' 1 ' 

f=(0, 28cd, 12<P, 0, 0, 6, 6c, Id, 0) (2) 

* = (/, A = (26*y + 2cy>)y» - 10cPx* 

= (20<P, 0, 0, 6, 4c)* (3) 

A= (k, k) % = 20<Pa*(2bxy + 4c/) — by 

= (0, 90c>d, 40ceF, 0, 36*) (4) 

G= (k, k\= 20cPAc = ccP (5) 

/ 4 z= (/, k\ = ic(iba?y+l2w*y*+±dxy*)— 46(6x 4 + 8cafy + 6tf)aV+20<% 4 
= _ 46*x 4 — 166cafy + (48c 8 — 24ta)aty» + 16c<% 8 — 20dy 
= (&», 6c, q*, erf, 5<?) (6) 



* The sign of equivalence (=) is used in the above and in what follows in the sense of " may be 
superseded by." 
Vol. IV. 



= y*><* — *sM - fW* ■?«» 4*> — tiaTjt. y> 

= l2>>** i«* - — I »:» >r^ '•V . . -Tk 

w<* — U¥x**~ :•»»/. 4*v— 5]* 

34*** I74»>eV— ->»>/. 3AV - 45*r**. S5-V> . t>» 
•'/. -V t = Wi*ba? 9 + 12ory» — ±Lrf - * ±*t?*i*x*~ idJyi 

— r i¥*?>? — 1206*. 12//- 3*5**. IzeM. 5]* 
= .V*V. i'-r 2/A. . . " . ^> 

- 3**. lli*Lr> 9 ^ 72,iV/) 

— [pi***?. ttWvi. 504>AA 1520***. lWx**~i&bTfx. y] 4 
= .24***. ili*>. Zfr*. 120V./. £*** . - »10) 

*»'. — 20*. Vjj?*, -r 3&or*y» — 2>*r/ — 4 . &. 2S«fa*~ 4S**V»-*y*> 

-r . 4* . 112*i/*j -f 72«**Y> 
= rimed. 448^ + 2726*. 432**. 06**. 4«*][jr. y] 4 
= 1^3^. 72**. 140*. 48*. .... ill) 

«... ks — 20b*** t 72**r* + 2SO*.ry -r 4ty » 

— 2/y • 92-r*rfjr* + 1 44«fey ■+■ 1 4t>.f / ) 
+ <2&zy + -kyn33^x*-i- ls4^izy -f - 72f*y»> 
= rTUfyrP. fr,-lb<?+ 5605*. WiW — SWW + lSJrfe*. 

U4W. 2-SSA?-i-2S08*fjrx. y] 4 



siSCO^. 42/V+3o«j* r 49r*. l'^A/. ISStVi . . (12) 
< A; 4 = — 4 (30M*jt^7) + r3 [ASkd*\<* +S& . t 1 
= 3ft* + 120/x*f + 24«>/* 

= //+ 200^ (13) 



(/,. A» t = — 4(30M ! )(14<W) + 6(40a^H72rr*> + 13*^336^) 
= 1008/yV + 33T20C**/ 1 = 7tV — iSlVt/ 1 . 



Binary Octavic possessing any Growidform of deg-order 10.4, 67 



The term involving c*d 4 being a multiple of the square of G (the invariant of 
the 4th degree) may be neglected, and, instead of i k% A , we may write the irre- 
ducible invariant of the 8th degree (say) I % = 6 2 c 8 (14) 

That of the 7th degree we have just found = 6 4 + 200c 8 <P ; and obviously 
the quadrinvariant of / is identically zero, or say I % = . . . . (15) 

Also the cubinvariant I 3 = (/, i) B , where 

/=(0, 6, 2c, d, 0, 0, 0, 0, 1) 
and i=(0, 28cd, 12d>, 0, 0, 6, 6c, 7d, 0). 

Hence 7 3 = — 566d + 336c*— 1686d = 504c*— 1686d = , . . (16) 

and we have found 7 4 =jccP. 

Also, i* 5 = (/, #) 8 where 
P = (lOcPx 4 — 2bxy 3 — 2c^) 2 

= lOOcftc 8 — 406d*aY — 40cc?xV + 4&Vy 6 + Sbcxy 1 + 4c*y 8 
Hence J 5 = 100d 4 + 2c . 46* —.6 . 86c = d\* 

The only remaining invariant required for present purposes is i" 6 , repre- 
sented by (i 4 , k\ where 

k = [10<?, 0, 0, 26, 2c][>, y] 4 , 

and 

^=(336^, 92c*d, 72ceP, UOd 8 , 46*$a;, y) 4 . 

Hence 

J 6 = 406*d* — (26) 92c*d + 2c (336c 8 ) 
= (— 360 — 552 + 672) c 4 = c 4 . 

On proceeding to form the 10 compound covariants of deg-order 10.4 
obtained by suitable combinations of the invariants and covariants of inferior 
deg-order, it will be found that the following 13 arguments will make their 
appearance, in which, for greater brevity, x and y are each taken equal to 
unity, which in nowise affects (favorably or unfavorably) the course of the 
reasoning : these arguments are 

6 6 , c 7 , c*cF; 6 5 c, c 6 d, erf 7 ; 6 4 c*, cW, cP; 6 8 c 8 , c 4 ^ 8 ; 6*c 4 , <?d\ 

where the 5 groups of arguments, separated from one another by semicolons, 



* It wiU of course be recognized that the lineo-linear quadrinvariant to the system 

(a , a x , a 2 , . . . aja?, y)\ [o , 6 X , 6 a , . . . 6 J [a?, y] 4 
is simply a 6* — Ojbi-i + a 2 . 6i_i . . . d= a^o : 

the disappearance of the argument 6 2 c from companionship with d 4 in J is rather remarkable, and 
could not have been predicted. This circumstance considerably simplifies the subsequent calculations. 



;i*s*r , \ Ivu^kiT ^ini".r.»i»* m in**mr 7 *r- iim&r&L ill Hit imp*** smito 
J: * ia' «r. ftdL-ur r u^jcir tr iinr nr inn^siiT ~*i raurruaot -ait aciak 
vvjumiK la;- :ujr v**ta ;r*** i »^ ; **5~'V*t "uir* my** friai uxmiifer nf 
•a* ~f*z*r* «M n;**rjf *»»riaJ.T ^t7uar.*r£ rr ; :if -jttai. n *at* sincae- rf jb. 
«*r.**Si^rr.ir.7 17 ;»*v r ^^at a: iiir nn w n ?«sfge»?E v jean** 

*Zl£kili!P: **r<\ "Jfls 9 ^: 'A "lift LZsi »"' ttti rr ■* v. V* *atf- "nri*** ^ 

"iXJ*: \*rt&T? I * 4 I . ~ i r I 1 i WL'I "UiJ: *' , »" , T7TTTrt TT TT»- I i ftp^ 

A * t i s- '/ ' ~ • * a Tii*** tri^?v»:»frj:«ii* iarrnx ":*s«l efewi 
ji ita** */ --it* r*?r^r pjt: zlactji t* pr-*a. "» 

x k % * x : : 1 i . 
: • 7 : e . z v 

I v , . . I 4 -5 ? S 
17 4 

^ — 

- — - • 

Z . . X 4 

7 5 S 7 > 



3 5 i -:■ S -> 

j* e»7 v. «j?t ib*Tt \j yry^rzz^z if ± ~ A :er«iM ife two 
ir*r 1 ~'*r.-**AT- li* liir? f:-rr»I %zA li* liird xhn j 

*jw^. fcr**: yrsx&t. *jl*z £t?i six sat rej ^-^I saxesBrrelT bj dfee 

' i ^ S 5 3 1 1 3 r 10 . 

5 10 . 10 6 S 4 6 S 

10 5 4 4 . 10 9 

10 7 7 7 1 2 . 

& 2 9 . 10 2 

5 2 . . 5 . 
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Consequently, it only remains to ascertain whether the complete minors 
all disappear in the matrix of the dimensions (6 X 5) given below, viz : 



5 
2 
7 
9 
3 



5 
8 
5 



7 

3 
6 



5 
3 
9 
1 
8 



9 
5 



If all the complete minors of this matrix contain 11, the same must be 
true of the determinant formed by subtracting the first column in the above 
from the fifth and substituting the difference in place of the fifth column, i. e. 



5 
8 
5 



7 

3 
5 



1 
2 
3 
5 



9 
5 



and therefore 



7 

3 
5 



1 

2 
3 
5 



should contain 11, and (as we may see by substituting the excess of 4 times the 
3d column over the fourth in place of the 3d) the same must be true of the 
3 7 8 _ 

' of which the value is 3(12— 15) + 2(21 — 24), 



determinant 



. 3 3 
2 5 4 

i. e. — 15, and as this does not contain 11 , it follows that the complete minors 
of the matrix which expresses the 10 compounds as linear functions of the 11 
arguments a , /3 , y . . . , (i are not all zero, and they are consequently not 
linearly connected.* But, obviously, the calculations on which this proof 



* In the Comptes Rendus for 22d August of this year, I have given a brief rieume of the contents of this 
paper. At page 867 of that fascicule, (third line from foot,) in the last line but one of the matrix, I have 
written 9 8.819 in error for 98.819 (having mistaken a 8, covered with a blot, for 8) ; 
consequently, the calculations which follow page 868 of the C. R. are erroneous. Fortunately, I did not 
repeat the mistake in calculating the value of the determinant subsequently given of the 11th order in 
proving that it contains the divisor 11. Moreover, this determinant, or rather its remainder to modulus 
11, has been calculated by an entirely different process by Mr. Morgan Jenkins (whose work is before my 
eyes), and with the same result of its being divisible by 11. This instance shows how unsafe it would 
have been to have trusted to the fact of the minors not vanishing, unsupported by the positive evidence 
which the determinant of the 11th order affords of the preceding calculations, as regards the values of 
the groundforms, being unaffected with one single error in spite of the vast number of processes of 
addition, subtraction, multiplication, division, transposition, transcription and change of sign employed 
in working them out. 



depend* imperatively *ail far a verification, a* nothing would be more enr 
than to bring out *ome or all of the minor* dfcferen- from, xero by a angle 
error of calculation or slip of the pen. To this end [ .airrilafie die vain* of 
von (*%\Y* undecompoaed covariant for the a»»umed special S^rm /. and shall 
fthow that the 10 compound* and thia 1 1th fraction do become linearly con- 
nected, i, ^ aubject to a ayzygy. on the assumption, tha* the arithmetical values 
of the coefficient* have been correctly calculated. 

The function in question. l>r. Ton GalT* »7 . ia obtained a* S>LIows : 

r = (i, A^ of deg-order 6 , 8 ia equal to 

iWkd* 9 + i«foft*y + + fc/x^vAr* 3*y. 

— (lVk*d* + \?Ay*x>jf&*l£ + 72#^5 + l-SS*y +- 3*»y* 7^» 

= [SW0feW, '8o«fcW. S&Ofef. oOtt^ii. 7o6fe» o«4<W. 43>0*V P 

ISA* + o«fta*. lSgVj . 0, y]* 
which* multiplied by 28, will be seen to be equivalent to 
(141120***, 299#>Af T ggifcrf 1 , 75*fc*. 3024**. 282fc?V. 43£fc»*. 

63#+ I960**, SOUfc). 

Finally, 

17 = (?, A), = 39(141120^4* + 119&40rW* + 235W^^/ 

+ 3024& J jry l + 3024**/) 
+ 6,40^(3840^^^ + 18144*V/ + 11280Afa/ + 43*V<*/) 

— 4 . 9fcW(7o6AcV+ 12096^^ + 16920^dLtY+ 17520*V-r/+. 63A 3 + 1960*fV 
which, dividing out by 144 r 

= (32130c 9 + 6400c*</V + $1Wk*dj?g + 16380^ At*/ +(63fcV+ ioOOOrtf 1 ) 

+(^«V+240fcW)/ 

= (1^5^+ 25600^^ 37o90c*rf ? 10920^^. 63£V + 2oWfc^, 

16384V* + 9600A* 1 ). 

Here it will lie noticed that the arguments collected in what I hare designated 
by A , viz, t/ r ffc, fM, do not appear at all in r % . Had they made their appear- 
ance with other than coefficients bearing to each other the ratios of 1 : 4: 6, #7 
could not have been a linear function of the 10 compounds which are linear 
function* of A and of 10 other arguments. This is in itself, to some extent, a 
verification of a portion at least of the preceding calculations : i 4 "r as it turns 
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out, is a linear function of only 8 out of the 11 arguments which appear in the 
other 10 compound covariants, viz. of|J,y i,ft, neither A , € nor iq 

appearing in \ . 

If the figuring throughout is correct, the determinant represented by the 
matrix constituted of the coefficients of the 11 compounds, ought to vanish 
identically ; but it will be sufficient for all reasonable purposes (i. e. to satisfy 
any reasonable doubts on the subject) if I show that this is the case for the 
value of that determinant in respect to three consecutive prime numbers 
11, 13, 17 taken almost at hazard. 

It must be understood that the vanishing of the determinant in question 
adds no additional strength whatever to the proof — which, by Cayley's law, is 
perfect without it — provided that the figures in the coefficients of the 10 com- 
pounds (excluding %l) have been correctly calculated. It is to authenticate these 
figures, and not to verify the legitimacy of the argument, that the 11th com- 
pound is calculated, and the determinant formed by all the eleven shown to 
contain any number taken at will. It must be remembered that the calcula- 
tions have been most carefully conducted and verified at each step: conse- 
quently, if any person, after the evidence that will be given, entertains any doubt 
of the correctness of the result, the duty is incumbent on him to put his finger 
upon some one of the coefficients of the 10 first compounds and prove it to be 
incorrectly stated. 

First, for the modulus 11. In respect to this modulus, the coefficients 
in \ of 

A, yi, 0, X, y, 5, f, £, x, (j. 

are congruous to 

0, 0, 8, 4, 1, 8, 8, 0, 3, 3, 8. 

Hence, (making use of the transformations already calculated of the upper half 
of the rectangular matrix), it has to be shown that 11 is a divisor of the deter- 
minant of the 9th order 

84188.338 



10 5 . 4 4 

10 7 7 7 
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7 5 3 7 9. 
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The first and second lines of this matrix combined give rise to the 



line 
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8 , and this, combined with the 4th, to 


the line 
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under which last, writing the 5 remain- 


ing lines 
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9 






3 
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it has to be shown that the determinant to the above matrix of the 6th order 
contains 11. 

Let the fourth line be replaced by 3 times itself + the last line, which, to 
the modulus 11, reduces the third column to the form of five zeros followed 
by 2. This shows that we may use, instead of the above, the determinant 

5 1.95 
5 2.5. 
2 . . 3 4 
2 9 4 2 5 
9 8 3 1 9; 

and again, replacing the fourth line of the new matrix by its double + the last 
line, we fall upon the matrix 

5 19 5 
5 2 5. 
2.34 
2 4 5 8, 

for which we may substitute 

5 14 5 
5 2.. 
2.14 
2 4 3 8, 

or (as may be seen by replacing the second column by 3 times itself + the 

18 4 5] 

first column) ,2 1 4 , in which (to modulus 11) the first line is 4 times the 

| 3 3 8 ; 

second. Hence, the test is satisfied as regards the modulus 11. 
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I will next take the modulus 13. 

The residues to modulus 13 of the coefficients in \ of 

will be seen to be 

11 11 . 10 6 .. 12 6 

and the matrix corresponding to the one of the same dimensions (11 X 10), 
previously calculated for modulus 11, will, in respect to modulus 13, become 

383 10 34 . 3 11 8. 
1 . 10 6 6 . 2 . 5 8 12 
4 . . . 10 3 8 2 1 . 



12 4 

11 4 . 1 . 7 10 . 

3 . 12 .11. 

6 . . .34 

1 1 2 5 9 . 

6 11 . 2 10 1 

4 9 1 10 6 5. 

In place of the first six of the above lines, applying the same process as before, 
we may substitute 
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Combining the line (i. e. the coefficients of 6 (3 X . . . [i in \ above 
given) with the third of these, we obtain the line 

4 3 12 8 . 12 10 . 

which, again combined with the fourth of the same, gives rise to the line 

7 10 9 9 9 4 
Adding on the sixth line, viz. 6 . 7 8 7 7 and the four last lines 

of the first matrix, viz. the 1 2 5 9 ^ 

lines marked with an as- " 

. . i *6 11 . 2 10 1 

terisk. 

*4 9 1 10 6 5, 
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with 4 more* lines, which will be presently supplied in their proper place. For 
those above written may be substituted 

3 237 3 10 89 68. 

15 5 4 13 7 7 8 16 4 8 

7 9 8 5 11 . 13 6 

6 3 12 6 . 4 11 . 

2 14 15 . 6 . . 

9 16 . 11 . . 

Rejecting the first two lines, and writing over the remaining ones the line, 
there results 

12 11 2 14 . 11 7 12 

7 9 8 5 11 . 13 6 . 

6 3 12 6 . 4 11 . 

2 14 15 . 6 . 

9 16 . 11 . 



which may be replaced by 



12 11 
6 2 
6 
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to which I add in the 4 pretermitted lines distin- 
guished by asterisks, 



and the determinant, represented by the square matrix (6 X 6) exhibited by the 
6 lines last appearing above, ought to contain the modulus 17 as a divisor. 
Instead of the 3d line from the bottom we may substitute its double less the 
last line, and thus, neglecting the factor 7, fall upon the matrix 

16 1 1 8 12 
9 16 11 . 

14 . . 3 4 

15 13 4 16 2 
2 12 5 16 12. 
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ments in the supposed syzygetic function £V for the particular form / will be 
4.0x3.4 and 5.0x2.4, i.e.ccP(b\ be, c>, — cd, 5d*), and d i (20cP, 0, 0, 6, 4c), 
between which obviously no syzygy is possible, so that neither of them can 
appear in the general form of £1'. Hence the terms in the general form of £V 
must be divisible all by 2 . or all by 3.0, or some by 2 . and some by 3.0, 
and consequently there must exist a syzygy of the deg-order 5.4, 4.4, or 2.4. 
The first of these hypotheses has already been shown to be impossible, and the 
remaining two need not even have been mentioned, as there is only a single 
compound of the deg-order 4.4, viz. 2.0x2.4, and none of the deg-order 2.4. 
Lastly, for the deg-order 8.4, still using the same special form of /, the argu- 
ments in the supposed syzygetic functions which do not vanish are 4.0x4.4, 
4.0x4.4*, 5.0x3.4, and 6.0 X 2.4, i.e. 



The argument d? in the 3d of these quantities has no equivalent in any of 
the other 3. Hence the 3d quantity does not appear in the syzygy : moreover, 
the 4th compound contains one argument, viz. be 4 , which does not rationally 



contain d?c ( for = ^ J . Hence this compound also disappears, and obviously 



no syzygy connects together the first two. Hence in the supposed general 
syzygy there exist no compounds containing neither 2 . nor 3.0, and by 
the same reasoning as before, this supposed syzygetic function must imply the 
existence of one of the deg-order 6.4 or 5.4 or 4.4. The two last of the 
three suppositions have already been seen to be impossible, and the first would 
imply a linear relation between 2.0x4.4, 2.0x4.4*, 3.0x3.4, 4.0x2.4, 
the last of which we see, by taking / for the primitive, cannot appear in the 
general syzygy, and the remaining 3 arguments would imply that the general 
covariant 3 . 4 would contain the invariant 2.0, which is absurd. Hence it 
follows from Dr. von Gall's own results that the existence of a groundform of 
deg-order 10 . 4 is impossible. The only principle extraneous to his results 
made use of is Cayley's all-important rule, of which an irrefragable demon- 
stration has been given by the author of this paper, but which still, as far as he 
is aware, remains unutilized, and is almost passed over in silence by invariantists 
of the German school. 



and 



cd>(0, 90c*d, 40cd*, 0, 3b 2 ) 

cd? (336c 3 , 92c*d, 72cd>, U0d?, 4i 2 ) 

d*(b\ be, c*, — cd, 5d>) 

c 4 (— 20d>, 0, 0, b, 4c). 
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Hence the required coefficient is 32. 

It is obvious that the particular method adopted in treating the grand deter- 
minant made up of ll 2 places employed in the foregoing investigation furnishes 
or indicates a good practical process for determining 10 out of the 32 numerical 
coefficients which enter into the expression of Dr. von GalPs co variant %l as 
a linear function of the 32 linearly independent covariants of its own deg-order ; 
but, as this calculation possesses no point either of intrinsic theoretical interest 
or practical importance, I leave it to those who may feel any curiosity on the 
subject, to go through the calculations necessary to attain that end. 

It may be supposed that the long calculations rendered necessary by the 
quadrinomial form /, attributed to the primitive in the preceding investigation, 
might have been evaded by using a trinomial form (of which several exist) 
possessing the same property of causing the two first invariants to vanish, and 
not less general, inasmuch as containing three independent coefficients in place 
of four connected by a homogeneous equation ; e. g. we might assume for the 
primitive (0 , b , , , , /, , , i\x , y) 8 , where the weights of b , /, i are 
respectively 1 , 5 , 8 . 

Ther quadrinvariant vanishes because no binary combination of 1 , 5 , 8 , 
with or without repetitions, will make up the required weight 8 , and the cub- 
invariant because no ternary combination of the same will make up the 
weight 12 . It may, however, easily be shown that such form will lead only 
to a nugatory conclusion, as not supplying the necessary number of arguments 
(10 at least are wanted) to support the independence of the 10 surviving com- 
pound covariants of deg-order 10 . 4 . This may be seen as follows. 

The weights of the coefficients of a 4 , z?y\ afy*, xif, y* in a 10 . 4 cova- 
riant are respectively 38 , 39 , 40 , 41 , 42 . Let us ascertain in how many 
ways 10 numbers, consisting exclusively of the numbers 1 , 5 , 8 , can be put 
together to make up these totals. I use the notation a*.b*. c y to indicate a sum 
of a numbers a , (} numbers b , and y numbers c . 

Then the sole admissible representations of 38 are 8 4 . 1*, 5 7 . I s , 

" 39 " 8 3 .5M 5 , 

14 40 " 8*.5 4 . I 4 , 

" 41 " 8 .5\ l 3 , 

44 42 44 8 4 .5 .l 5 , 5\1 2 , 

i. e. there are only at utmost 7 arguments contained in the expressions for the 
10 compounds. 

VOL. iv. 
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So, in like manner, if we assumed for the primitive 
(0, 6, 0, 0, 0, 0, </, 0, {fa, y)> 
to find the number of independent arguments possible in a 10.4 covariant, 
we must ascertain the sum of the numbers of similar representations to the 
foregoing of the same integers 38 , 39, 40, 41, 42, with 10 integers confined 
to be 1 , 6 or 8 , and we shall find that the sole representations of that kind 
are8 4 .l 6 ; 8*.6M 5 ; 6M 4 ; 8 4 .6.1 3 ; 8 3 .6M 5 ; 8.GM 4 , i. e. 6 represen- 
tations in all. In like manner it will be found that all the other trinomial 
forms of the primitive so taken that the first two invariants are null, will be 
incapable of yielding as many as 10 arguments to any covariant of deg-order 
10.4,* so that the 10 compounds appurtenant to such special form will be 
bound to be linearly related, and no inference can be drawn from any such 
assumption. I have reason for believing that the quadrinomial form employed 



* On an exhaustive examination, it will be found that the only trinomial forms of the primitive 
which will cause the first two invariants to disappear, are those in which the surviving coefficients are 

/, i ; 9, i 
a,b,c\a,b,d\a,c,d\b,c,d) 

or the complementary ones 

0, d, a; h, c, a 

1, h,g; i,h,f; 

which, of course, are substantially equivalent to the former. 

Confining our attention, then, to the upper group, it will readily be seen that the four last will cause 
not only the quadrinvariant and the cubinvariant, but all the other invariants as well, to vanish. Since, 
then, it has been shown that the b , /, t ; b , g , t forms are insufficient to support the independence of 
the 10 compound covariants with which the reasoning is concerned, it follows that no trinomial form will 
be adequate to do so. 

It may be asked what would have been the effect of using the form in which 6, c, d, i are the 
surviving coefficients, but b , c , d are supposed mutually independent, instead of being subject to the 
condition employed in the refutation above : on this supposition the quadrinvariant, but not the cubin- 
variant, wiU vanish ; and an easy calculation will show that of the 82 representations of the covariant 
of deg-order 10 . 4 as a product of inferior ground forms there will be only 16 in which the quadrinvariant 
does not appear as a factor. And, again, it will be found that the number of ways of representing 
88 , 89 , 40 , 41 , 42 , as the sum of 4 numbers, each of which is either 1 , 2 , 8 or 8 is 29 . Hence there 
would arise a matrix of 16 lines and 29 columns, and to disprove the existence of the 10 . 4 groundform 
it would be sufficient to prove that some one of the complete minor determinants of this matrix differs 
from zero. The work involved in dealing with this and the subsequent veriflcatory matrix of 17 lines 
and 29 columns would evidently be vastly greater and more liable to error than when (as in the text) 
we assign the relation between 6 , c , d so as to make the cubinvariant vanish. 

In the absence of the information as to the number of linearly independent 10 . 4's given by Cayley^B 
rule, the direct mode of refutation would have required the calculation of the 82 compound 10 . 4's and 
the problematical one of von Gall for the general form of the Octavic, subject only to the simplification of 
taking two of the coefficients zero. There would then have remained to show that the leading terms of 
these 33 forms were linearly connected, which would necessarily imply that the same was true of the 
33 entire forms themselves ; a colossal task, probably transcending the sphere of human ability to execute. 
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in the foregoing investigation is the most convenient and economical, as leading 
to the simplest calculations of any that could have been employed for the same 
purpose. 

It may be well (by way of confirmation) to determine h priori the number 
" of possible arguments that can belong to the 10 . 4 covariants of the quadri- 
nomial form of (x , yf employed in the antecedent investigation. Since & may 
be replaced by a numerical multiple of bd, it follows that each argument may 
be brought to a form in which c does not enter at all, or in which it enters only 
in the first degree. The total possible number (which turns out to be the 
actual number) of arguments is, consequently, the number of ways in which 
38 , 39 , 40 , 41 , 42 can be composed with 10 parts each of them 1, 3 or 8 + the 
number of ways in which 36 , 37, 38, 39, 40 can be composed with 9 parts, 
each of them also 1 , 3 or 8 . All the possible different compositions of these 
kinds are exhibited in the annexed table. 

38 = 4. 8 + 6. 1 = 2. 8 + 7. 3 + 1.1 36 = 3.8 + 3.3 + 3.1 

39 = 3. 8 + 4. 3 + 3.1 37 = 4.8 + 5.1 = 2.8 + 7.3 

40 = 4.8 + 5.1 + 1.3 = 2.8 + 8.3 38 = 3.8 + 4.3 + 2.1 

41 = 3. 8 + 5. 3 + 2.1 39 = 4. 8 + 1. 3 + 4.1 

42 = 4.8 + 4. 1 + 2.3 40 = 3.8 + 5.3 + 1:1. 

There are thus 7 + 6 i. e. 13 distinct arguments, i. e. the number which 
actually appear distributed among the 10 surviving covariants of deg-order 10 . 4 
as previously shown — it being at the same time remembered that three of the 
13 enter as elements of a fixed linear combination into the- 10 functions, which 
are thus virtually functions of only 11 independent arguments. 

The method employed in what precedes suggests a mode of calculating in 
part at least the discriminant of the eighthic in terms Of the subordinate ground- 
forms.' Thus, suppose we take for our special form, (0 , 6, c, (1,0,0,0,0, i\x 9 yf 
with 6, c, d independent. 

Then the quadrinvariant will vanish, and there will be no very great effort 
of calculation required to express the 8 remaining invariants as functions of 
b 9 c, dj i. 

The discriminant is of the 14th degree and 14 may be made up in 10 (and 
no more than 10) ways as a sum of numbers each limited to be 3, 4, 5, 6, 
7, 8, 9, or 10; as exhibited in the exhaustive table 

14=10 + 4 = 9 + 5= 8 + 6=8 + 3 + 3 = 7 + 7=7 + 4 + 3 = 6 + 4 + 4 
= 6 + 5 + 3 = 5 + 5 + 4 = 4 + 4 + 3 + 3. 



A tx:-. \Lrz weizit of ti-e <ii**~zz. l r*r : i* ->3. and ti* ntsiberof way* of 
^npovr.^:* z -So with 14 ^iib-sT* e«i I;~i:e-i to t« 1.2. 3 or 5 b 11, a* 
*f»wr. \z. m J^z ~x':ji\is?:.-± table 

«r^^i.;=;.^;.2*:.!r5.^ 3.3*1.2*5.1=5.8 + 2.3 

* 3. 2 - 4. 1 =5. 5 - 1. 3 - 5. 2*3. 1 = 5.^*7.2*2. 1 = 4. 8 

* 7.3 * 3.1 = 4. * * 5.3 * 2 .2 * 2. 1 = 4. S - 5.3 4- 4.2 + 1 .1 
= 4. * * 4. 3 *5.2 = 3.* * * 1.2 

New there no clfE 'n\\j at ill in Ending by «ct«?innioD and multi- 

plication tire dl*cr:rs:r.ar.t of tie a=>*.Amei r.-iar.;:-?. say which is in fact 

to 

the same as the re*t;It*:.t <:f — and h**y * S^vV * >W. Hence there will 

be 11 equation-? for determining tie coezE -.-ie:.:* of tie 10 invariants of the 
1 4 th <\<zztkH which ^re proiv;-?ts of the inferior invariant* »the quadrinrariant 
excepted : consequently :nere will r.^r !- ^« ient or core than sufficient equa- 
tion.- for the y+ry~:. unle^- i; si;.uld < unfortunately and contrary to 
probability p turn out to be the case that the 10 products, although linear 
function* of 11 arguments, are expressible as linear function* of only 9 
linear functions of those arguments. 



On the Logic of Number 

By C. S. Peirce. 



Nobody can doubt the elementary propositions concerning number : those 
that are not at first sight manifestly true are rendered so by the usual demon- 
strations. But although we see they are true, we do not so easily see precisely 
why they are true ; so that a renowned English logician has entertained a doubt 
•as to whether they were true in all parts of the universe. The object of this 
paper is to show that they are strictly syllogistic consequences from a few 
primary propositions. The question of the logical origin of these latter, which I 
here regard as definitions, would require a separate discussion. In my proofs I 
am obliged to make use of the logic of relatives, in which the forms of inference 
are not, in a narrow sense, reducible to ordinary syllogism. They are, however, 
of that same nature, being merely syllogisms in which the objects spoken of are 
pairs or triplets. Their validity depends upon no conditions other than those of 
the validity of simple syllogism, unless it be that they suppose the existence of 
singulars, while syllogism does not. 

The selection of propositions which I have proved will, I trust, be sufficient 
to show that all others might be proved with like methods. 

Let r be any relative term, so that one thing may be said to be r of 
another, and the latter r'd by the former. If in a certain system of objects, 
whatever is r of an r of anything is itself r of that thing, then r is said to be a 
transitive relative in that system. (Such relatives as "lover of everything loved 
by — " are transitive relatives.) In a system in which r is transitive, let the q'a 
of anything include that thing itself, and also every r of it which is not r'd by 
it. Then q may be called a fundamental relative of quantity; its properties 
being, first, that it is transitive; second, that everything in the system is q 
of itself, and, third, that nothing is both q of and q'd by anything except itself. 
The objects of a system having a fundamental relation of quantity are called 
quantities, and the system is called a system of quantity. 
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A system in which quantities may be qs of or ^'d by the same quantity 
without being either ^'s of or q'd by each other is called multiple ;* a system in 
which of every two quantities one is a q of the other is termed simple. 

Simple Quantity. 

In a simple system every quantity is either "as great as" or "as small as" 
every other ; whatever is as great as something as great as a third is itself as 
great as that third, and no quantity is at once as great as and as small as any- 
thing except itself. 

A system of simple quantity is either continuous, discrete, or mixed. A 
continuous system is one in which every quantity greater than another is also 
greater than some intermediate quantity greater than that other. A discrete 
system is one in which every quantity greater than another is next greater than- 
some quantity (that is, greater than without being greater than something greater 
than). A mixed system is one in which some quantities greater than others are 
next greater than some quantities, while some are continuously greater than 
some quantities. 

Discrete Quantity. 

A simple system of discrete quantity is either limited, semi-limited, or 
unlimited. A limited system is one which has an absolute maximum and an 
absolute minimum quantity ; a semi-limited system has one (generally consid- 
ered a minimum) without the other ; an unlimited has neither. 

A simple, discrete, system, unlimited in the direction of increase or decrement, 
is in that direction either infinite or super-infinite. An infinite system is one in 
which any quantity greater than x can be reached from x by successive steps to 
the next greater (or less) quantity than the one already arrived at. In other 
words, an infinite, discrete, simple, system is one in which, if the quantity next 
greater than an attained quantity is itself attained, then any quantity greater than 
an attained quantity is attained ; and by the class of attained quantities is meant 
any class whatever which satisfies these conditions. So that we may say that an 
infinite class is one in which if it is true that every quantity next greater than 
a quantity of a given class itself belongs to that class, then it is true that every 



* For example, in the ordinary algebra of imaginaries two quantities may both result from the addition 
of quantities of the form a 1 + bH to the same quantity without either being in this relation to the other. 
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quantity greater than a quantity of that class belongs to that class. Let the class 
of numbers in question be the numbers of which a certain proposition holds true. 
Then, an infinite system may be defined as one in which from the fact that a certain 
proposition, if true of any number, is true of the next greater, it may be inferred 
that that proposition if true of any number is true of every greater. 

Of a super-infinite system this proposition, in its numerous forms, is untrue. 

Semi-infinite Quantity. 

We now proceed to study the fundamental propositions of semi-infinite, 
discrete, and simple quantity, which is ordinary number. 

Definitions. 
The minimum number is called one. 

By # + y is meant, in case x = 1 , the number next greater than y ; and in 
other cases, the number next greater than oi + y , where oi is the number next 
smaller than x. 

By a; x y is meant, in case x = 1 , the number y , and in other cases y + viy , 
where a/ is the number next smaller than x . 

It may be remarked that the symbols + and X are triple relatives, their two 
correlates being placed one before and the other after the symbols themselves. 

Theorems. 

The proof in each case will consist in showing, 1st, that the proposition 
is true of the number one, and 2d, that if true of the number n it is true of 
the number 1 + n , next larger than n . The different transformations of each 
expression will be ranged under one another in one column, with the indica- 
tions of the principles of transformation in another column. 

1. To prove the associative principle of addition, that 

(x + y) + z = x + (y + z) 
whatever numbers x, y , and z, may be. First it is true for x = 1 ; for 

(i+y) + z 

= 1 + (y + z) by the definition of addition, 2d clause. Second, if true for 
x — n , it is true for x = 1 + n\ that is, if (n + y) + z = n + (y + z) then 
((l+n) + y) + z = (l+ n ) + (y + z). For 
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((l + n) + y) + z 

=(1 + {n + y)) + z by the definition of addition : 

= 1 + ((n + y) + z) by the definition of addition : 

= 1 + (w + (y + z)) by hypothesis : 

= (1 + n) + (jy + z) by the definition of addition. 

2. To prove the commutative principle of addition that 

x + y — y + * 

whatever numbers x and y may be. First, it is true for x — 1 and y — 1, being 
in that case an explicit identity. Second, if true for x = n and y = 1 , it is 
true for x = 1 + n and y = 1 . That is, if n + 1 = 1 + n . then (1 + n) + 1 = 
l + (l+n). For (1 + n)+ 1 

= 1 + (n + 1 ) by the associative principle : 
= 1 + (1 + n) by hypothesis. 

We have thus proved that, whatever number x may be. x+l = l+ jr, or 
that x + y = y + x for y = 1 . It is now to be shown that if this be true for 
y = n, it is true for y = 1 + n; that is, that if x + n = » + x, then 
x + (1 + n) = (1 + n) + x. Now, 

x + (1 + n) 

= (x + 1) + n by the associative principle: 

= (1 + x) + n as just seen: 

= 1 + (x + n) by the definition of addition : 

= 1 + (w + x) by hypothesis : 

= (1 + n) + x by the definition of addition. 

Thus the proof is complete. 

3. To prove the distributive principle, first clause. The distributive prin- 
ciple consists of two propositions : 

1st, (x + y) z = xz + yz 
2d, x (y + z) = xy + xz. 

We now undertake to prove the first of these. First, it is true for x = 1. 

For 

(l + ir)« 

= z + yz by the definition of multiplication : 
= 1 . 2 + yz by the detinition of multiplication. 
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Second, if true for x — n, it is true for x — 1 + n; that is, if (n + y) z = nz + yz, 
then ((1 + n) + y) 2 = (1 + n) z + yz. For 

((1 + n) + y) z 

= (1 + (w + y)) z by the definition of addition : 

= z + (n + y) z by the definition of multiplication : 

= z + (nz + yz) by hypothesis: 

= (z + nz) + yz by the associative principle of addition : 

= (1 + n) z + yz by the definition of multiplication, 

4. To prove the second proposition of the distributive principle, that 

x (y + z) = xy + xz . 
First, it is true for x — 1 ; for 

1 & + «) 

= y + s by the definition of multiplication : 
= ly + lz by the definition of multiplication. 

Second, if true for x — n, it is true for x= 1 + n\ that is, if n(y + 3) = ny + nz, 
then (1 + w) (y + z) = (1 + n) y + (1 + w) z. For 

(1 + n) (y + z) 

— (y + z ) + w (y + z ) ky the definition of multiplication : 

= (y + z ) + ( n y + fry hypothesis : 

= (y + ^y) + (z + nz) by the principles of addition : 

= (1 + n) y (1 + n) z by the definition of multiplication, 

5. To prove the associative principle of multiplication ; that is, that 

(xy) z = x(yz), 

whatever numbers x } y, and z } may be. First, it is true for x = 1, for 

(ly)z 

= yz by the definition of multiplication: 
= 1 . yz by the definition of multiplication. 

Second, if true for x = n , it is true for x = 1 + n ; that is, if (ny) z — n (yz), 
then ((1 + n) y) z = (1 + n) (yz). For 
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= (jf + ny) z by the definition of multiplication : 

= yz + (*y) z by the distributive principle: 

= yz + r (jn) by hypothesis: 

= ( 1 + n ) < yz) by the definition of multiplication. 

6. To prove the commutative principle of multiplication : that 

XJf = JfX. 

whatever numbers x and y mar be. In the first place, we prove that h is true 
for y = 1. For this purpose, we first show that it is true for y— 1, x — 1; and 
then that if true for y — 1 . x = n. it is true for y — 1 . x = 1 + a. For 
jr = 1 and x = 1 , it is an explicit identity. We have now to show that if 
al = la then (1 + n) 1 = 1 (1 + «». Xow. 

= 1 + r1 by the definition of multiplication: 

= 1 + 1r by hypothesis: 

= 1 + r by the definition of multiplication : 

= 1 (1 + a) by the definition of multiplication. 

Having thus shown the commutative principle to be true for jr = 1. we 
proceed to prove that if it is true for y = n . it is true for y = 1 + a : that is, 
if xm = ax. then x (1 + a) = ^1 + r i x. For 

(1 + nl x 

= x + rx by the definition of multiplication : 

= x + xr by hypothesis : 

= Ix + jr by the definition of multiplication : 

= xl + xn as already seen : 

= x (1 -r r \ by the distributive principle. 

Discrete Simjlt Quantity Infinite im 1<4A dimtiame. 

A system of number infinite in both directions has no minimum, but 
a cerL&z^ quantity is called one. and the numbers as great as this constitute 
a portal sy-sezt of sexni-infi^ite number, of which this one is a minimum. The 
&£ZLhk£iS of addition and multiplication require no change, except that the omt 
tberei i* to t« mderstood in the new sense. 
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To extend the proofs of the principles of addition and multiplication to 
unlimited number, it is necessary to show that if true for any number (1 + n) 
they are also true for the next smaller number n . For this purpose we can 
use the same transformations as in the second clauses of the former proof; only 
we shall have to make use of the following lemma. 

If a; + y = a; + z , then y—z whatever numbers x , y , and z , may be. 
First this is true in case x — 1 , for then y and z are both next smaller than the 
same number. Therefore, neither is smaller than the other, otherwise it would 
not be next smaller to 1 + y — 1 + z. But in a simple system, of any two 
different numbers one is smaller. Hence, y and z are equal. Second, if the 
proposition is true for x=n, it is true forx=l + n. For if (1 + n) + y = 
(1 + n) + 3, then by the definition of addition 1 + (n + y) = 1 + + whence 
it would follow that n + y = n + z , and, by hypothesis, that y—z. Third, if 
the proposition is true for x = 1 + n , it is true for x= n . For ifn + y=w + z, 
then l + n + y=l+n + z, because the system is simple. The proposition 
has thus been proved to be true of 1 , of every greater and of every smaller 
number, and therefore to be universally true. 

An inspection of the above proofs of the principles of addition and multi- 
plication for semi-infinite number will show that they are readily extended to 
doubly infinite number by means of the proposition just proved. 

The number next smaller than one is called naught, 0. This definition in 
symbolic form is 1 + = 1 . To prove that x + = x , let a/ be the number 
next smaller than x. Then, 

x + 

— (1 + a/) + by the definition of a/ 
= (1 + 0) + oi by the principles of addition : 
= 1 + t! by the definition of naught: 

= x by the definition of a/. 

To prove that a;0 = 0. First, in case x = 1 , the proposition holds by the 
definition of multiplication. Next, if true for x = n , it is true for x = 1 + n . 
For 

(1 + n) 

= 1 . + n. by the distributive principle: 

= 1.0+0 by hypothesis: 

= 1.0 by the last theorem : 

= as above. 
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Third, the proposition, if true for x — 1 + n is true for x = n. For, changing 
the order of the transformations, 

1.0 + 0=1. = = (l + n) 0=1.0 + w. 0. 

Then by the above lemma, n. = 0, so that the proposition is proved. 

A number which added to another gives naught is called the negative of 
the latter. To prove that every number greater than naught has a negative. 
First, the number next smaller than naught is the negative of one ; for, by the 
definition of addition, one plus this number is naught. Second, if any number 
n has a negative, then the number next greater than n has for its negative the 
number next smaller than the negative of n . For let m be the number next 
smaller than the negative of n. Then n + (1 + m) = 0. 

But n + (1 + m) 

— (n + 1) + m by the associative principle of addition. 
= (1 + n) + m by the commutative principle of addition. 

So that (1 + n) + m = 0. Q. E. D. Hence, every number greater than 
has a negative, and naught is its own negative. 
To prove that ( — x) y — — (ay). We have 

= x + ( — x) by the definition of the negative : 

= Oy = {x + ( — a:)) y by the last proposition but one : 

= xy + ( — x) y by the distributive principle : 

— {xy) = ( — x) y by the definition of the negative. ' 

The negative of the negative of a number is that number. For x + ( — x) = . 
Whence by the definition of the negative x = — ( — x). 

Limited Discrete Simple Quantity. 

Let such a relative term , c, that whatever is a c of anything is the only c 
of that thing, and is a c of that thing only, be called a relative of simple 
correspondence. In the notation of the logic of relatives, 

cc — < 1 , cc — < 1 . 

If every object, s, of a class is in any such relation c, with a number of a 
semi-infinite discrete simple system, and if, further, every number smaller than 
a number c'd by an 8 is itself c'd by an 8, then the numbers c'd by the *'s are 
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said to count them, and the system of correspondence is called a count. In 
logical notation, putting g for as great as, and n for a positive integral number, 

8 — < cn gcs — < cs . 

If in any count there is a maximum counting number, the count is said to be 
finite, and that number is called the number of the count. Let [*] denote the 
number of a count of the s'a , then 

0] — < cs gcs — < [7] . 

The relative " identical with" satisfies the definition of a relative of simple 
correspondence, and the definition of a count is satisfied by putting "identical 
with" for c, and "positive integral number as small as a" for 8. In this mode of 
counting, the number of numbers as small as x is x. 

Suppose that in any count the number of numbers as small as the minimum 
number, one, is found to be n. Then, by the definition of a count, every number 
as small as n counts a number as small as one. But, by the definition of one 
there is only one number as small as one. Hence, by the definition of single 
correspondence, no other number than one counts one. Hence, by the definition 
of one, no other number than one counts any number as small as one. Hence, 
by the definition of the count, one is, in every count, the number of numbers 
as small as one. 

If the number of numbers as small as x is in some count y, then the 
number of numbers as small as y is in some count x. For if the definition of a 
simple correspondence is satisfied by the relative c, it is equally satisfied by 
the relative c'd by. * 

Since the number of numbers as small as x is in some count y , we have, c 
being some relative of simple correspondence, 

1st. Every number as small as a; is c'd by a number. 

2d. Every number as small as a number that is c of a number as small as x 
is itself e of a number as small as x. 

3d. The number y is c of a number as small as x. 

4th. Whatever is not as great as a number that is c of a number as small as 
x is not y. 

Now let ci be the converse of c. Then the converse of c x is c; whence, 
since c satisfies the definition of a relative of simple correspondence, so also does 
c x . By the 3d proposition above, every number as small as y is as small as a 
number that is c of a number as small as x. Whence, by the 2d proposition, 
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every number as small as y is c of a number as small as x; and it follows that 
every number as small as y is c^d by a number. It follows further that every 
number c x of a number as small as y is c x of something c x d by (that is, c x being a 
relative of simple correspondence, is identical with) some number as small as sc. 
Also, "as small as " being a transitive relative, every number as small as a number 
c of a number as small as y is as small as x. Now by the 4th proposition y is 
as great as any number that is c of a number as small as x , so that what is not 
as small as y is not c of a number as small as x; whence whatever number is c'd 
by a number not as small as y is not a number as small as x. But by the 2d 
proposition every number as small as x not c'd by a number not as small as y is 
c'd by a number as small as y. Hence, every number as small as a: is c'd by a 
number as small as y. Hence, every number as small as a number c x of a number 
as small as y is c x of a number as small as y. Moreover, since we have shown 
that every number as small as x is c x of a number as small as y, the same is true 
of x itself. Moreover, since we have seen that whatever is c x of a number as 
small as y is as small as x , it follows that whatever is not as great as a number 
c x of a number as small as y is not as great as a number as small as x; i. e. ("as 
great as" being a transitive relative) is not as great as x, and consequently is not 
x. We have now shown — 

1st, that every number as small as y is c x d by a number ; 

2d, that every number as small as a number that is c x of a number as small 
as y is itself c x of a number as small as y ; 

3d, that the number x is of a number as small as y ; and 
> 4th, that whatever is not as great as a number that is c x of a number as 
small as y is not x. 

These four propositions taken together satisfy the definition of the number 
of numbers as small as y counting up to x. 

Hence, since the number of numbers as small as one cannot in any count 
be greater than one, it follows that the number of numbers as small as any 
number greater than one cannot in any count be one. 

Suppose that there is a count in which the number of numbers as small as 
1 + m is found to be 1 + n , since we have just seen that it cannot be 1. In this 
count, let m! be the number which is c of 1 + n , and let ri be the number which 
is c'd by 1 + m . Let us now consider a relative, e , "which differs from c only 
in excluding the relation of m' to 1 + n as well as the relation of 1 + m to ri 
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and in including the relation of m f to n\ Then e will be a relative of single 
correspondence ; for c is so, and no exclusion of relations from a single corres- 
pondence affects this character, while the inclusion of the relation of m' to ri 
leaves rn! the only e of v! and an e of n f only. Moreover, every number as small 
as m is e of a number, since every number except 1 + w» that is c of any- 
thing is e of something, and every number except 1 + m that is as small as 
1 + m is as small as in. Also, every number as smpil as a number a'd by a 
number is itself e'd by a number; for every number c'd is e'd except 1 + m, and 
this is greater than any number e'd. It follows that e is the basis of a mode of 
counting by which the numbers as small as m count up to n . Thus we have 
shown that if in any way 1 + rn counts up to 1 + w , then in some way rn counts 
up to n. But we have already seen that for x—\ the number of numbers as 
small as x can in no way count up to other than x . Whence it follows that the 
same is true whatever the value of x . 

If every S is a P, and if the P's are a finite lot counting up to a number 
as small as the number of /S^s, then every P is an S. For if, in counting the 
P's, we begin with the S'& (which are a part of them), and having counted all the 
/S^s arrive at the number n , there will remain over no P's not S*b. For if there 
were any, the number of P's would count up to more than n . From this we 
deduce the validity of the following mode of inference : 

Every Texan kills a Texan, 

Nobody is killed by but one person, 

Hence, every Texan is killed by a Texan, 
supposing Texans to be a finite lot. For, by the first premise, every Texan killed 
by a Texan is a Texan killer of a Texan. By the second premise, the Texans 
killed by Texans are as many as the Texan killers of Texans. Whence we 
conclude that every Texan killer of a Texan is a Texan killed by a Texan, or, 
by the first premise, every Texan is killed by a Texan. This mode of reasoning 
is frequent in the theory of numbers. 



Note.— It may be remarked that when we reason that a certain proposition, if false of any number, 
is false of some smaller number, and since there is no number (in a semi-limited syBtem) smaller than 
every number, the proposition must be true, our reasoning is a mere logical transformation of the 
reasoning that a proposition, if true f or n , is true f or \ + n , and that it is true for 1 . 



On the Remainder of Laplace's Series. 
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The remainder of Lagrange's series has been given bj Popoff and Zolote- 

reff* in the form — d* J (z$t + z — tfft . di . where y = i + z+y, and = 

The corresponding expression for the remainder of Laplace's series, where 

*=/(* + **), isr.= \ % vrf (*p< + z - /-*t)*Tt.dt. 

a- <r* 

To prove this, it is only necessary to perform one of the a differentiations 
indicated, by the usual rule for the differentiation of definite integrals with 
variable limits. In this way we find that 

r.= r.^ - 1 TTir-Wzrvtfz, 

whence, if m = n — 1, 

r. = j^pjj ^ +, D-(*/z)-+h>f/* + r. + 1 . 
Since r = fy — f/z, we have at once, by successive substitution, 
fy = f/z + ar^/zDf/z + ^ ^/zfvf/z + . . . + 1 rt-^/zW^ + 

^ • Pi* 

Comparing this result with Laplace s theorem, we see that we have in r m an 
expression for the remainder after n + 1 terms. 

If /z = z, or, in other words, if y = 2 + x^y, we have M. PopotTs ex- 
pression for the remainder in Lagrange s theorem. The above method of proof 
resembles in principle that by which Zolotareff proves the latter expression. 

It must not be thought that the reasoning here employed constitutes a proof 
of Laplace's theorem, for evidence is still needed that r. = when the series 
is convergent In other words, the series is not thus proved to be necessarily the 

true development of fy. Suppose s n = — , so that 

8 % = — l = x + a*+a* + ... + ac* + * m ; 
this would not furnish the true development of — 1 in terms of x. 

•See Williamson's Integral Calculus, 3d ed. ; Jahrbuch uber die Fortsckritte dor MdUL Vm ; these 
referring to Popoff (Compte* Rendu*, 1801, pp. 795-8,) and Zolotareff {Nome. Annates, 3d series, XV, 428-t). 



The consent of the family of the late Professor Benjamin Peirce has been kindly given to 
the publication in the American Journal of Mathematics, of his valuable and unique memoir on 
Linear Associative Algebra, of which only a small number of copies in lithograph were taken 
in the author's lifetime, for distribution among his friends. This publication will, it is believed, 
supply a want which has been long and widely felt, and bring within the reach of the general 
mathematical public a work which may almost be entitled to take rank as the Principia of the 
philosophical study of the laws of algebraical operation. 

Linear Associative Algebra. 

A Memoir read before the National Academy of Sciences in Washington, 1870. 

By Benjamin Peirce. 
With Notes and Addenda, by C. S. Peirce, Son of the Author. 

1. Mathematics is the science which draws necessary conclusions. 

This definition of mathematics is wider than that which is ordinarily given, 
and by which its range is limited to quantitative research. The ordinary 
definition, like those of other sciences, is objective ; whereas this is subjective. 
Recent investigations, of which quaternions is the most noteworthy instance, 
make it manifest that the old definition is too restricted. The sphere of mathe- 
matics is here extended, in accordance with the derivation of its name, to all 
demonstrative research, so as to include all knowledge strictly capable of dog- 
matic teaching. Mathematics is not the discoverer of laws, for it is not 
induction ; neither is it the framer of theories, for it is not hypothesis ; but it is 
the judge over both, and it is the arbiter to which each must refer its claims ; 
and neither law can rule nor theory explain without the sanction of mathematics. 
It deduces from a law all its consequences, and develops them into the suitable 
form for comparison with observation, and thereby measures the strength of the 
argument from observation in favor of a proposed law or of a proposed form of 
application of a law. 

Mathematics, under this definition, belongs to every enquiry, moral as well 
as physical. Even the rules of logic, by which it is rigidly bound, could not be 
deduced without its aid. The laws of argument admit of simple statement, but 
they must be curiously transposed before they can be applied to the living speech 
and verified by observation. In its pure and simple form the syllogism cannot 
be directly compared with all experience, or it would not have required an 
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suty i*T> -»r>rr^ z^'-^. ki^fcr^-kre :f yzS. .** z>~j » The 

w,-.£ ^,w^:ri i-i i tr-fclv-. il-t Lk^ >. B .: - k" as in 

*r. ;^*r:.'Al iz.i il ~~ A -j>~ ; rki :ir? .f i^v_rkl iif^orr-. The 

dw /ji^avi:* trt .iLj^ri-jr.e k^; :f -^i ?m*-le xz-<jr->:^: - -i*: h is of so 
j/rv.^k. ^ to -rriATk:^ tj.rr val n. . r. ki. i r: » isolated 

i. Tbe \rvr. '.^* f n.k*.--rii-k^ > t-'r k? "kr: . ^? k? •J>r j-iic-i^ wiv± they 
k.zA~*. r..*-'\~ r. A i:.y< ±- eiy.-^rr Li> ;:s izjr:;rli:*e rLatheznasics. 
Li everr ,f r^'^rlil 11^- ; l there 1- & rrr?T-: l i_z.z f: rz: of human 

tiy^r-t i It a? i:_ i-> rar.ge vf tixizLt as the 

fiy*>Al vL;T*:rN*: :r. wL;^ : jl?. Ti-=r :w;. *rvr w:r: ierf-illy irjki.zhed. Bui 
wi^re ::>ere I- 4 great dlvery:*;.' pLy?!-:^! *p:>raraz::v-. tier* often a close 
raemvA^ce :r. ti*e pr^y*-*** of dedu-r.: I: i* I™;* r^r.:. -.hrr^f r?. :o sepumte 
toe rr^I-^.^kl work f^rr. 'ie er*^n^l form. Stil v <'> v «e a*i>p.;ed which 
xaar ^rre for ^ilV/Oilt,^:.*. vf f-.r^i? ■ f ztziz^z.'.. v -ei^z :rnnmeled 

t>v ijje ^r.d:*:oi-* of ex*.rrrLi»l r*=r; r^=*ei*:«a::oiL or sj-rcial :n:^rr r^:ation. The 
word* of con-L^or. jkiigratg*- are u-^IIv ur^: for purj-:*^-. » •hai other 
*riL ; y>l* m T i*rt V^: k/iop:ed- ai.d i^theniiiT:«:-? :rea:ed r-r *uch *thiN>15 is called 
<*JyJ/ra. Algeor^- •her.. fon^al n^'heioa::^. 

3. All reiatioiif? are eriier qualitatire or qiian*.::a*ive. Qualrative relations 
be coLiidered ~*. v :heiLj^r>^ w;:Lou: regard to quamitj. The algebn of 

&x:h e&quirie* ii^t >-e called logical algebra, of which a fise example is given 
by Boole. 

Quantitative relations may also be considered by themselves without regard 
to quality. TLey r^elong to arithmetic, and the corresponding algebra is the 
eorjijiion or arithmetical algebra. 

In all other algebras both relations must be combined, and the algebra must 
conform to the character of the relations. 

4. The symbols of an algebra, with the laws of combination, constitute its 
lawjwj* ; the methods of using the symbols in the drawing of inferences is its 
art ; and their interpretation is its tcvmtijic application. This three-fold analysis 
of algebra is adopted from President Hill, of Harvard University, and is made 
the baeis of a division into books. 
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Book I * 
The Language of Algebra. 

5. The language of algebra has its alphabet, vocabulary, and grammar. 

6. The symbols of algebra are of two kinds: one class represent its 
fundamental conceptions and may be called its letters, and the other represent 
the relations or modes of combination of the letters and are called the signs. 

7. The alphabet of an algebra consists of its letters ; the vocabulary defines 
its signs and the elementary combinations of its letters ; and the grammar gives 
the rules of composition by which the letters and signs are united into a 
complete and consistent system. 

The Alphabet 

8. Algebras may be distinguished from each other by the number of their 
independent fundamental conceptions, or of the letters of their alphabet. Thus 
an algebra which has only one letter in its alphabet is a single algebra ; one 
which has two letters is a double algebra ; one of three letters a triple algebra ; 
one of four letters a quadruple algebra, and so on. 

This artificial division of the algebras is cold and uninstructive like the 
artificial Linnean system of botany. But it is useful in a preliminary investiga- 
tion of algebras, until a sufficient variety is obtained to afford the material for a 
natural classification. 

Each fundamental conception may be called a unit; and thus each unit has 
its corresponding letter, and the two words, unit and letter, may often be used 
indiscriminately in place of each other, when it cannot cause confusion. 

9. The present investigation, not usually extending beyond the sextuple 
algebra, limits the demand of the algebra for the most part to six letters ; and 
the six letters, i, j, k, I, m and n, will be restricted to this use except in 
special cases. 

10. For any given letter another may be substituted, provided a new letter 
represents a combination of the original letters of which the replaced letter is a 
necessary component. 

For example, any combination of two letters, which is entirely dependent 
for its value upon both of its components, such as their sum, difference, or 
product, may be substituted for either of them. 



* Only this book was ever written. [C. S. P.] 



Tru* fsr**r>fJ* wdxttxrica 'S *f&m & mib^aZy bnsorans. soil m m 

starting *>*Ttt*n~ of -,r.r.:^/7 *£e yr**&z.- :r^*sn r&zis'.rt . ami wrjioul is. »dh 
an .n-r^*»r.t#>r. w v;>! tat* oeen ;n:i:«»r.>. I: *zjx~r\*a -jie 2»ocne*« tt> 
a&a«?*e ar* a-i^or*. -~ v» r& Hmciesr* aa»i ^nari^wr^rif* fcraa. ami 

«Wrtip*r* w.-n. vr.er a*?^?**. I: .-tV.t-** >-* zrjz>rjzi* a ^crpggocL'irn g 
mr*fUT,ir±ott of mwt* of wr,..^: Ir. >n r^Lity -j-e f;mai rwre*e!ita.trre. 

Tr*er* v>-v>T>r r.o iajvj^r w;rx.:iz wri o>* iyji-oi*. irT«pe»!iaTe of 
the >fe*rt ~'> tjzzi. i±\ : v±e ^csi-ieracaoc : f »h:lt r» >f the <>rizrn5al 

^o^es^TV* .r*A7 oe *afe.r rr^i f;-r "he ^Vxii i^rx>/^6iSjn. 

1 1 , fr. rr*a£.r.g ~.oe *nr .*t*r«ri on of >~er* the org:r-al letter w£Z be preserved 
wvri; V.e d>^r.rTi<or. of % *i:/o*cr::.t - :~ ter. 

TV-* for T.e >~rer * there niaj -lv^cessively "~e *iit*?ti"e*i i i^. i l . etc. In 
the £r.a* forrr-* v*e */o*CT:pt richer* can "oe omitted, they =aj fee omitted 
at ar.r per>/i of I;.7e<igati0!:. when ;t will -ot pri>iv?e xcf^iocL 

I*» tt^II oe pra/^caily fo-md •ha: *hese iuS-crtpt r.tzr/~er* nee*i scarcely ever 
be »r>;^r*. The 7 pass thro r *zh the mind. *s & sur* ideal protection from erro- 
neona ^vttit/jrior*. hut disappear from the writing with the sazie facility with 
wh;/th th/>*e evanescent chemical compound?, whi-rh are essential :o the theory 
of intaXfirttMifXi. escape the eye of the observer. 

12, A algebra is one in which every letter is connected by some 
ffirfcMolrible relafion with every other letter. 

15, H'hen the letters of an algebra can be separate*! into two croups, which 
are mutually independent, it i* a muxd algtbro. It L? mixed even when there 
are letters common to the two groups, provided those which are not common to 
the two group* are mutually independent. Were an algebra employed for the 
jBmtjltaneoua division of distinct classes of phenomena, such as those of sound 
arid light, and were the peculiar units of each class to have their appropriate 
letters, hut were there no recognized dependence of the phenomena upon each 
other, $o that the phenomena of each class might have been submitted to 
independent research the one algebra would be actually a mixture of two 
algebras, one appropriate to sound, the other to light. 

ft may be farther observed that when, in such a case as this, the component 
algebra* are identical in form, they are reduced to the case of one algebra with 
two diverse interpretations. 
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The Vocabulary. 

14. Letters which are not appropriated to the alphabet of the algebra * 
may be used in any convenient sense. But it is well to employ the small letters 
for expressions of common algebra, and the capital letters for those of the algebra 
under discussion. 

There must, however, be exceptions to this notation ; thus the letter D will 
denote the derivative of an expression to which it is applied, and 2 the summa- 
tion of cognate expressions, and other exceptions will be mentioned as they 
occur. Greek letters will generally be reserved for angular and functional 
notation. 

15. The three symbols J, 8, and 6 will be adopted with the signification 

J = s/^l 

9 = the ratio of circumference to diameter of circle = 3.1415926536 
6 = the base of Naperian logarithms = 2.7182818285, 

which gives the mysterious formula 

J- J =V6^ =4.810477381. 

16. All the signs of common algebra will be adopted; but any signification 
will be permitted them which is not inconsistent with their use in common 
algebra ; so that, if by any process an expression to which they refer is reduced 
to one of common algebra, they must resume their ordinary signification. 

17. The sign =, which is called that of equality, is used in its ordinary sense 
to denote that the two expressions which it separates are the same whole, 
although they represent different combinations of parts. 

18. The signs > and < which are those of inequality, and denote "more 
than " or " less than " in quantity, will be used to denote the relations of a whole 
to its part, so that the symbol which denotes the part shall be at the vertex of 
the angle, and that which denotes the whole at its opening. This involves the 
proposition that the smaller of the quantities is included in the class expressed 
by the larger. Thus 

B<A or A>B 
denotes that A is a whole of which B is a part, so that all B is jl.f 



*See{9. 

t The formula in the text implies, also, that some A is not B. [C. S. P.] 



102 



Peibce : Linear Ax^wiatir* Al*phm. 



If the usual algebra had originated in qualitative, instead of quantitative, 
investigations, the use of the symbols might easily have been reversed ; for it 
seems that all conceptions involved in A must also be involved in B. so that B 
is more than A in the sense that it involve.* more ideas. 

The eomMned expression 

B>C<A 

denote* tha: \v>r* are quantities expressed by C which belong to the class A 
and also to ti-r :l^=r B. It implies, therefore, that some B is A and that some A is 
B* The ir.t^m-rrilAt^ C might be omitted if this were the only proposition 
intended to Wr *xj:«ised. and we might write 

B><A. 

In like manner the combined expression 

B< C>A 

denotes that there is a class which includes both A and /?.+ which proposition 
might be written 

B<>A. 

1&. A vertical mark drawn through either of the preceding signs reverses its 
signification. Thus 

A^B 

denotes that B and A are essentially different wholes : 

A^>B or B<£A 

denotes that all B is not A , % so that if they have only quantitative relations, 
they must bear to each other the relation of 

A= B or A<B. 

20. The sign + is called plus in common algebra and denotes addition. It 
may be retained with the same name, and the process which it indicates may be 
called addition. In the simplest cases it expresses a mere mixture, in which 



* This, of course, supposes that C does not vanish. [C. S. P.] 

t The universe will be such a class unless A or B is the universe. [C. S. P.] 

♦ The general interpretation is rather that either A and B are identical or that acme B is not Am 
[C. S. P.] 
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the elements preserve their mutual independence. If the elements cannot be 
mixed without mutual action and a consequent change of constitution, the mere 
union is still expressed by the sign of addition, although some other symbol is 
required to express the character of the mixture as a peculiar compound having 
properties different from its elements. It is obvious from the simplicity of the 
union recognized in this sign, that the order of the admixture of the elements 
cannot affect it ; so that it may be assumed that 

A + B = B + A 
and • 

(A + B) + C=A + (B + 0) = A + B + C. 

21. The sign — is called minus in common algebra, and denotes subtraction. 
Retaining the same name, the process is to be regarded as the reverse of 
addition ; so that if an expression is first added and then subtracted, or the 
reverse, it disappears from the result ; or, in algebraic phrase, it is canceled. This 
gives the equations 

A + B—B = A — B + B = A 

and 

B — B = 0. 

The sign minus is called the negative sign in ordinary algebra, and any term 
preceded by it may be united with it, and the combination may be called a 
negative term. This use will be adopted into all the algebras, with the provision 
that the derivation of the word negative must not transmit its interpretation. 

22. The sign x may be adopted from ordinary algebra with the name of 
the sign of multiplication, but without reference to the meaning of the process. 
The result of multiplication is to be called the product. The terms which are 
combined by the sign of multiplication may be called factors ; the factor which 
precedes the sign being distinguished as the multiplier, and that which follows it 
being the multiplicand. The words multiplier, multiplicand, and product, may 
also be conveniently replaced by the terms adopted by Hamilton, of fadent, 
faciend, and factum. Thus the equation of the product is 

multiplier X multiplicand = product ; or facient X faciend = factum. 

When letters are used, the sign of multiplication can be omitted as in ordinary 
algebra. 
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23. When an expression used as a factor in certain combinations gives a 
product which vanishes, it may be called in those combinations a nil/actor. 
Where as the multiplier it produces vanishing products it is nil/orient, but where 
it is the multiplicand of such a product it is nitfaciend. 

24. When an expression used as a factor in certain combinations over- 
powers the other factors and is itself the product, it may be called an idem/actor. 
When in the production of such a result it is the multiplier, it is idemfacient, 
but when it is the multiplicand it is idem/acietid. 

25. When an expression raised to the square or any higher power vanishes, 
it may be called nilpotent; but when, raised to a square or higher power, it gives 
itself as the result, it may be called idemjtotent. 

The defining equation of nilpotent and idempotent expressions are respec- 
tively A n = , and A n = A ; but with reference to idempotent expressions, it 
will always be assumed that they are of the form 

A*=A f 

unless it be otherwise distinctly stated. 

26. Division is the reverse of multiplication, by which its results are verified. 
It is the process for obtaining one of the factors of a given product when the 
other factor is given. It is important to distinguish the position of the given 
factor, whether it is facient or faciend. This can be readily indicated by com- 
bining the sign of multiplication, and placing it before or after the given 
factor just as it stands in the product. Thus when the multiplier is the given 
factor, the correct equation of division is 

dividend 

quotient = 

A divisor x 

and the equation of verification is 

divisor X quotient = dividend. 

But when the multiplicand is the given factor, the equation of division is 

dividend 
quotient = — jr-. — 
^ X divisor 

and the equation of verification is 

quotient x divisor == dividend. 

27. Exponents may be introduced just as in ordinary algebra, and they 
may even be permitted to assume the forms of the algebra under discussion. 
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There seems to be no necessary restriction to giving them even a wider range 
and introducing into one algebra the exponents from another. Other signs will 
be defined when they are needed. 

The definition of the fundamental operations is an essential part of the 
vocabulary, but as it is subject to the rules of grammar which may be adopted, 
it must be reserved for special investigation in the different algebras. 

The Grammar. 

28. Quantity enters as a form of thought into every inference. It is 
always implied in the syllogism. It may not, however, be the direct object of 
inquiry ; so that there may be logical and chemical algebras into which it only 
enters accidentally, agreeably to § 1. But where it is recognized, it should be 
received in its most general form and in all its variety. The algebra is 
otherwise unnecessarily restricted, and cannot enjoy the benefit of the most * 
fruitful forms of philosophical discussion. But while it is thus introduced as a 
part of the formal algebra, it is subject to every degree and hind of limitation in 
its interpretation. 

The free introduction of quantity into an algebra does not even involve the 
reception of its unit as one of the independent units of the algebra. But it is 
probable that without such a unit, no algebra is adapted to useful investigation. 
It is so admitted into quaternions, and its admission seems to have misled some 
philosophers into the opinion that quaternions is a triple and not a quadruple 
algebra. This will be the more evident from the form in which quaternions 
first present themselves in the present investigation, and in which the unit of 
quantity is not distinctly recognizable without a transmutation of the form.* 

29. The introduction of quantity into an algebra naturally carries with it, 
not only the notation of ordinary algebra, but likewise many of the rules to 
which it is subject. Thus, when a quantity is a factor of a product, it has the 



* Hamilton's total exclusion of the imaginary of ordinary algebra from the calculus as well as from 
the interpretation of quaternions will not probably be accepted in the future development of this 
algebra. It evinces the resources of his genius that he was able to accomplish his investigations under 
these trammels. But like the restrictions of the ancient geometry, they are inconsistent with the 
generalizations and broad philosophy of modern science. With the restoration of the ordinary imaginary, 
quaternions becomes Hamilton's biquaternions. From this point of view, all the algebras of this research 
would be called bi-algebras. But with the ordinary imaginary is involved a vast power of research, and 
the distinction of names should correspond ; and the algebra which loses it should have its restricted 
nature indicated by such a name as that of a semiralgebra. 
Vol. IV. 
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tame influence whether it be facient or faciend, so that with the notation of 
§14, there is the equation 

Aa = aA. 

and in such a product, the quantity a may be called the coefficient. 

In like manner, terms which only differ in their coefficients, may be added 
by adding their coefficients : thus. 

(a ±l b)A = aA ± bA = Aa ± Ab = A(a ±-6). 

30. The exceeding simplicity of the conception of an equation involves the 
identity of the equations 

A = B and B = A 
and the substitution of B for .4 in every expression, so that 

MA ± C=MB± C, 

or that, the members of an equation may be mutually transposed or simultaneously . 
increased or decreased or multiplied or divided by equal expressions. 

31. How far the principle of § 16 limits the extent within which the 
ordinary symbols may be used, cannot easily be decided But it suggests limi- 
tations which may be adopted during the present discussion, and leave an ample 
field for curious investigation. 

The distributive principle of multiplication may be adopted; namely, the 
principle that the product of an algebraic sum of factors into or by a common 
factor, is equal to the corresponding algebraic sum of the individual products of 
the various factors into or by the common factor : and it is expressed by the 
equations 

(A± B)C=AB± BG. 
G(A ±B)=CA± GB. 

32. The associative principle of multiplication may be adopted ; namely, that 
the product of successive multiplications is not affected by the order in which the 
multiplications are performed, provided there is no change in the relative position 
of the factors ; and it is expressed by the equations 

ABC= (AB)G=A(BC). 

This is quite an important limitation, and the algebras which are subject to it 
will be called associative. 
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33. The principle that the value of a product is not affected by the relative 
position of the factors is called the commutaiive principle, and is expressed by the 
equation 

AB—BA. 

This principle is not adopted in the present investigation. 

34. An algebra in which every expression is reducible to the form of an 
algebraic sum of terms, each of which consists of a single letter with a quanti- 
tative coefficient, is called a linear algebra* Such are all the algebras of the 
present investigation. 

35. Wherever there is a limited number of independent conceptions, a 
linear algebra may be adopted. For a combination which was not reducible to 
such an algebraic sum as those of linear algebra, would be to that extent 
independent of the original conceptions, and would be an independent conception 
additional to those which were assumed to constitute the elements of the 
algebra. 

36. An algebra in which there can be complete interchange of its indepen- 
dent units, without changing the formulae of combination, is a completely 
symmetrical algebra ; and one in which there may be a partial interchange of its 
units is partially symmetrical. But the term symmetrical should not be applied, 
unless the interchange is more extensive than that involved in the distributive 
and commutative principles. An algebra in which the interchange is effected in 
a certain order which returns into itself is a cyclic algebra. 

Thus, quaternions is a cyclic algebra, because in any of its fundamental 
equations, such as 

t>=— 1 
ij=—ji=k 
ijk = — 1 

there can be an interchange of the letters in the order i , j , h , i , each letter 

being changed into that which follows it. The double algebra in which 

«• • • • • 

ir — i , ij — i 

j*=j, ji = j 



* In the various algebras of De Morgan's " Triple Algebra," the distributive, associative and com- 
mutative principles were ail adopted, and they were all linear. [De Morgan's algebras are u semi- 
algebras." See Cambridge Phil. Trans., viii, 241.] [0. S. P.] 
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51. Ir. *r* zlz^-jtiL whicn has ^.re *iar_ -w .. :r.d* widest unite, it cannot 
iapp^r. that all *b** urii*.* exoept *r.e V.a>e :_z :h-r «*cor.d or to the third group. 
For :r. thi* case, each -ii:t taker, w;::; :he -^-e wo'ili oor-tittne a double algebra, 
ar/i tr-ere co-Id be lo v>r*d of >.-^r.e :o pr*rve~; their separation into 
di*t:r.ct algehra*-. 

52. 77* »f**t* of *h+ f'j>>r*h 'fro*--,. -tr» -.A,"— *•«. . t* f *ln.t *ii*rn+*Yjf*_ a* if tAejf 
f/f»s*iJ»ft"i w« 'jJsrbri of rim Tr.err La **- *h> y;p an idempotent 
or a :..l;y.*e.v If 'her*? >r:.' ^r.i*. -a^ v «e adopted as fA* 
Vx^x* <;/ 7^ 7'- f hr'j'i»jh .r\ '.< h , > - /#i /*- ,",/#■•/ I'.-f/i,, ~u}m*idi*iry 
grO'tj**. 

The :de:;.>j:e:.: of -he f .\.rh fc T -ve- r ~r :_u*de the basis of the 

whole aljfe\r--i. a:.d the Mr-*. ■ •• ar.'i -h'.r-i jt - will r*?~pect:vely become 
The fourth. third *:.d ^••or.d gr-y;:.- f-r *hr :rw 

53. W7»*y# th* jir*t *jro»*j* **jiti fn** - • f A- •* o**Kfc* 
'A* kfc? #V '/ isjhrr •//* J7t y * j • . * - /* * A- ■"• • » .■ * » ^ ; • * -x^r*** iott. By a 
pwttfl -:;r:ilar *.o •.hat of ^ 40 a^ i a -ir-ihir *r2\i:;.e:.*. i: ^av be shown that for 
ar.j expres.-ior. A. which belor.srs to The fir-* group. :here is .-'ine least power 
which car- be expre-i-ed by means of the '-asis and the inferior powers in the 
form of ar* algebraic sum. This condition n^ay ; -e expreswd by the equation 

2 m i'j m J m ' = 0. 

If then A L* determined by the ordinary algebraic equation 

and if 

-4, = J — hi 

i* substituted for .4 . an equation i«? obtained between the power* of A . from 
which an idernporent expression. ^. or else a nilpotent expression, can be 
deduced precisely a> in § 40.* 

54. H7«*7> M^r^ /V a *TC-ort'l idfrmjSjfrtf "nit in th* jir*t 'jrotij*. ih* ?t*j#i* be 
chang&f *o 'i* f o fr*» th*-fir~t '/ro*fj* from 'A#V »**ijrvl hh rnj^nt unit. 

Thu? if i i- the basis, and if j is the second idempotent unit of the first 
group, the ba-is can be changed to 

* Th* nation in h mar have no algebraic solution, in which case the new idempotent or nilpotent 
would not b* a direct algebraic function of i and A. *C. S. P.* 
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«^nruwr. * f *JLi*r p:w**r of A ^lt*\> ^yskzxa^. wtuk h 

1d#r *rZ^JlASiri ~2#z * '■r**r L^fcTi :»'.:!T.JT*C H Tu Tilt W2K»je 

xuiinjpl*« ^j^%*jfL-T*.j : j ^ hzti \j of r> ;•: w*r* »* "r. a# tiai of 
u**r *-r;i.»iitr: j* ti*, — I •i-i* * r***?* *rp:ci*ri.: wo^i a**it:« lie number «f 

l*fc"W ^1 LSk-la'-'Ii* WJLj'jEL WO"«ji *>r " ~ m >~±.— ri- 4 * XI H*Ort*:T«\ 

B= A m 

J » *_ j» a-: _ 

Tbe wi,:> i of _f J x-ta^m :r. '1* *q^k.Ti:«n*ir.:-^id l» at^A -r- 1 , 

1 — I ;f -J>*??r: i klTTkj? \* Li:e£Tkl power? of 5: *zA there wxwkl 
ft, — I h n 1. "-lll wiioi w*re : ]ii\^rrkL power* of B. There 
wouli '•e lijeref .re. e^-j*:;.-* e:o; -^i v. eliniiAte lie power* of jA litmx 
were i*'A ii-'^ZThL p;wer* of JLii >kve ar. ec "ja^oL. *>er«-^ei. ibe integral 
power* of J&: »-L.i wo*Jd zer-ertl/r ir-^Iioe obe £jv-r power of B. From 
tiie fro^::;^ sll :der^po:*:.: ei;re~;::L oo^d oo:*ir.e*i :-t to* pr-xese of § 40. 
wLIei I* o;^:rkrr oo :.be LjpooLe*i; of prop>r::o:i_ 

Therefore :t cii.1.0: be :Le -ak: lL^: tbe re > 2lLt eouaiioi. «aci thai here 
aflf^iii*?d : ac^d •ij^reforer iLere cac " r .»e r.o exj-re?^: 1. wLi-i 1.01 xilpotent. Tbe 
few catc^ of p^r:" : Ar douV. readilr " r e iLev «:oct2t: l»ot thej 

aJwaje ni T K iLT^rlrtr *j>e p<»se:oil::j of sll equ^::: « ; »e;wrrL fewer powers of B 

Let -4 be tie idlpoieiit expressioii. < f which ihe power is the highest 
which doe? not vanish. There «^aimo: be anj equaiion l«e:ween these powers 
of the form 



*In Bjing that the eqnatioo in B vUl gr*eraDj inchiie tbe first power of B. be intend* to 
tbe qncnGVjn of whether this alwmjs hmppens. For. he rea«n&. if this is not the cne tken tbe 
in B it to be treated just m& the eqwatkm in A hmz been treaiad. mad sich repeutsons of tbe ; 
whiimterj produce an equation from which either an idempoteni expreanon could be fonnd. or 
would be protred nflpofcpnt- S. P.] 
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eanlj defined and it* rooeessre power? without including the bant. But it 
follows from the argument of §57. that such an equation indicates a corres- 
ponding idempotent expression : whereas it i* here assumed that, in accordance 
with § 06. eada group has been brought to a form which does not contain any 
other idempotent expression than the basis. It must be. therefore, that all tike 
other expressions are nilpotent- 

68. Ao product of expressions in the jirtf group of am algebra harimg am tfia- 
ycdcxt baxis. contains a term which is a multiple of the basis. 

For. assume the equation 

AB = —xi + C. 

in which A . 5 and C are nil po tents of the orders m , * and /» . lespeditely. 
Then. 

=A m ^ l B = —xA m + -rl m C 
= A m C*+ 1 = xA m C> =x*A-C l = x'^ 1 A~ = x. 

that is. the term — xi vanishes from the product AB. 

69. It follows, from the preceding section, that if the idempotent basis were 
taken away from the find group of which it is the basis, the remaining letters of the 
first group would constitute by themselves a nil potent algebra. 

Conversely, any nUfAJterd algebra may be converted into an algebra with am 
idempotent basis, by the simple annexation of a letter idemfaciend and idemfaeiemt 
with reference to every other.* 

70. However incapable of interpretation the nilfactorial and nilpotent 
expressions may appear, they are obviously an essential element of the calculus 
of linear algebras. Unwillingness to accept them has retarded the progress of 
discovery and the investigation of quantitative algebras. But the idempotent 
basis seems to be equally essential to actual interpretation. The purely nilpotent 
algebra may therefore be regarded as an ideal abstraction, which requires the 
introduction of an idempotent basis, to give it any position in the real universe. 
In the subsequent investigations, therefore, the purely nilpotent algebras must 
be regarded as the first steps towards the discovery of algebras of a higher 
degree resting upon an idempotent basis. 



Thai every «och algebra must be a pore one is plain, because the algebra (a, » is so. [C. & P.] 
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71. Sufficient preparation is now made for the 

INVESTIGATION OF SPECIAL ALGEBRAS. 

The following notation will be adopted in these researches. Conformably with 
§9, the letters of the alphabet will be denoted by i, j, ?, m and n. To 
these letters will also be respectively assigned the numbers 1, 2, 3, 4, 5 and 
6. Moreover, their coefficients in an algebraic sum will be denoted by the 
letters a, b, c, d, e and /. Thus, the product of any two letters will be 
expressed by an algebraic sum, and below each coefficient will be written in 
order the numbers which are appropriate to the factors. Thus, 

jl = a u i + b u j + c u k + I + e u m + f u n , 

while 

lj = i + b^j + k + d^ I + e& m + n . 

In the case of a square, only one number need be written below the coefficient, 
thus 

I? = a 3 i + b s j + c 8 k + dg I + e s m +/ 3 n . 

The investigation simply consists in the determination of the values of the 
coefficients, corresponding to every variety of linear algebra ; and the resulting 
products can be arranged in a tabular form which may be called the multipli- 
cation-table of the algebra. Upon this table rests all the peculiarity of the 
calculus. In each of the algebras, it admits of many transformations, and much 
corresponding speculation. The basis will be denoted by i . 

72. The distinguishing of the successive cases by the introduction of 
numbers will explain itself, and is an indispensable protection from omission 
of important steps in the discussion. 

Single Algebra. 

Since in a single algebra there is only one independent unit, it requires no 
distinguishing letter. It is also obvious that there can be no single algebra 
which is not associative and commutative. Single algebra has, however, two 
cases: 

[1], when its unit is idempotent ; 
[2], when it is nilpotent. 

[1], The defining equation of this case is 
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This algebra may be called (a r ) and it* multiplication table ia* 

i t 



[2]. The defining equation of this case is 

•• = 0. 

This algebra may be called (t,) and its multiplication table is t 

(ft,) t 



DorBLE Algebra. 

There are two cases of double algebra : 

[1]. when it has an ideinpotent expression ; 
[2], when it is nilpotent. 

[1]. The defining equation of this case is 

P=i. 

By §§41 and 50, there are two cases : 

[1*], when the other unit belongs to the first group : 
[12], when it is of the second group. 

The hypothesis that the other unit belongs to the third group is a virtual 
repetition of [12]. 

[1*]. The defining equations of this case are 

ij=ji=j. 

It follows from §§ 67 and 69, that there is a double algebra derived from (ftj) 
which may be called (a t ) , of which the multiplication table is J 

* This algebra may be represented by t =. A : A in the logic of relatives. See Addenda. [C. S. P.] 

t This algebra takes the form i— A :B . in the logic of relatives. [C. S. P.] 

I This algebra may be put in the form i = A:A + B:B. j— A:B. [C. S. P.] 
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i 


j 


j 






[12]. The defining equations of this case are, by § 41, 

V=J, Ji = 0; 

whence, by § 46, 

A double algebra is thus formed, which may be called (&,) , of which the multi 
plication table is * 

(**) * j 



i 


J 









[2]. The defining equation of this case is 

i n =0, 

in which n is the least power of i which vanishes. There are two cases : 

[21], when n = 3; 
[2 s ], when«=2. 

[21]. The defining equation of this case is 

i 3 =0, 

and by § GO, 

* = /. 

This gives a double algebra which may be called (c t ), its multiplication 
table being f 



*This algebra may be put in the form i — A:A,j—A:B. [C. S. P.] 
t In relative form, i= A :B+ B :C, j = A :C. [C. 8. P.] 

Vol. IV. 
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i 


J 


i 


j 





J 









The defining equation.* of thi- l-u.-*- an? 

and it follow- from §§ ^4 and Oo that 

so that there i- no pure algebra in tin* «.-a*e.* 

Triple Aloebka. 

Tliere are two cases : 

[1], when there is an idempotent ba>is; 
[2]. when the basis is nilpotent. 

[1]. The defining equation of this case is 

Tliere are. by §§ 41. 50 and ol. three cases : 

[1*]. when j and A* are both in the first group : 

[12], when j is in the first, and k in the second group : 

[13]. when j is in the second, and h in the third group. 

The case of j being in the first, and h in the third group, is a virtual 
repetition of [12]. 

[P]. The defining equations of this case are 

\j = Ji = J , il: = kl — 1: . 
*This case takes the form t = -1 :B. j = C:D. [C. S. P.] 



Peirce : Linear Associative Algebra. 



123 



It follows from §§ 67 and 69, that the only algebra of this case may be derived 
from (c 2 ) ; it may be called (03), and its multiplication table is * 

(a s ) i j k 



J 
k 



i 


j 


k 


j 


k 





k 






[12]. The defining equations of this case are 

ji = ij =j , ik = 1: , hi = ; 
whence, by §§ 46 and 67, 

P = J<* = l:j = , jk = c 23 Jc, 
pic = = c n jh — c&Jc = a*, =jk, 

and there is no pure algebra in this case.f 

[13]. The defining equations of this case are 

V =J> M = * i ji = & — o ; 

whence, by § 46, 

p = tf = Jcj = , jh = i , 
jkj = = ctyj = a 23 =.//•, 

and there is no pure algebra in this case.J 
[2]. The defining equation of this case is 

i n = 0, 

in which n is the lowest power of i that vanishes. 



There are three cases : 



[21], when n = 4 ; 
[2 2 ], when w = 3; 
[23], when n = 2 . 



♦In relative form, %z=lA :A+B:B+C:C, j=A:B + B:C, k = A:C. [C. S. P.] 
t That is to say, t andj by themselves form the algebra a 2 , and i and k by themselves constitute the 
algebra b 2 , while the products of j and k vanish. Thus, the three letters are not indissolubly bound 
together into one algebra. In relative form, this case is, i =.A : A+ B :2?, j=.A:B, k — AiC. 
[C. S. P.] 

X In relative form, i— A :A + D:D, j=A :B, k=C:D. [C. S. P.] 
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[21]. The dinning equation of thi^ ca>* i» 

«"* = •» . 

tod by § CO 

r = j . r = z* . 

Thi- giv« a triple algebra w!i>h may ^aLI-fl the multiplication table 

belli 2 * 

I z o 



k 



[l^]."The defining equation *»f thi> ease is 

r = n, 

and by §§59 and 04. observing the exception. 

?=j. ,7=0. 
k; = h,J. L* = hJ. 

There is no pure algebra when h n vanishes. + and there are two eases : 

when b z does not vanish : 
[2-], when l 3 vanishes. 

[2*1]. The defining equation of this case can. without loss of generality, 
be reduced to 

This gives a triple algebra which may be called (c 3 ) t the multiplication table 
being % 



* In relative form. t = .4:B + B: C+ C : D. j= A : C'+ B : D . k = A : : D. [C. S. P.] 

t This case takes the relative form. i=zA:B+B:L\ j=A : C\ k = b,A : Z) + D : C [C. S. P.] 

Jin relative form, i = A :B+B :C\ j=A:C\k = a.A:B + A:D + D:C. [C. S. P.] 
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(Cg) i j k 



j 






















j 



An interesting special example of this case is afforded by a =. — 2 , when 

i(h + i) ——j 
(Jc + i)i= j 
{k + if = 0, 

so that h + i might be substituted for and in this form, the multiplication 
table of this algebra, which may be called (e/ 8 ) f is * 

(cf s ) i j h 



j 





j 











—j 









* In relative form, i = A\B + B:C, j=A:C, k = —A :B + B :C+ A :D+ D :C. 
When azz + 2 , the algebra equally takes the form (c' 3 ), on substituting k — t for k . On the other 
hand, provided a is neither 2 nor — 2 , the algebra may be put in the form 

W) i J & 






















o 






To effect the transformation, we write a = — b — ^ and substitute. t + bk and * + ^ & for t and k, and 
— g^j for y . Thus the algebra (c 8 ) has two distinct and intransmutable species, (c', ) and (c£ ) . [C. S. P.] 



~JF\ Ti& 'jxrr* z ^v-j^t^kl ~A -Jl^* a§e 2* 

- • * 





1 




i 




J 










• • 


M 


i 




•> 





i 


o 


ii 


I) 


J 





ii 





k 


j 


o 






«*=/* = ** = ". 

*&d "vv th* principles of §§ o-3 izA v>. i; niar be ^suined ib*t 

.y = — ji = — il — l-i = . 



*Ia r*id<CiT*: i-jrzBu t = B:C i = ^ :C. i — -1 : 2? - This is the aigefen of a&radbliaM m its 
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We thus get a triple algebra which may be called (e 3 ), its multiplication table 
being* 

(«b) * J k 


















i 





— i 






Quadruple Algebra. 

There are two cases : 

[1], when there is an idempotent basis ; 
[2], when the base is nilpotent. 

[1]. The defining equation of this case is 



i* = i. 



There are six cases 



[l 2 ], wheny, k, and 7, are all in the first group ; 

[12], wheny and k are in the first, and I in the second group ; 

[13], wheny is in the first, and h and I in the second group ; 

[14], wheny is in the first, h in the second, and I in the third group ; 

[15], wheny and h are in the second, and I in the third group ; 

[16], wheny is in the second, h in the third, and I in the fourth group. 

The other cases are excluded by §§ 50 and 51, or are obviously virtual repeti- 
tions of those which are given. 

[I 2 ]. The defining equations of this case are 

y=yi=y, /& = 7a = &, il =Ii = l 1 

and from §§ 60 and 69, the algebras (i 3 ), (r 3 ), (c7 3 ), and (r 3 ), give quadruple 
algebras which may be named respectively (</ 4 ), (Aj), (',), and (</ 4 ), their 
multiplication tables being 



* In relative form, t = ^1 : D , j = A : D — C : D . k = ^1 : C + B : D . Tliis is the algebra of alternate 
numbers. [C. S. P.] 



12* Poke: Li*mr Amxiati** JJ^i^m. 





j 


h 


1 




1 


J 


1 


1 


t » 


J 


i 


/ 


» 


i 


J 


& 


I 




k 


I 





J 




i 










I 








h 













/ / 


ft 


o 


it 


I 


/ 







k 


• 


J 




I 




1 


j 


& 


I 


i » 


j 




1 




1 


j 




1 


J J 


L 





II 


j 













k h 











I 


L 








J 


1 I 


k 








/ 


I 





—j 






The special case «>', i give* a corresponding special case of which may 
he 'ailed i h\ t. of which the multiplication table is 





j 


I 


/ 


i i 


j 


I 


/ 


j j 


Is 





L 














/ / — I- 
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The second form of (dg) gives a corresponding second form of (c 4 ), of which 
the multiplication table is 



(*) 


i 


j 


k 


I 


i 


i 


j 


k 


I 


j 


j 











h 


k 













I 


k 





* 





[12]. The defining equations of this case are 

ij =ji =y, ik = ki = k, il = Z, Zi = 0, 
and it follows from §§ 67 and 69, that (c,) gives 

j* = k, jk = kj = V = 0, 

and from § 46, 

lj = Uc = Z* = , jl = dd, Id = cLJ ; 
whence pi — M — d^Jl = d$J , 

y&Z = d£Jl = d&Z = = (^4 = ^» 

and there is no pure algebra in this case.* 

[13]. The defining equations of this case are 

if —ji —j , ik — k, il = Z, hi = li = , 
which give by §§ 46 and 67 

Q=j* = J<* = kl=lk = l % = kj=lj; 
and it may be assumed that 

jk — l, whence /Z = . 

This gives a quadruple algebra which may be called (e 4 ), its multiplication 
table being f 

*In relative form, i = A :A + B :B + C: C+D :D, j=A: B + B:C, k = A:C, l = D:C. 
[C. S. P.] 

tin relative form, i=A:A + B:B,j=:A:B, & = B:C, l = A:C. [C. S. P.] 
Vol. IV. 
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(«.) 


1 


j 


k 


/ 


t 


• 


J 


k 


/ 


j 


j 





I 





k 














I 















[14]. The defining equations of this case are 

ij = ji = j. ik = k, (i = !. ki = t7 = : 

which give, by §§ 46 and 67, 

0=j* =jl = kj = V = lk = l*. 
jk = cjk. Ij — dj. kl — a u i + b^j\ 
=j*k = r^Jk = c£k =c t3 = /*, 
= If =JJj = =d 4S =Ij\ 
= jkl = a^j = a u . 

and 6^ cannot be permitted to vanish.* so that it does not lessen the generality 
to assume 

kl = j. 

This gives a quadruple algebra which may be called ( f A \ its multiplication 
table being f 



</.> 


i 


j 


k 


/ 


I 

. i 


i 


j 


k 





j 


j 











k 











j 




/ 












* For then the algebra would split up into three double algebras. [C. S. P.] 

t In relative form, i=:A:A + B:B.j=A:B. k=A:C. l=C:B. [C. S. P.] 
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[15]. The defining equations of this case are 

ij=j, ik = h i li = l 9 ji = ki = il = , 
which give, by § 46, 

= j % jh = hj =^ = lj=zlk = l\ 
jl — a u i , hi — a^i , 
=jlj = a^j = a u =jl , 
= Jclk = a M Jc = a M = kl, 

and there is no pure algebra in this case.* 

[16]. The defining equations of this case are 

ij —j, hi = h 1 ji — ik = il = li = , 

which give, by § 46, 

0=y 2 = yfc>=yw = #, 

jk = a 2S i, jl=b 9 J, kj=d^l, lh = c 43 k, Z* = (7 4 ?, 
jkj = a^j = d&b u j , jlh = a^b u i — , jP = bfj = b u dj, 
ley Jc — — CfgcligJc , Icj I — d^d^l — b^d^l > 

= «23 ( C 43 — M = &24 ~ ^ = (&34 ~ =^(^43 — d 4 ) =043(043 — ^4) . 

There are two cases: 

[161], when d^ does not vanish ; 
[162], when d^ vanishes. 

[161]. The defining equation of this case can be reduced to 

<*» = 1> 

which gives 

Ojs = 634 = C43 = <?4. 

There are two cases : 

[161 s ], when d 4 does not vanish ; 
[1612], when d A vanishes. 

[161 2 ]. The defining equation of this case can be reduced to 

<*«=!, 

which gives 

jk = i, jl=j, llc = k, l* = l; 

*In relative form, i= A : A , j=A : 2? , fc = : C, l=:D:A. There are three double algebras of 
the form (6 a ). [0. S. P.] 
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and there is a quadruple algebra which may be called its multiplication 
table being 



1 1 

1 

1 


> 

J 





1 

• 

j 








i 


r 
i 

j ; 

1 


k 


/ 





o ! 

i 
> 








k 


/ i 



This is a form of quaternions* 

[1612]. The defining equation of this case is 

d A = 0. 

which gives 

jk=j! = lt = P = 0. 



♦In relative form, i— A : A , j — A :B . k — B :A. I — B : B. This algebra exhibits the gneral 
» i stem of relationship of individual relatives, as » shown in my paper in the ninth volume of tK^ 
Memoirs of the American Academy of Arts and Sciences. In a space of four dimensions, a vector maj 
be determined by means of its rectangular projections on two planes such that every line in the one is 
perpendicular to every- line in the other. Call these planes the A-plane and the B-plane. and let r be 
any vector. Then, tr is the projection of r upon the ~1 -plane, and /r is its projection upon the B-plane. 
Let each direction in the -4-pUne be considered as to correspond to a direction in the B-pfcane in snch a 
way that the angle between two directions in the .4 -plane is equal to the angle between the correspoiKl- 
ing directions in the B-plane. Then, jr is that vector in the .4 -plane which corresponds to the projection 
of r upon the B-plane. and tr is that vector in the B-plane which corresponds to the projection of r upon 
the ^1-plane- 

Profeseor Peirce showed that we may take i : . j t , k l , as three such mutually perpendicular r ectota 

m ordinary space, that ,1 — > : ' . /= ^ j — Jt,.k—^ i — j\ — jfc. >. /=z i 1 — jfi. [See. also. 

Spottiswoode. Proceedings of the London Mathematical Society, iv. 15&. Cayley. in his Memoir on the 
Theory of Matrices 1 1S58». had shown how a quaternion may be represented by a dual matrix.] Thus 
t . j. k . f . have all zero tensors, and j and k are vectors. In the general expression of the algebrm. 
q = xi + fj+zk+iri. if x-f-a-ml and yz — x—x 1 . we have q s — q : if x — — tc — */ — pi m then 
g 1 — 0. The expression t -M represents scalar unity, since it is the universal idemfactor. We have. also. 

Sq~ \->x+w^i+I Fg-l.x — ir)i + » + dr + 4 «"-x /. ro = ^xir-»* i+h. 

The resemblance of the multiplication table of this algebra to the symbolical table of f#i merito 
attmtion. [C. & P.] 
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and there is a quadruple algebra which may be called (A 4 ), its multiplication 
table being* 

(h t ) i j k I 



J 
k 
I 



i 


j 




















k 


I 





















which gives 



[162]. The defining equation of this case is 

Oj3 = 0, 

and there can be no pure algebra for it.f 

[2]. The defining equation of this case is 

i n = 0. 

There are four cases : [21], when n = 5 ; 

[2*], whenn = 4; 
[23], whenn=3; 
[24], when n = 2. 

[21]. The defining equation of this case is 

i 5 = 0, 

and by §60, ^—ji $ = k, 

This gives a quadruple algebra which may be called (i 4 ), its multiplication table 
being % 

* In relative form, i = A:A, j=A:B, & = C:-4, l=-C:B. [C. 8. P.] 

t In this case, t = ^1:^1, l = d A (B :B + C:C) , j=A :Bor = A :D, k= C:A ot = E:A. [C. 8. P.] 
tin relative form, izzA : B + B : C+ C:D+ D \E, j= A :C+ B :D + C:E, k=A:D + B:E, 
l=A :E. [C. S. P.] 



t * ♦ ♦ 
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ir 















>r 





















znd h iaar aa&Tnaed frorr. tire prin rip > of § r .3 

£i- = . 

which gsres 

jk=Q. 



♦la caber erf these al^eta*. i~ A B—BC—CD. j—A C~B D. k=AzDi mad 
*m j+. l = A:E + E:D + A/.C.wbDem *«, l=A :C O S P/ 
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There are two cases : [231], when il = h ; 

[232], when il = . 

[231]. The defining equation of this case is 

il = h , 

which gives 

jl=iV = ik=0, 

Id = a 3l i + b 3l j + c 3l h + d^l , 

= iU = a 3l j + d^k , a m = 0, d 3l = , &i = 6^/ + c 31 A; . 
So, because iA* = , A 2 = Z^' + c 8 & , 

and because ihl = , &Z = + c^A; , Ay = Jdi = c 3l Jd = b 3l c 31 j + CjVfe . 
= & = c^A* , c 31 = = Ay, 

iZi = Jd = 6 3 J , Zi = b 3l i + b^j + cjc , Ij = l# = (b 3l + V^)/ , 
= U = C3A 2 = c 3 , = A? = 63^' , Z& = 6 3 i + 643/ + c^Jc , 
Z 2 = a 4 i + bj + c 4 & + dj, , = Z 3 = a 4 & + cjcl + d 4 Z* = a 4 Zi + bjj + c 4 Z& + dj\ 

But &Z contains no term in Z , so that d 4 = . 
&Z = iZ 2 = a 4t / , 6 34 = a 4 , c 34 = , 

= Z 3 = 6^ + c 4 b u j, b u = a 4 = = hi, P = bJ+ cjc , 
Jdl=J<* = b 3l jl = , = Jdi = ft 31 fci = = 6 31 = Jd = Ij , 
Zi = 6 4i y + c 41 & , ZA; = lil = . 

There are two cases : 

[231 s ], when c a does not vanish ; 
[2312], when c 41 vanishes. 

[231*]. The defining formula of this case is 

<>* 4= , 

and if p is determined by the equation 

C4i2> 2 + (c 4 — b 41 )p = K, 

we have 

i(l + pi) = k+£J, 
(Z + pif = (c 4 + pea) (k +pj) , 

so that Z + pi and & + jp/ may be substituted respectively for Z and h , which is 
the same as to make 

*4 = 0, 



ami there ar% Taro <smw»s : 
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There are two cases: 

[231 2 21], when b a does not vanish; 
[231*2*], when b n vanishes. 

[231*21]. The defining formula of this case is 

& 41 + 0. 

There are two cases : 

[231*21*], when c 41 + 1 does not vanish ; 
[231*212], when c 41 + 1 vanishes. 

[231*21*]. The defining formula of this case is 

0,1 + 1 + 



so that 



7 b Al i + cj _ 6 4 \j + ft 41 c 41 ft 
c 4l + l ~ o 41 + l ' 



"e 4a -h 1~ c 4l + l' V c 41 + l J c 41 + l ' c 41 +l 

so that the substitution of b j£±*L l t ^±^^ , an d , respectively, for 

i, j, and /<;, is the same as to assume 

c 41 = 0, b n =j, 

which reduces this case to [2312]. 

[231*212]. The defining equation of this is easily reduced to 

K =j — Jc. 

This gives a quadruple algebra which may be called (m 4 ), its multiplication 
table being 

(m A ) i j Jc I 



J 
Jc 
I 
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j-Tc 
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The substitution of i — / and j — Z\ respectively, for • and j tnuisfornis this 
algebra into one of which the multiplication table is * 



(■0 
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/ 


1 











* 


j 
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[231*2*]. The defining equation of this case is 

This gives a quadruple algebra which may be called (n A \ its multiplication 
table being f 



00 
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It 
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<* 












[2312]. The defining equation of this case is 

7/ = btj, 

which gives 

(l—b u i)i = 0. 

so that the substitution of 7 — b u i for 7 passes this case virtually into [232]. 

*i=A:B + C:D.j=B:D. kz=A:C. l=B:C. [C. S. P.] 

t Inrrfatire£orin.iz=^:B-hB :e+/>:^. jzzAzC. k=A :E* l = B:E+cA:D. When e=0 
the algebra reduces to 1 9,). [C S. P.J 
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[232]. The defining equation of this case is 

il = f 

and it may be assumed that 

ki = Q, 

=jl = kj = ii? = l&i — ild = Hi = ilk = lid — iP 
& = l>*j + cjc + djl, li = b a j + cjc + dj, 
Ij = d^li , = Iji = d^lj dfji = d iX = Ij . 
There are two cases : 

[2321], when c 41 does not vanish ; 
[232*], when vanishes. 

[2321]. The defining equation of this case is easily reduced to 

li = k , 

which gives = lik = = HI = kl 
Ik = Pi = a 4 y+ djc , 

= l 3 k = d 4 l*k = d*lk = d 4 , lk = a J = IH , 

P = a 4 i + bj + cfi, 

= Z 8 = ajc + c 4 a 4 j = a 4 = Z& . 

There are two cases : 

[2321 2 ], when c 4 does not vanish ; 
[23212], when c 4 vanishes. 

[2321 2 ]. The defining equation of this case can be reduced to 

c 4 = l 

which gives a quadruple algebra which may be called (o 4 ), its multiplication 
table being* 



(«,) i 
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j 




























I 


k 








bj+Jc 



♦In relative form, % — A :E +E:D + B:C, j — A : D , k=A:C, l = A:B + B :C+bB :D . 
When 6 = , this algebra reduces to (r 4 ). When 6 =: — 1 , the substitution of t — I for I reduces it to (l 4 ), 
[C. 8. P.] 
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{25212}. The defining equation of this case is 
Then are two cases : 

[232121]. when A 4 does not vanish : 
[23212*], when fc 4 vanishes. 

[232121]. The defining equation of this case can be reduced to 

This give* a quadruple algebra which may be called (// 4 ). its multiplication 
table being * 
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[23212*]. The defining equation of this case is 

/■ = <). 

This gives a quadruple algebra which may be called (q A ). its multiplication 
table being f 
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* In relative form, i — A \B -\- B : D -\- C :E , j = A : D , fcrr .4 : £7 , / = A:C + C ': D . [C. S. P.] 
tin relative form, i = A:C+ C:D, j=A:D, k = B:D< l = B:C. [C. S. P.] 
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[232 s ], The defining equation of this case is 

K = Kj 

and we have 

& = hj +0$ + <W 
kl = b u j + c^k + cLJ 
Ik = b^j+cjc + dj 
I* = b 4 j + cjc + dj 

so that there can be no pure algebra in this case if b n vanishes,* and it may be 
assumed without loss of generality that 

K=j. 

There are two cases : 

[232*1], when d% does not vanish ; 
[232 3 ], when dg vanishes. 

[232*1], The defining equation of this case can be reduced to 
which gives 

= tf = 7rf=l7c = m=l* 1 

and there is no pure algebra in this case.f 

[232 3 ]. The defining equation of this case is 

<*3 = 0, 

which gives = ft 3 = cj£ = c 3 , 1£ = b 3 j, 

= Ul — c 3 J<? -f- d^Jcl — cZg4 — b s c u , 
= W = + djjd =d 43 = 63043 . 

There are two cases : 

[232 3 1], when b 8 does not vanish ; 
[232 4 ], when b 3 vanishes. 

[232 3 1]. The defining equation of this case can be reduced to 

V=J, ' 

which gives 

= Cm = , Id = b 3i j , Ik = b^j, 

*(J-W)=o, 

* In .this case,,/, h and /, might form any one of the algebras (6 8 ), (c,), (d s ) or (e s ). [C. S. P.] 
t The case is impossible because ki = and kH = j . [C. S. P.] 
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[12]. The defining equations of this case are 

if =ji =jj ik = ki = k, il = li = I , im = pi , mi = , 
which give, by § 46 , 

= mj = mk = ml = m % , 

and if A is any expression belonging to the first group, but not involving i , we 
have the form 

Am = am , 

and by § 67, A is nilpotent, so that there is some power n which gives 

= A n = A n m — aA n ~ l m = a n m = a = Am , 
0=jm= km = 1m ; 

and there is no pure algebra in this case.* 

[13]. The defining equations of this case are 

if —ji =j , ik = ki = k, il = l, im = m, li = mi = , 

which give, by § 46, 

= lj = lk = P = lm — mj = mk = ml = m % ; 

and it may be assumed from (cr 3 ), by § 69, that 

/• = *, y» = o. 

It may also be assumed that 

jl = m , whence f kl =jm = . 

We thus obtain a quintuple algebra which may be called (& 6 ), its multiplication 
table being this : % 



*In fact t and m, by themselves, form the algebra (6 2 ), while t, j, &, i, by themselves form 
one of the algebras (a 4 ), (6 4 ), (c 4 ), the products of m withy , k and I vanishing. [C. S. P.] 

tThisis proved as follows: 0= j H =:j 2 m = d 2? j/-f e 2r jm = d 2S e 2& l + (d 2& + e 2 \)m. Thusd a5 e S5 
= and d 26 + e 2 2 6 := ;ord 25 =0, e 25 = , jm = kl = . [C. S. P.] 

ti = A:A + B:B+C:C, j=A:B + B:C, k = A:C, l = B:D, m = A:D. [C. S. P.] 
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[14]. The defining equations of this case are 

ij =ji =j, ik = ki = k 1 il — Z, mi = m , li = im = , 
which give, by § 46, 

—jm = km = Jj=lk = P — ml = m*. 
It may be assumed from § 69 and (ag) that 

/» = *, y« = o, 

whence 

=jl = kl = mj = mk —jlm — a^j + J^fc = = 6 4B . Zm = c^fc , 

and there is no pure algebra in this case.* 

[15]. The defining equations of this case are 

ij—ji =j\ ik = k } il — l, im — m y ki = li = mi = y 

which give, by §§ 46 and 67, 

= j 2 = ly =k? =kl = km = Ij = Ik = Z* = Im = mj = mk = ml = m 2 . 

It may be assumed that jk = l, • jm = ,f 

whence, j7=0, 

and there is no pure algebra in this case.J 

*%=lA: A-{-B:B+C:C,j=A:B + B:C, h = A:C , 1 = A : D , m = cD :C. [C. S. P.] 
t We cannot suppose jk = k, because j 2 k = 0. We may, therefore, put / for jh . Then jl = . Then, 
j 2 m = c a 5 c a 5 fc + (d 2 5 e a 5 + c a 5 ) I + e 2 \m . It follows that jm = d 2 5 Z , and substituting m — d tb k for 
m , we have/m = . The algebra thus separates into (b a ) and (e 4 ). [C. S. P.] 
ti = A:A + B:B,j=A:B, h = B:C, l = A:C, m = A:D. [C. S. P.] 
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The defining equations of this case are 

ij=ji=j. ik = k. V = 1 . mi = m . fa" = fi = i» = . 

which give, bv §§46 and 67. 

0=f= jm =lj = L* = H = lj = lc = ? = mj=mk=ml = w?, 
km = a*! — t,^*. = <i c 4 -t- i^j. 

and it mar be assumed that 

and <aLj cannot vanish in the case of a pore algebra.* so that it is no loss of 

^eneralitv to assnme 

jk=t. 

which gives 

jkm = >m = . 

There are two cases : 

[161], when -j s does not vanish : 
[162]. when a B vanishes. 

[161]. The defining equation of this case can be reduced to 

«» = 1 

which gives !m = y. fan = i 4- b^J. 

and i 4- h^j can be substituted for i. and this gives a quintuple algebra which 

may be called t^L of which the multiplication table is 
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* Bat — wkk—kmk— a l i + bjj k — a l ^k-\- d zl b z J . Hence a JS = and either d t9 or 6,» =0, 
and m <?rti>*T case there is no pare algebra. The two algebras f 3 and are incorrect, as ma j be sen 
by comparing * . aJr with km .k. [C. S. P.] 
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[162]. The defining equation of this case is 

035 = 0, 

which gives 

km = b^j, Zm = 0; 

and 6 3B cannot vanish in the case of a pure algebra, so that it is no loss of 
generality to assume 

km =j. 

This gives a quintuple algebra which may be called (7n 5 ), of which the multipli- 
cation table is 
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[17]. The defining equations of this case are 

if —ji — j , ik = k, li = l, ki = il = im = mi = , 

which give, by §§ 46 and 67, 

=j* =jk =jl = jm = kj = k? = Ij = P = Im = mj = mk 1 
Id = a^i + b^J , km = c^k , Ik = c^m , ml = d^l , m % = e 5 rn , 
=jkl = a u j = 034, 
IM = 634// = = c^m? = £43^54 , = b 3i jk= = c^&rn = 043035 , 
Ikm = CjjZAj = 043771* = c&c i3 m = = c^e 5 , 

kml = ds 4 kl = c d Jd, (d u — 035)634 = 0, km % = ejcm = c sl km , (e B — 035)035 = 0, 
mH = etfnl = d u ml, (e B — c^)^ = . 
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But if A is an expression of the second group and 2? one of the third, 

which gives 

() = ABj = aj = a = A£=jl=jm=ki=tm t 

and there is no pure algebra in this case. 

[1'/]. The defining equations of this case are 

ij = j. &- = k. H = /. /* = hi = i7 = in = mi = . 

whieh give, by § 46. 

= /* = jh = kj = L* = P=lm = mj=mi: 

and it i* obvious that we may assume 

,7=0. 

We have, then, 

jm — hgj -f • & = • *™ = + <W^t 
Ij = e c m . fit = e a m . ml = d u I, m? = f t wi t 
= </*J7 =/m/ = c 1/ = a^i = a^. 

There are two cases : 

[K/l], when does not vanish ; 
[lf/2]. when a u vanishes. 

[1CK1]. The defining equation of this case can be reduced to 
which gives 

0^ = 0. jm = hgj. 

There are two cases : 

[l<yi*] ? whene f =l; 
[1CK12], when e % vanishes. 

[lCKl*]. The defining equation of this case is 

fit* = m ; 

and we assume 

jm = j , ml = I, km = k, 
because otherwise this case would coincide with a subsequent one. We get, then, 

=jlj = e^jm = e tf = Jj , =jIk = e 4X jm =e a = Ue, 
which virtually brings this case under [1C2].* 



* This does not seem clear. 



Butt 



= Jfcfli = 0, which isabsnrd. [C. 8. P-l 
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[10'12]. The defining equation of this case is 

m* = 0, 

which gives 

—jm % = b % sjm = b n =jm , == mH = d^rnl =a^ = ml, 
= km* = c^km =035, km = 635/ , IM — U — l = c^ml = , 

which is impossible, and this case disappears. 
[10'2]. The defining equation of this case is 

jW=0.* 

There are two cases : 

[10'21], whene 5 = l; 
[10'2*], when e 5 vanishes. 

[10 / 21], The defining equation of this case is 

m % = 7H, 

and if we would not virtually proceed to a subsequent case, we must assume 

jm=j, km = k, ml = 7, 
and there is no loss of generality in assuming 

zy = o, 

so that there is no pure algebra in this case.f 

[10'2*]. The defining equation of this case is 

m* = 0, 

which gives 

= mH = d^ml = = ml; 

and we may assume 

c*5 = 0, 

which gives 

=jm l = b t Jm = 6 25 =jm , = Jcm % = c^km = % , km = b^j , 
= e^m? — Ikm — b^e^m = b^e^ ; J 



* In this case, the algebra at once separates into an algebra between j , k , I and m , and three doable 

algebras between i and j , i and k, and i and I , respectively. [C. S. P.] 

t In fact, = Vdk — e 4 2 8 m = e 4i —lk. So that the algebra falls into six parts of the form (6,). [C.S. P.] 
{The author omits to notice that = &2& = e 4S &m = e 43 o 85 - Thus, either km = or lj — lk — 0. The 

algebra (jp 9 ) involves an inconsistency in regard to klk. [C. S. P.] 
Vol. IV. 



* % J * • 



• * ; # + + 



^1". T*e <e£- %'av.i» f a^e 

»/ = y\ ki — k . ji — a = £ = *« = » = »t = *} ; 

= y "* = P = *s = ir» = 'J= . 
jk = >' = W = W = ^ ' ^ '* m ^ = = 

\ \ \ vr^r. / i* *£»e :deiL potest "a.re of the :*:-:zrLL group : 
'\\z^ wher. *he fourth groap L- n:lj»:e^t_ 

'II r, The de£r*:r,g equation of this case i* 

/» = /_ 

There are two ca«e& : 

r ^VV r ^ when m b in the second subsidiary group of the fourth group: 
H TJ2\ when w i» in the fourth subsidiary group of the fourth group. 

[J J'l*j, The defining equations of this case are 

lm = m . ml = : 
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which give = ra 2 =jm % = b 25 jm = 6 25 = jm , 

= m*k = c^mk = = mk ; 

and Ojs cannot vanish in a pure algebra, so that we may assume 

jk = i , 

which gives 

kjk = k = d^cjc, jkj=j = d^b u j\ 1 = d^c^ = d^b^ , 
jl=jP = b u jl, b£ i = b u =l, Ik = Pk = cjk , c 4 2 3 = = 1 = , 
j7=j\ lk = k, kjl = l = kj, 

and there is no pure algebra in this case.* 

[11'12]. The defining equations of this case are 

lm = ml = , 

which give 

= jlm = b u jm = b u b %b j = b u b i5 , = link = c^lk = c 43 c M & = c 43 c M , 
^ = d&l= bukt = b u dtol + b u e^m , % = rf^/ = c iZ k] = c^^Z + c^m , 
Zym = e^m 2 = b^kj = b^d^l + b^e^m , rn&? = e^T/i 2 = c^kj = c^l + c^m , 

= b u d^ = C 43 C?32 , — &25^82 = ^53^82 = ^24^32 = C 43^32 • 1" 

There are two cases : 

[11/121], when m is idempotent ; 
[11'12 2 ], when m is nilpotent. 

[11'121]. The defining equation of this case is 

m % — m , 

which gives 

6 » — c 63 e 32 — ^Wa* 5 

and it may be assumed that 

b u = 0. 

But if the algebra is then regarded as having / for its idempotent basis, it is 
evident from § 50 that the bonds required for a pure algebra are wanting, so 
that there is no pure algebra in this case.J 



* In fact, t , j , k , I form the algebra (g 4 ), and I , m , the algebra (b 2 ). [C. S. P.] 
t The last equation holds by { 68. [C. S. P.] 

X Namely, d, 2 = , and either e 33 = 1 , when I forms the algebra (a,) , and t , j , fc, m the algebra 
(04 )) or else e *2 = , when by [13] of triple algebra a 2S = , and j and & each forms the algebra (b 2 ) with 
each of the letters t , I , m. [C. 8. P.] 
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[11T2*]. The defining equation of this case is 

m* = Q 9 

which gives 

= jm* — brjm = b& = b K = jm , = m % k = c v mk = c£Je = Cj, = mk , 
1 = j l =j, It = k 9 = e*. 

and there is no pure algebra in this case. * 

[11'2]. The defining equation of this case is 

r = o, 

in which n is 2 or 3. We must then have 

= Im = ml = m* . 

which give 

0=jf* = 1^1*.= bljl = h u = jl = jm = ik= mk. = kjk = 0^ = 0^= jl\ 

and there is no pure algebra in this case, t 
[2]. The defining equation of this case is 

i» = 0. 

There are five cases : 

[21], when n = 6 ; 
[2*], when n = 5; 
[23], when n = 4 ; 
[24], when n = 3 ; 
[25], when n = 2. 

[21]. The defining equation of this case is 

i« = ? 

and by § 60, 

i*=y, F = k , i* = /, P = m. 

This gives a quintuple algebra which may be called (<? 5 ), its multiplication table 
being 

* Here, in forms the algebra (6 t ) , and the other letters form [g 4 » . [C. S. P.] 

t Namely, if n = 2 . J. / , k , form the algebra (d, ) (second form). i\ j. and t\ k . the algebra (6,), and 
m the algebra ie 1 ). Bat if n = 3 . j . If , I and m form an algebra transformable into (j 4 ) or (Jb 4 ), while t . 
j . and t . 1- form, each pair, the algebra (6 S ). [C. & P.] 
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(? 5 ) * 


j 


k 


I 


m 


i 


j 


k 


I 


m 





j 


k 


I 


m 


o 


o 


k 


I 


m 











I 


m 














m 


















[2 f ]. The defining equation of this case is 

i 5 = , 

and by § 59, 

i* =y , i? = Jc, i* = I . 

There are then by § 64 two quintuple algebras which may be called (r 5 ) and ($ 5 ), 
their multiplication tables being 



(n) 


i 


j 


* 


I 


m 


(* 5 ) * 


j 


k 


I 


m 


i 


j 


* 


I 








> 


j 


k 


I 








j 


k 













j 


k 


I 











k 


I 














k 


I 














I 

















I 





" 













m 



















I 


m 


I 















[23]. The defining equation of this case is 

i* — ; 

and by § 59, 
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and it may be assumed, from the principle of § 63, that 

t/=0, 

which gives 

= jl = kl=Ui = iP = Urn 
U = c^k + d u l + e a m , P = c 4 k + d 4 l + e 4 m , /m = c^Jc + d^l + e^m . 

There are two cases : 

[231], when im = /; 
[232], when im = . 

[231]. The defining equation of this case is 

im = /, 

whence 

= jm = km =jmi = jml = jm % = e 41 = e 4 = e^, 
I? = d 4 H, = K A = d 41 tf=d 4 \li* — d&i = d n = lj=lk, 
P = d 4 P, = I 4 = d 4 P = d 4l ti = c 41 k, P = c 4 k, lm = cj: + dd, 
imi = K = c^k , mi — 6^"+ c 51 A- + e/ 51 / , mj = c il (l + rf 51 ) A- , mfr = , 
iml = P = c 4 Zr , 771/ = c 4- / + + d^l , 

= lm = cjc + d^l , in* = c^j + cjc + tf,/ + rf^m , 
= m 4 = , /iVw = P = c^&m = = m/i = d^fi^k = rf w c 41 , 
= m/w = d^lm = rf^c^ , = m % l = d^ml = d Z4 * 

There are two cases : 

[23 1 2 ], when c 4l does not vanish ; 
[2312], when vanishes. 

[231*]. The defining equation of this case is reducible to 

li — k. 

There are two cases : 

[23F], when does not vanish ; 
[231*2], when vanishes. 

[23F]. The defining equation of this case can be reduced to 

Im = k, 

which gives 

mH = k + d^k + d&k = k + djc, d^ = d %1 + , 
m 3 = k + d^k + d^fe = djc, d& = — 1 ; 



* To these equations are to be added the following, which is taken for granted below : ml — mim = 
e 4t d 61 k. [C. a P.] 
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and if t is one of the imaginary cube roots of — 1 , there are two cases : 

[231 4 ], whend^t; 
[231 3 2], when <Z 51 = — 1. 

[231 4 ]. The defining equation of this case is 

^51 = t , 

which gives 

i(m — c n l) = /, I(m — c 51 /) = k , 
(rn — c 51 Z) i =j + tl , (m — c^l)j = (1 + t) h , 
(m — c 51 Z)& = , (m — c 51 Z)/ = tk, 
(m - c sl lf =j + [c, - c 51 (l + r)] k + (2r - 1) /; 

so that the substitution of m — c^l for m is the same as to make 

c B1 = 0. 

There are two cases : 

[23 1 6 ], when c 5 does not vanish ; 
[231 4 2], when c 5 vanishes. 

[231 5 ]. The defining equation of this case can be reduced to 

c B = l. 

There is then a quintuple algebra which may be called (* 5 ), its multiplication 
table being * 

* The author has overlooked the circumstance that (f 5 ) and (u 5 ) are forms of the same algebra. If in 
(t 6 ) weputtj =t— x 2 j, j\ —j— 2v 2 k, fc, —k, l x ~ — x 2 k-\-l , m,=- x 2 j+ m , weget(t* 5 ). The struc- 
ture of this algebra may be shown by putting t x = rt , j\ = x 2 j , k l zz — k, l x = x 2 j— xl, m x = xx — m , 
when we have this multiplication table (where the subscripts are dropped): 



ti ft ) t 


J 


k 


I 


m 


t 


s 


k 





k 


I 


i 


k 










ft 


k 





a 











I 


xk 














m 


tl 














In relative form, i=A :B + A:C+B:E+C:D + E:G, j= A : D+ A: E+ B :G , k = A:G, 
l = t A:E+C:G, m = x 2 A:B+ A:F+ xC :E+ D :G- F:G. [C. S. P.] 
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j 


k 


I 


m 


i 


j 


k 


° 


° 


I 


j 


k 


o 











k 

















I 













k 


m 


j + vl 


(1+r)* 





r* 


(2r— 1)^ 



[231 4 2]. The defining equation of this case is 

c 5 = 0. 

There is then a quintuple algebra which may be called (?^), its multiplication 
table being 



K) * 


j 


k 


I 


m 


i 


j 


k 








I 


j 


k 














k 

















I 


k 











k 


m 


j+tl 







rA; 


j + 
(2r-l)l 



[231 s 2]. The defining equation of this case is 
which gives 

tf 5 = 0, i(m — c 51 Z) = /, l(m — c 51 /)=A, 
(m — c lx T)i =j — 7, (rn — c hl l)l = — Tc , (m — c hl l) % =j + cjc) 

so that the substitution of wi — c u l * for m is the same as to make 

^ = 0. 



* The original text has m — c 51 k throughout these equations, but it is plain that m — c 51 Z is meant. 

[c. a p.] 
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There are two cases : 

[23P21], when c 5 does not vanish; 
[231 3 2 2 ], when c 5 vanishes. 

[231 8 21], The defining equation of this case can be reduced to 

c 5 = l. 

There is a quintuple algebra which may be called (v 5 ), its multiplication table 
being * 



(«•) ♦ 


j 


k 


I 


m 


i 


j 


k 








I 


j 


k 














k 

















I 


k 











k 


m 










— k 


j+k 



[231 8 2 2 ]. The defining equation of this case is 

c 5 = 0. 

This gives a quintuple algebra which may be called (w? 5 ), its multiplication table 
being * 

11 2 
♦The algebra (v s ) reduces to (u> & ) on substituting t, irt+gj + gi, j^j+k, l x = gfc + J, 

wij = gj + g- 1 + m . To exhibit the structure of this algebra, we may put p and // for imaginary cube 

roots of 1, and substitute in (w 5 ) tj =t + //m, j\ = (1 — fc+ ^ :=r 8/, fcj = 3A; , J 2 =(1 — 
8J , mjzzi+pm. Then, dropping the subscripts, we have this multiplication table. 





i 


y 


h 


i 




t 











k 


i 


i 


ft 














Jc 





a 


a 








I 











a 


it 


m 


1 


Ac 







a 



In relative form, i = p'A :B + p'C:F+ 3pD : E, j—SpA : C + fy'D : F, fc=&4:D, l=WA:E 
+ZpB:F, m=zpA:D + Sp'B:C+pE:F. [C. S. P.] 
Vol. IV. 
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(«•) 


i 


j 


k 




m 


♦ 




i 

* \ 

i 


k 


i 




i 




I 


J 




k 

I 








o 





k 




1 

1 














I 




1 

k ': 

1 











k 


m 


j 


— I \ 







— k 


j+k 



[231*2]. The defining equation of this case is 

lm = 0, 

which gives 

mZ=0, in' = Cgft + <y i m % i=djc= [1 + d zl )k 1 ^=1+^, 
and c 51 may be made to vanish without loss of generality. 
There are three cases : 

[231 2 21], when neither d zi nor d^ + 1 vanishes ; 
[231*2*], when + 1 vanishes ; 
[231*28], when d^ vanishes. 

[231*21]. The defining formulae of this case are 

There are two cases : 

[231*21*], when c 5 does not vanish ; 
[231*212], when c 5 vanishes. 

[231*21*]. The defining equation of this case can always be reduced to 

c 5 = 1. 

This gives a quintuple algebra which may be called (ar 5 ), its multiplication table 
being* 

*In relative form, i =: A:B + A:E + B : D + D : F, j=:A:D+B:F< k = A:F, l=:A:D. 
m=(l + a) A :B + A :C+A:E+B:D+C:D+D:F+E:F. [C. S. P.] 
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to) * 


j 


k 


I 


m 


i 


j 


k 








I 


j 


k 














k 

















I 


k 














m 


j+al 


(1 + a)k 








* + 
(l + a)l 



[231*212] . The defining equation of this case is 

c 5 = 0. 

This gives a quintuple algebra which may be called (y 5 ), its multiplication table 
being * 



(yi) * 


j 


k 


I 


TO 


* 


J 


k 





. 


I 


j 


k 














k 

















I 
















m 


j + al 


(1 + a)k 








(1 + *)* 



[23P2 2 ]. The defining equation of this case is 

<h\ = — 1 , 

which gives 

mi=j — /, mj = 0, m % = cjc. 

There are two cases: 

[231 8 2 2 1], when c 5 does not vanish ; 
[231*2*] f when c 5 vanishes. 



The relative form is the same as that of (Xn, ) : omitting from rn the terms A : E and E : F. [C. S. P.] 
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[231 2 2*1]. The defining equation of this case can be reduced to 

m % = k. 

This gives a quintuple algebra which may be called (25), its multiplication table 
being * 



(*) * 


j 


A- 


1 


m 


i 


j 


k 


, 


1 


I 


j 


k 








: 





k 





• 






1 








I 


Tc 





! 








m 


j-l 





| 


' 


k 



[23P2 3 ]. The defining equation of this case is 

771* = 0. 

This gives a quintuple algebra which may be called (aa tt ), its multiplication 
table being f 

(*w 5 ) i j k I m 



i 


j 


* 





1 




I 


j 


k 














k 

















I 


k 














m 


j-i 















*In relative form, i=A:B+ B :C+ C:D . j=A :C+ B :D, fc=4:D, l = A:C, m=zB:C 
+ A:E+E:D. [C. S. P.] 

t In relative form, the same as except that m=B:C. [C. 8. P.] 
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[231*23]. The defining equation of this case is 

mi =y, 

which gives 

= = {m — i)i) 

so that, by the substitution of / — j for I and m — i for m, this case would 
virtually be reduced to [232]. 

[2312]. The defining equation of this case is 

U = 0, 

which gives 

mj = , mini — ml — d$J/m , d^ = , c M = d^c^ f 
m 2 i = d^rnl = c 45 & , c 45 = d^c^ , ra 8 = c^/wi = d^ml , c^(c M — c^) = . 

There are two cases : 

[23121], when d z does not vanish ; 
[2312 2 ], when vanishes. 

[23121]. The defining equation of this case can be reduced to 
which gives 

C 45 = C M J 

and it may be assumed without loss of generality that 

c 5 = * 

There are two cases : 

[23121*], when c 45 does not vanish ; 
[231212], when c 45 vanishes. 

[23121*]. The defining equation of this case can be reduced to 

lm = ml = k, 

which gives 

There are two cases : 

[23121 s ], when c 51 does not vanish ; 
[23121*2], when c 51 vanishes. 

[23121 3 ]. The defining equation of this case can be reduced to 

c 51 = 1 . 



* Namely, by putting I x = c 5 k + 1 , m 1 =.m — c 6 j. [C. S. P.] 



166 Peirce : Linear Associative Algebra. 

This gives a quintuple algebra which may be called (oi 5 ), its multiplication 
table being * 

(ab^) i j Jc I m 



i 


j 


k 








I 


j 


k 














k 

















I 














k 


m 


k+l 








k 


7 + 1 



[23121*2]. The defining equation of this case is 

c 51 = 0. 

This gives a quintuple algebra which may be called (oo 5 ), its multiplication 
table being f 

* The structure of this algebra is best seen on making the following substitutions: Let t)i and l) 2 
represent the two roots of the equation x 2 = x+ 1 . That is, = i (1 + •/ 5) and ^,=|- (1—7 5). 

Then substituted *7*(tM-*im), ii (3+ ^ 1 )j+h 1 k+ + *,=}*, I, =*i*{ 

+ fca*+ (l+SJa)*}* w*i = ti^i + ti™)- Then, we have the multiplication table : 





i 


j 


k 


I 


m 


t 


J 


k 








it** 


j 


k 














k 

















I 














k 


m 










k 


I 



In relative form, i—A:B + B iC+C.D + ^^A :G+ H:D,j=zA:C+B:D. *=A:Z>, l=A:F 

+ E:D, mzzA:E + E:F+F:D + \fi t A:H+Q:D. [C. S. P.] 

t On making the same substitutions for % and m as in the last note, this algebra falls apart into two 
algebras of the form (6,). [C. S. P.] 
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(005) i j k I m 



i 


j 


k 








I 


J 


k 





' 








k 








! 








I 














k 


m 


I 








* 





[231212]. The defining equation of this case is 

ml — Im — 0. 

There are two cases : 

[2312121], when c 51 does not vanish ; 
[231212 2 ], when c 51 vanishes, 

[2312121]. The defining equation of this case can be reduced to 

c 51 = 1 . 

This gives a quintuple algebra which may be called (ac^), its multiplication 
table being* 

(adi) i j k I m 



i 


j 


k 








I 


j 


k 
















k 

















I 

















m 


k+al 











I 



*In relative form, t = A :B+B : C+ C : D+ E : F+aF: G. j= A :C+B:D + aE:G< k = A:D. 
l=E:Q, m = A:C+E:F+F:G. [C. S. P.] 
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[231212*]. The defining equation of this case is 

Cm = 0. 

This gives a quintuple algebra which may be called (a€ 5 ), its multiplication 
table being * 





i 


j 


* 


/ 


m 


i 


j 


* 








I 


j 


k 












h 








o 1 







I 

















m 


al 











I 



[2312*]. The defining equation of this case is 

rf* = 0. 

There are two cases : 

[2312*1], when c tf does not vanish; 
[2812*], when vanishes. 

[2312*1]. The defining equation of this case can be reduced to 

Im = lc, 

which gives 

There are two cases : 

[2312*1*], whend^l; 
[2312*12], when d^= — 1. 

[2312*1*]. The defining equation of this case is 

du = 1 , 

which gives 

c M = 1 , ml = k. 



* In relative form, the same as (od 5 ) except that m=:E: F+ F: G. [C. S. P.] 



Peirce: Linear Associative Algebra. 169 

There are two cases : 

[2312*1 8 ], when c 51 does not vanish ; 
[2312*1*2], when c 51 vanishes. 

[2312 2 1 3 ]. The defining equation of this case can be reduced to 

c 51 = 1 . 

This gives a quintuple algebra which may be called (a/ 5 ), its multiplication 
table being* 





j 


k 


I 


m 


i 


j 


k 








I 


j 


k 














k 

















I 














• 

k 


m 


Je+l 








k 


j+ck 



* To show the construction of this algebra, we may substitute tj = t + m , j\ = + (a+ 1) k + 21 , 
&]=4fc, l x =2;+ (a— 1)Aj— 2Z, m^—i — m. TIub gives the following multiplication table : 





i 


j 


k 


I 


TO 


t 


J 


k 








4 * 


j 


k 














k 

















I 














k 


m 


~4~* 








k 


I 



This algebra thus strongly resembles (ab 5 ). In relative form, % — A :B + B : C+ C : D+ A : G 
— G:D,j=A:C+B:D-^^A:D, k = A:D, l = A : F+ E : D-^l A :D , m = A :E 

+ E:F+F:D+A:G-Z^±G:D. [C. S. P.] 
Vol. IV. 
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[2312*1*2]. The defining equation of this case is 

c 51 = . 

There are two cases : 

[2312*1*21], when c 5 does not vanish ; 
[2312*1*2*], when c 5 vanishes. 

[2312*1*21]. The defining equation of this case can be reduced to 

c 5 =l. 

This gives a quintuple algebra which may be called (agr B ), its multiplication table 
being * 

(agr 5 ) i j k I m 



t 


j 


k 








I 


j 


k 














k 

















I 














k 


m 


I 








k 


j+k 



[2312*1*2*]. The defining equation of this case is 

c 6 = 0. 

This gives a quintuple algebra which may be called (aAj), its multiplication 
table being f 

*On substituting t*i =t + lj +m, m l =<+-gi— this algebra falls apart into two of the form 
(6,). [C.S.P.] 

t On substituting ij = t + m , m l j\ —j+ 1 , l x =j — I , this algebra falls apart into two of 

the form (b t ). [C. S. P.] 
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(ahi) i j k I m 



i 


j 


k 








I 


j 


k 














k 

















I 














k 


m 


I 








k 


j 



[2312*12]. The defining equation of this case is 

d*i = — 1 1 

which gives 

c M = — 1 , ml = — k . 

There are two cases : 

[231 2 2 121], when c B1 does not vanish; 
[2312 2 12 2 ], when c 51 vanishes. 

[2312 2 121]. The defining equation of this case can be reduced to 

c 51 = 1 . 

This gives a quintuple algebra which may be called (<%), its multiplication 
table being * 



(ait) » 


j 


A- 


I 


m 


i 


j 


k 








I 


j 


k 














k 

















I 














k 


m 


k—l 








— k 


j+ck 



♦In relative form, i = A : C— B : F+ C : E+ D : G + E : G, j = A:E+C:G, k=:A:G, 
= A:F—B:G, m = A :B+A :D+B:E+C:F+aD:G+F:G. [C. S. P.] 
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[2312*12*]. The defining equation of this case is 

mi = — I. 

There are two cases : 

[2312*12*1], when c B does not vanish ; 
[2312*12 3 ], when c B vanishes. 

[2312*12*1]. The defining equation of this case can be reduced to 

c 5 = 1 . 

This gives a quintuple algebra which may be called (a/ 5 ), its multiplication 
table being* 

(o/ 5 ) i j k I m 



i 


J 


k 








I 


j 


h 














k 

















I 














k 


m 


— I 








— Je 


j + Jc 



[2312*12 8 ]. The defining equation of this case is 

m* =y. 

This gives a quintuple algebra which may be called (a& 5 ), its multiplication 
table being f 

♦In relative torm,i=:A:C+ C:E+ E:Q — B :F, j=A:E+ C:G, k=:A:G, l = A:F—B:G, 
m = A:B + B:E+C:F+F:Q + A:D + D:G. [C. S. P.] 

tin relative toTm,i=:A:C+C:D+D:F—B:E,j=.A:D+C:F> k = A:F, l=A:E—B:F, 
m = A:B + B:D+C:E + E:F. [C. S. P.] 
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(aks) i j Tc I m 



i 


j 


k 








I 


J 


k 














Te 

















I 














h 


m 


— I 








— Te 


j 



[2312 s ] . The defining equations of this case are 

ml = Im = , m % = cjc , 

There are two cases : 

[2312 3 1], when d zl is not unity; 
[231 2 4 ], when d %l is unity. 

[2312 3 1]. The defining equation of this case is 
which gives 

i[(l — d zl )m — e 5i y] = (1 — d^) I— c 51 &, i[(l—d n )l—c n Je] = 0, 
[(1 — c? 61 ) I — c n Jc]i = , [(1 — <2 51 ) m — c B1 j>] i = d^ x [(1 —d^l— c^Jc] , 

[(1 — «W [(1 — d^m — <w] = , 
[(1 — «W m-w] [(1 — ct) *—<%!*] = , 
[(1 - <y in — cb J]» = (1 - W ; 

so that the substitution of (1 — d^)m — c n j for m t and of (1 — d^)l — c^k for 
Z, is the same as to make 

Cbi =0. 

There are now two cases : 

[2312 3 1 2 ], when c 5 does not vanish ; 
[23 12 3 12], when c 5 vanishes. 

[2312 8 !*]. The defining equation of this case can be reduced to 
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This gives a quintuple algebra which may be called (a7 5 ), its multiplication 
table being * 





i 


j 


k 


I 


m 




J 


k 








I 


j 


k 














k 

















I 

















m 


dl 











k 



[2312 3 12]. The defining equation of this case is 

771* = 0. 

This gives a quintuple algebra which may be called (a7w 5 ), its multiplication 
table being 

(arn^) i j k I m 



i 


j 


k 








I 


j 


k 














k 

















I 

















m 


dl 















♦In relative form, i = A :B + B :C+C:D + dE:F, j=A:C+B:D, k = A:D, IzzA .F, 
m — A :E+ B ;F+ E :D. [C. S. P.] 
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[2312 4 ]. The defining equation of this case is 
There are two cases : 

[231 2 4 1], when c 51 does not vanish; 
[2312 5 ], when c B1 vanishes. 

[23 12 4 1]. The defining equation of this case is easily reduced to 
There are two cases : 

[2312 4 1*], when c 5 does not vanish ; 
[23 12 4 12], when c 5 vanishes. 

[23 1 2 4 1 8 ]. The defining equation of this case is easily reduced to 

m? = h . 

This gives a quintuple algebra which may be called (an 5 ), its multiplication 
table being * 



(arts) i 



I m 



J 
Jc 
I 

m 



J 


Jc 








I 


Jc 












































l+k 











k 



[2312 4 12]. The defining equation of this case is 

m 2 = 0. 

This gives a quintuple algebra which may be called (ac^), its multiplication 
table being f 

♦In relative form, i=zA :E+A :B + B : C+ C:D+E:F, j=A:C+B:D+A:F,k=A:D, 
t = A:F 1 m = A:C+A:E+E:D. [C. S. P.] 

tin relative form, t =iA : B+ B : C+ C : D + E : F, j = A:C+B:D, k=zA:D, l=.A:F, 
m = A:C+A:E+B:F. [C. S. P.] 
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ao t ) i 
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k 


I 
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k 
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m 


l + k 















[2312 5 ]. The defining equation of this case is 

mi = l. 

There are two cases : 

[2312 5 2], when c 5 does not vanish ; 
[2312 6 ], when c 6 vanishes. 

[2312 5 1]. The defining equation of this case can be reduced to 

m* = h. 

This gives a quintuple algebra which may be called (op B ), its multiplication 
table being* 

(op 5 ) i j Te I m 



i 


j 


k 








I 


j 


k 














k 

















I 

















m 


I 











k 



♦In relative form, i = A :B + B :C+ C: D+E: F, j=A:C+B:D, k = A:D, l = A:F, 
m=A:E+B:F+E:D. [C. S. P.] 
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[2312 6 ]. The defining equation of this case is 

m* = Q. 

This gives a quintuple algebra which may be called (cwft), its multiplication 
table being 

(aq 5 ) i j k I m 



J 
k 
I 

m 



j 


k 








I 


k 












































I 















[232]. The defining equation of this case is 

im=0* 

which gives 

= jm = km , 

and it may be assumed that 

li=0. 

This gives 

lj = Z& = — iP = Pi = ilm = iml = mli = im . 
There are two cases : 

[2321], when wi = Z; 
[232 2 ], when mi = 0. 

[2321]. The defining equation of this case is 

mi = Z, 

which gives 

= mj = mk , Im = c^k + d i5 l + e ib m , 
Imi = P = e 45 Z , = P = e^Z 3 = % = Z s , = eje + djt+ e b m , 
mH = ml = e 5 Z , = ra 4 Z = e B ?n 3 Z = e B = ml ; = Zm 8 = d^lm = <Z 45 . 



* What is meant is that every quantity not involving powers of % is nilf aciend with reference to f. 
Hence, U = , also. [C. S. P.] 
Vol. rv. 



1 
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There are two cases : 

[2321 s ], when c 4B does not vanish ; 
[23212], when c 4B vanishes. 

[2321 2 ]. The defining equation of this case can be reduced to 

Im = k ,* 

which gives 

m* = cjc, (m — c B Z) 2 = , 
so that the substitution of m — c B Z for m is the same as to make 

c 5 = . 

This gives a quintuple algebra which may be called (ar 5 ), of which the multipli 
cation table is 





i 


j 


k 


I 


m 


i 


3 


k 











j 


k 














k 

















I 














k 


m 


I 















[23212]. The defining equation of this case is * 

lm = 0. 

There are two cases : 

[232121], when does not vanish; 
[23212 8 ], when vanishes. 

[232121]. The defining equation of this case can be reduced to 

<4 = 1. 

There are two cases : 

[232121 8 ], when c 6 does not vanish ; 
[2321212], when c 6 vanishes. 

[232121*]. The defining equation of this case can be reduced to 

c B = 1 . 



But O — imzz mim = Im . Thus, this case disappears, and the algebra (ar 5 ) is incorrect. [C. S. P.] 
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This gives a quintuple algebra which can be called (o* 6 ), its multiplication 
table being* 





j 


k 


I 


m 


i 


j 


k 











j 


k 
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I 

















m 


I 











Jc + l 



[2321212]. The defining equation of this case is 

c 5 = 0. 

This gives a quintuple algebra which may be called (a^), its multiplication 
table being 

(ats) i j Jc I m 



i 


J 


k 











j 


k 














k 

















I 

















m 


I 











I 



[23212 2 ]. The defining equation of this case is 

m 2 = cjc . 

There are two cases : 

[23212 2 1], when c 5 does not vanish; 
[23212 3 ], when c 5 vanishes. 



*In relative form, i = A : B + B : C+ C : D + E : F, j=A:C+B :D, k = A:D, l = A:F, 
m = A:E + E:F+E:D. Omitting the last term of m , wehave(ctf 5 ). [0. S. P.] 
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[23212*1]. The defining equation of this case can be reduced to 

rr? — h. 

This gives a quintuple algebra which may be called (a%), its multiplication 
table being * 
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k 


I 


m 


i 


j 


k 











j 


k 














k 

















I 

















m 


I 











A- 



[23212 3 ]. The defining equation of this case is 

m*= 0. 

This gives a quintuple algebra which may be called (av 5 ), its multiplication 
table being 



av 6 ) 


i 


j 


Jc 


I 


m 


i 


J 


k 











j 


k 














k 





0. 











I 

















m 


I 















*In relative form, i = A : B + B :C+ C :D , j=Ai:C+B:D, k — A : D , l = E:D, m = E:C 
+ A : F+ F:D. The omission of the last two terms of m gives (ot? 6 ). [0. S. P.] 
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[232*]. The defining equation of this case is 

mi = , 

which gives 

= mj = mk — Imi = mH , 

and there is no pure algebra in this case. 

[24]. The defining equation of this case is 

i 3 = , 

and by § 59 , 

v =j, ij =ji =y = 0. 

There are three cases : 

[241], when ih = /, il=.m\ 
[242], when ih — Z, il = im = ; 
[243], when ih = il = im = 0. 

[241]. The defining equations of this case are 

ih = Z, il = m. , 

which give 

jh = m, im =jl =jm = , = iml = mf = e^mP = e u , jh = m, 
iP = ml= bij , Z 2 = b u i + bj + e#n, = P = b u m + e 4 rnZ = 6 M = ?nZ, 

iwi 2 = , m 2 = bfj + e 5 ?n , = w 3 = e h m % — e b , 

imi = , mi = 6 51t / + , tw; = e hl mi , mi 3 = = e^ , 
iZi = mi = 6 Bi y , Zi = 6 51 i + 6 fl y + e a m , 

ZiZ =lm = b^m , = Z 3 ™ = 6 51 = lm = mi = mil = m 2 , (Zi)i = Z/ , 
ih? = lh = a$j + c 3 Z + eZgWi , ilk = twA; = c 3 ra , lih = Z 2 = o^th , 

= mh? = c|m = c 3 = wA; = &*7ra , 

kj=k# = a^j + d^Zi = a 31 (l -r dgi)y + , 

kil = Ath = a 31 (l + d^)m , = k?m =■ a 3l (l + d^)hm = 0^(1 + d^) = fcm , 

= dj^m , = Aj 8 = OgZ -f 6 3 rn + d^lk = 03 = 63 + d| = + dg&Z , 
&Z = a^Z + (Jgj + cMsi) m, = &Z& = a 31 Z& = cZga 31 = lid — a 31 P = a 31 = Z 2 , 
= ^Z^Ogi = 6 3 icZg + d^i 3l + 63^1 , 
* = hi? + iJd + i?k = (<& + + 1 ) m , £^ = #1 = r, 

= &*i + + iife 2 = b 3l + cL $ (l + 2^), i(& + pi)= Z , i(Z + #/) = *n , 
(& + pi) i = 6 3i y + d^l + e^m + pj = (b 3l + p— pd^jj + d 31 (Z +pj ) + e^m , 
(Z + 10)t' = <^i0i, 



* This line and the first equation of the next can be derived from = (t + jk) 8 . [0. S. P.] 
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so that if p satisfies the equation 

P {dsi — 1) = hi > 

the substitution of k+pi for k and of 1 + pj for I is the same as to make 

= b 3l = = b 3 . 

There are four cases : 

[241 2 ], when neither e 3l nor e 3 vanishes ; 
[2412], when e dl does not vanish but e 3 vanishes; 
[2413], when e 31 vanishes and not e 3 ; 
[2414], when e 3l and e 3 both vanish. 

[241 2 ]. The defining equations of this case can be reduced, without loss of 
generality, to 

^31 = e 3 — 1 • 

We thus obtain a quintuple algebra which may be called (at0 5 ), its multiplication 
table being* 



aw 


i 


j 


h 


I 


m 


i 


j 





I 


m 





j 








m 








k 


tl+m 


*•»« 


m 








I 


tin 














m 


















[2412], The defining equations of this case can be reduced to 

e 3 i — 1 , e 3 — . 

♦In relative form t = 4 :B + B:D+tC:E+tE:F+G:F, j=A:D + t*C:F, k=:A:C+B:E 
+ D:F+A:G+Q:F, l = A:E+B:F, m = A:F. To obtain (a» 5 ), omit the last term of k. To 
obtain (ay 5 ), omit, instead, the last term of t. To obtain (a* 5 ), omit both these last terms. [C. S. P.] 
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We thus obtain a quintuple algebra which may be called (oo^), its multiplication 
table being 



ax 


») i 
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Jc 


tl+m 
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tm 














m 


















[2413]. The defining equations of this case can be reduced to 

^31 = 0, 63=1. 

We thus obtain a quintuple algebra which may be called (ay 5 ), its multiplication 
table being 

(^5) i j Je I m 
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j 





I 


m 





j 








m 
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tl 




m 








I 


tm 














in 


















[2414]. The defining equations of this case are 

^31 = ^3 = • 

We thus obtain a quintuple algebra which may be called (azg), its multiplication 
table being 
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1 


i 


j 


Tc 


I 


m 


i 


j 





I 


m 





j 








m 
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Xl 


fm 











I 


Xm 














m 


















[242]. The defining equations of this case are 

ik = l , U=im = 0, 

which give 

=jk=jl=jrn, 
K = ihi = a^j + c^Z, = Zi 3 = c sl = IP = Ij , 
= Osijk = lih = Z* = iJd = 034 = , 
iJ(? = Uc = a^j + C3Z, = iJ<? = IJ<* = cjflc = Cg , 
= iwii = 05! = c 51 , wii* = wi/ = d^Zi + ^l^i , = m fi = e si > 

ihm = Im = a&j + c 35 Z, = Zwi 8 = c x , 

= i** + ifci + k? = = 203! + + , 
kj = — <hij> = ^j=a sl = kj= li = 63 X 6 B1 , 
= imk = a M = c M , = mW = 6^ , 

?ni& = ml = a^j, kik = U= (a^d 31 + e n b^)j + Cj^Z, 634 = , 
= A^Z = = lid = 63^7/1 = 631035 = A^m = 635. 

There are two cases : 

[2421], when e^ does not vanish ; 
[242*], when e^ vanishes. 

[2421]. The defining equation of this case can be reduced to 

Jd — m , 
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which, by the aid of the above equations, gives 

= mi — kil = ml = him = m* , a s j = il<? = k?i = lk = km , = Im , 
6 M y = = kl = mk , = + kik + #i = 2a s + 6 M , 
= W = a 8 = 6 M = = few = mk = ; 

and if p is determined by the equation 

i> 2 + K + e 8 )i>-&s = 0, 

& + ^n, I + pj , and wi + can be respectively substituted for k, I and m, 
which is the same thing as to make 

6 3 =0. 

There are three cases : 

[2421*], when neither d% nor e z vanishes ; 
[24212], when vanishes and not e s ; 
[24213], when d$ and e 3 both vanish. 

[2421*]. The defining equation of this case can be reduced to 

d, = l. 

This gives a quintuple algebra which may be called (6a B ), its multiplication 
table being* 

(bat) i j k I m 
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j 





I 








j 

















k 


m 





l+em 








I 

















m 


















*In relative form, i=A : B + B :C+ A : E , j= A :C, k = D :B + E : F + D : G + eO : C+A :E, 
lzzA:F, m — D'.C. By omitting the last term of k and putting e = 1 we get (&& 5 ), and by omitting the 
last two terms of k we get (bc 5 ). [C. S. P.] 
vol. iv. 
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[2421 2 ]. The defining equation of this case can be reduced to 

A* = m. 

This gives a quintuple algebra which may be called (66 5 ), its multiplication 
table being 

(W B ) i j Jc I m 
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I 
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[24213]. The defining equation of this case is 

&* = (). 

This gives a quintuple algebra which may be called (6c 5 ), its multiplication 
table being 
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[242*]. The defining equation of this case is 

681 = 0. 

There are two cases : 

[242*1], when does not vanish ; 
[242 s ], when e s vanishes. 

[242*1], The defining equation of this case can be reduced to 

k* — a 3 i + m , 

which gives 

Mk = kl = cufilaj, ik? = Ik = aj , k?i = a z j + mi = d^kl = a^j, 
= k?i + ik + kik = a 3 (d^ + d 3l + 1) , mi = a 3 {dj, — 1)/, ml = mik = , 
== k? = as? + mk = a 3 ki + km , 

mk = — Og?, Awi = — as& 8i y — atfk\l , lm = 0. 

There are two cases : 

[242*1*] f when 03 does not vanish ; 
[242*12], when ag vanishes. 

[242*1*]. The defining equation of this case can be reduced to 

k? = i + m , 

which gives 

d^ = s/\ = X , Ik =y , mk — — Z, 

*i = — fcm = & 31 y + »?, THi = (t* — i)y , m* = — *y . 

There are two cases : 

[242*1 8 ], when b sl does not vanish ; 
[242*1*2], when b 81 vanishes. 

[242*1 8 ]. The defining equation of this case can be reduced to 

hi =y + xl. 

This gives a quintuple algebra which may be called (bd^), its multiplication 
table being * 

♦In relative form, i = A :D + D :F+B : E+C:F, j=A:F, k = xA:B + xB :C+ D:E—~D:F 
+ E:F, i = A:E—^A:F+B:F,m = x 2 A:C—A:D — B:E—C:F. [C.S.P.] 
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(bds) i j k I m 
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j 





I 








j 
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j+tl 





i + m 


V 


—j—tl 
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Of-i)/ 





-I 





-ft 



[242 3 1 2 2]. The defining equation of this case is 

ki = tl . 

This gives a quintuple algebra which may be called (6e B ), its multiplication 
table being * 

(be 5 ) i j Ic I m 



i 


j 





I 








j 

















h 


Tl 





i + m 




— tl 


I 








j 








m 


(f-l)J 





— I 





— t*j 



[242 2 12]. The defining equation of this case is 

l& — rn, 

which gives 

= hi = Ik = km = mh == m* = tfi = mi . 
There are two cases : 

[242*121], when b n does not vanish; 
[242 2 12 s ], when b sl vanishes. 



* On adding to the expression for & in the last note the term — A :C, we have this algebra in relative 
form. [C. S. P.] 
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[242*121]. The defining equation of this case can be reduced to 

hi —j + d^l. 

This gives a quintuple algebra which may be called (6/ B ), its multiplication 
table being * 



(»/. 
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j+dl 





m 








I 
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[242*1 2 2 ]. The defining equation of this case is 

let — d^t,' 

This gives a quintuple algebra which may be called (6</ B ), its multiplication 
table being f 

(%) * J * I m 
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j 





I 








j 

















Tc 


dl 
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I 

















m 


















♦In relative form, t = A : B+ B : C+ D : E, j=A:C, k = A : B + dA : D + B : E + B : F, 
l = A:E, m=iA :E+A :F. [C. S. P.] 

tin relative form, i = A : B + B : C+ D : E, j=A :C, k=zdA : D + B : E+ B :F, l — A .E, 
m — A :F. The algebra (ar 6 ) is what this becomes when d — 0. [C. S. P.] 
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[242 3 ]. The defining equation of this case is 

= 0, 

which gives * 

* It is not easy to see how the author proves that a 8 = . But it can be proved thus. = & s = 
(<M + 6 J+ dj)k = a 8 Z + a 8 d 8 . 

The algebras of the case [242 3 ] are those quintuple systems in which every product containing,; or I 
as a factor vanishes, while every product which does not vanish is a linear function of j and I. Any 
multiplication table conforming to these conditions is self -consistent, but it is a matter of some trouble 
to exclude every case of a mixed algebra. An algebra of the class in question is separable, if all 
products are similar. But this case requires no special attention ; and the only other is when two 
dissimilar expressions U and V can be found, such that both being linear functions of i , k and m , 
UV~ VU— . It will be convenient to consider separately, first, the conditions under which 
U V — Vu = 0, and, secondly, those under which UV+ VU — . To bring the subjects under a 
familiar form, we may conceive of t , k , m as three vectors not coplanar, so that, writing 

U=xi + yk + zm , V= x'i + y'k + z'm, 

we have a?, y, z, and a;', y' , z! , the Cartesian coordinates of two points in space. [We might 
imagine the space to be of the hyperbolic kind, and take the coefficients of j and I as coordinates of a 
point on the quadric surface at infinity. But this would not further the purpose with which we now 
introduce geometric conceptions.] But since we are to consider only such properties of U and V as 
belong equally to all their numerical multiples, we may assume that they always lie in any plane 

Ax + By+Cz=l, 

not passing through the origin ; and then x, y , z , and x' , , z\ will be the homogeneous coordinates 
of the two points U and V in that plane. Let it be remembered that, although t , k , m are vectors, yet 
their multiplication does not at all follow the rule of quaternions, but that 

t a = bj + dj , tk=Lb ls j+dul, im = b 15 j+d 16 l, 

ki=-b SJ j+d 91 l, k 2 = 6J+ d s l , km = b 9 J+ d s 6 l , 
m< = 6 6 J+d 61 J, mk = b s J + d s B J , m a = b J+ d 5 l . 

The condition that UV — VU— is expressed by the equations 

(b£-bt l )(xyr-*y) + (b lh -b hl )(xz'-x'z) + 

(di*—d il )(xy' — x'y) + (d 15 — d sl )(xz' — x'z) + (d 85 — d^){yz" — y'z) = 0. 

The first equation evidently signifies that for every value of U, Vmuet be on a straight line, that this 
line passes through U, and that it also passes through the point 

P=;(6 85 -6 68 )i+(6 ftl -6 16 )fe+(6 18 -6 81 )m. 

The second equation expresses that the line between Uand V contains the point 

Q=(d ss -d 6i )i+ (d 51 — d lft )fc+(d 18 — d 81 )m. 

The two equations together signify, therefore, that U and V may be any two points on the line between 
the fixed points P and Q. Linear transformations of j and I may shift P and Q to any other situations 
on the line joining them, but cannot turn the line nor bring the two points into coincidence. 
The condition that UV+ VU— is expressed by the equations 

26 ia »'+ 2b 9 m/+ 2b,zsf + (6 13 + b 91 )(xf/+ x'y) + (b 16 + b 61 )(x*+ x>z) + (6 86 + b bt )(y2>+tfz) = , 
2d 1 xx , + 2d a yj/+2d 5 zz , + (d ls + d il )(xy'+ x'y)+ (d 15 + d ftl )(a^+^) + (d 8ft +d 58 )(^-ry«) = 0. 

The first of these evidently signifies that for any position of Fthe locus of U is aline ; that U being fixed 
at any point on that line, Vm&y be carried to any position on a line passing through its original position ; 
and that further, if U is at one of the two points where its line cuts the conic 

o,* J + b s y 2 + b s z* + (b, 8 + 6 81 ) xy+ (6 15 + 6 51 ) xz + (6 ift + b„) yz = 0, 
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= l£i = a 3 j = a 3 = lk = ml = Jel= rr^ — e^ — d^a^ = Um = e^ , 
= krnk = a^l = a 85 = Im . 



then 7may be at an infinitely neighboring point on the same conic, so that tangents to the conic from 
Vcut the locus of £7 at their points of tangency. The second equation shows that the points U and V 
have the same relation to the conic 

d x x* + d 8 y a + d b z* + (d ls + d sl )xy + (d ls +d 51 )xz+(d„ + d 6t )yz = . 

These conies are the loci of points whose squares contain respectively no term in j and no term in I . 
Their four intersections represent expressions whose squares vanish. Hence, linear transformations of 
j and I will change these conies to any others of the sheaf passing through these four fixed points. The 
two equations together, then, signify that through the four fixed points, two conies can be drawn 
tangent at £7 and Vto the line joining these last points. 

Uniting the conditions of UV— VU— and UV+ VT7=0, they signify that U and V are on the 
line joining P and Q at those points at which this line is tangent to conies through the four fixed points 
whose squares vanish. But if the algebra is pure, it is impossible to find two such points ; so that the 
line between P and Q must pass through one of the four fixed points. In other words, the necessary 
condition of the algebra being pure is that one and only one nilpotent expression in i , k , m , should be 
a linear function of P and Q . 

The two points P and Q together with the two conies completely determine all the constants of the 
multiplication table. Let S and T be the points at which the two conies separately intersect the line 
between P and Q . A linear transformation of,; will move P to the point pP + (1 — p) Q and will move 
S to the point pS+ {l—p)T, and a linear transformation of I will move Q and T in a similar way. The 
points P and 8 may thus be brought into coincidence, and the point Q may be brought to the common 
point of intersection of the two conies with the line from P to Q . The geometrical figure determining 
the algebra is thus reduced to a first and a second conic and a straight line having one common intersec- 
tion. This figure will have special varieties due to the coincidence of different intersections, etc. 

There are six cases : [1], there is a line of quantities whose squares vanish and one quantity out of 
the line ; [2], there are four dissimilar quantities whose squares vanish ; [3], two of these four quantities 
coincide ; [4], two pairs of the four quantities coincide ; [5], three of the four quantities coincide : [6], all 
the quantities coincide. 

We may, in every case, suppose the equation of the plane tobeaj + y + 3 = l. 
[1]. In this case, the line common to the two conies may be taken as y = , and the separate lines of 
the conies as z~0 and x = , respectively. We may also assume 2P — x-\-y and 2Q — x-\-z. We 
thus obtain the following multiplication table, where the rows and columns having j and I as their 
arguments are omitted : 





i 


k 


m 


t 





3* 


—j 


k 


— I 







m 


j 


1-3 






[2]. In this case, we may take k as the common intersection of the two conies and the line, t,«. 
and t — k + m as the other intersections of the conies. We have Q = k , and we may write 

p = S=pi+{l—p — q)k + qm, T=rP + (l—r)Q = rpi+ (l — rp -rq)k + rgm. 

We thus obtain the following multiplication table : 
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There are two cases : 

[242 3 1], when does not vanish ; 
[242 4 ], when vanishes. 

[242 a l]. The defining equation of this case can be reduced to 

* = 1, 

which gives 

i (k + bsi + prn) = 1 + bj = m % ; 

and if 

p % = — <h — h — M31 — hpd*i — pdrn — pdis* 



i k m 






q(q+l)j+rq(rq-\)l 


r_2-p(p-8) + g(g+l)]i 
+ f_ a -rp(rp- 1) + rqjrq - 


q{q-S)j+rq(rq-\)l 





—p(p — Z)j—rp{rp 


[2-p(j) + D + a(a-8)i7+ 

[2-rp(rp-D + rq(rq-l)]l 


— P(P+ \)j-rp{rp— 1) I 






[8]. Let k be the doable point common to the two conies, and let t and m be their other intersections. 
Then all expressions of the form ku + uk are similar. The line between P and Q cannot pass through 
k , because in that case all products would be similar. We may therefore assume that it passes through 
t . Then, we have Q — i, we may assume S — P — i — k-\-m, and we may write T— rP-\- (1 — r) Q 
•=.i — rk-\-rm. The equation of the common tangent to the conies at k may be written hx + (1 — h)z — . 
Then the equations of the two conies are 

hxy + xz + (1 — h)yz = , 
hxy+ (h + r — hr)xz+ (l — h)yz = 0. 

We thus obtain the following multiplication table : 



i 


k 


m 





(h+X)j+(h + r)l 


#+P»(l-r) + 2r]l 


{h-i)j+ (h-r)l 





(2-h)(j+l) 


Ml-r)J 


~h(} + l) 






[4]. In this case we may take t and m as the two points of contact of the conies, k as P, and 
i — Jfc + masT. Then writing the equations of the two tangents 

gy + zzzQ. x+hyzzO, 

the two conies become 

gxy + xz + kyz zz , 
(flr+fc — l)y a +gxy + xz + hyzzzO, 

and the multiplication table is as follows : 
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the substitution of h + b$i -\-pm for h and I + b 5 j for I is the same as to make 

h = d s =0. 

This gives 

m* = l, L* = b 3 j. 

There are two cases : 

[242 3 1 2 ], when b s does not vanish ; 
[242 3 12], when b 3 vanishes. 

[242*1*]. The defining equation of this case can be reduced to 



i k m 



i 


(g + h- 


i)« 






k 


sd+{g— 









m 


%i 


hj+(h-i)i 






[5]. In this case, we may take k as the point of osculation of the conies and t as their point of inter- 
section. The line between P and Q must either, [51], pass through fc, or, [52], pass through t . 
[51]. We may, without loss of generality, take 

P = fc, Q — m, 

and the equations of the two conies are 

z 2 + rxz •=. , rxy + %qxz + 2yz — . 
Then, the multiplication table is as follows : 





i 


k 


m 


t 








n 


k 


W 





I 




rj+ql 


/ 


3 



[52]. We liave Q— /, we may take 2'=w, and we may assume P = 2i — w and 6, 3 + 6 31 = 1 . 
Then, we may write the equations of the two conies, 

2z 2 + xy + xz + ryz = , 
— rxy + (2 — r) xz + r 2 yz — . 

We thus obtain the following multiplication table : 
Vol. IV. 



1 94 Peibce : Linear Associative Algebra. 

This gives a quintuple algebra which can be called (b7i s ), its multiplication 
table being* 

(Mi & ) * j & I m 
i ■ i ' I I 

j 
Jc 
I 

m 



i k m 






-rl 


j- (r-8)I 


2j—rl 





(r-2)j 
+ (r« + l)J 


j-(r-2)l 


(r-S)i 
+ (r«-l)/ 





[6]. The conies have but one point in common. This may be taken at k . We have Q~k^ we may 
take T=i and 2P =. 2S =. i + k . We may also take bi = — 1 . Then the equations of the two conies 
may be written 

— x 2 + pz 2 + 2^7/4- 4qxz + 2ryz = , 
( 4 + 2 ) 2 2 + 2xy + 4 ( q + r ) xz + 2ryz = . 

We thus find this multiplication table : 

i k m 



(2q-l)j+2(q + r-p)l 



(r+l)j+rl 



pj+(* + pr*)l 



If this analysis is correct, only three indeterminate coefficients are required for the multiplication 
tables of this class of algebras. [C. S. P.] 

* See last note. I do not give relative forms for this class of algebras, owing to the extreme ease 
with which they may be found. [C. S. P.] 



I 
aj+bl 












\cj+dl 















+ 



«'j 1 # 1 
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[242 3 12]. The defining equation of this case is 

# = 0. 

There are two cases : 

[242 3 121], when b n does not vanish ; 
[242 3 12 2 ], when /^vanishes. 

[242 3 121]. The defining equation of this case can be reduced to 

'*i = l. 

This gives a quintuple algebra which may be called (/>* B ), its multiplication 
table being 





j 


k 


1 


m 


i 


j 





I 








j 

















k 


j+al 











bj+cl 


I 
















m 


*j 
+ b'l 




dj 





I 



[242 3 12 2 ]. The defining equation of this case is 

/•/ = d 3l l. 

There are two cases : 

[242 3 12 2 1], when i 51 does not vanish ; 
[242*12*] , when i 61 vanishes. 

[242*1 2*1]. The defining equation of this case can be reduced to 

i 51 =i. 

This gives a quintuple algebra which may be called (J/ 5 ), its multiplication 
table being 
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i 


j 


Tc 


I 


m 


i 


j 





I 








j 

















k 


a! 











hj+cl 


I 

















m 


j+a'l 





Vj+il 








[242*1 2 s ]. The defining equation of this case is 

mi = c7 B1 ?; 

which can always, in the case of a pure algebra, be reduced to 

mi — I. 

This gives a quintuple algebra which may be called (6& 5 ), its multiplication 
table being 

(6A? 6 ) i j k I m 



i 


j 





I 








j 

















h 


al 













I 

















m 


I 





+ b'l 





I 



[242 1 ]. The defining equation of this case is 



Peirce : Linear Associative Algebra. 

and it can bo reduced to [242 3 1] unless 

tf» = ^ = O f & = bj, (hi = — 1 , ^» = — ^w5 
whence it may be assumed that 

and since 
when 
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(* + fti)» = 0, 



it may also be assumed that 
There are two cases : 



P* + pK + A* = , 



L» = 0. 



[242 4 1], when & 31 does not vanish; 
[242 5 ], when b 31 vanishes. 

[242 4 1]. The defining equation of this case can be reduced to 

hi = 1 • 

This gives a quintuple algebra which may be called (bl^), its multiplication 
table being 





j 


k 


I 


m 


i 


j 





I 








9 

















Tc 


j-l 











aj+bl 


I 

















m 


• 

J 





aj+bl 








[242 5 ]. The defining equation of this case is 

Jei = — I. 



There are two cases : 



[242 5 1], when b m does not vanish ; 
[242 6 ], when ?; 35 vanishes. 
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[242 5 1]. The defining equation of this case can be reduced to 

a* = i. 

This gives a quintuple algebra which may be called (bm b ) y its multiplication 
table being * 



i 



I m 



J 
Jc 
I 

m 



j ! 1 

1 

! ! 

















i i 

— i ! o ! o 





j+al 




! 











j o 


bj — al 





9 



[242 6 ]. The defining equation of this case is 

?>a5 = 0. 

There are two cases : 

[242 6 1], when 653 does not vanish; 
[242 7 ], when 653 vanishes. 

[2 i2 6 l]. The defining equation of this case can be reduced to 

i M =l. 

This gives a quintuple algebra which may be called (6n 5 ), its multiplication 
table being f • 



*This algebra is mixed. Namely, if bifcl, it separates on substituting ii = (1 — 6)t + fc, 
fc x = (1 — b) i + [a (1 — b) + 1] k — (1 — b) 2 m ; but if b = 1 , it separates on substituting i x = at — (a 2 + a 
+ c)k+m, &! =at + gfc+ m. [C. S. P.] 

t Substitute i 1 == t — k , ^nafc + w, and the algebra separates. [C. S. P.] 



# 
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(bn & ) i j k I m 



i 


j 





I 








j 

















k 


— I 











al 


1 

















m 







j—nl 








[242 7 ]. The defining equation of this case is 

&53 = 0. 

This gives a quintuple algebra which may be called (7x> 5 ), its multiplication 
table being * 

(#o 5 ) i j Jc I m 



i 


j 





I 








j 

















Jc 


—I 











al 


I 

















m 


j 





— (d 





9 



[243]. The defining, equations of this case are 

= He = il = im , 

which give 

=jh=jl=jm. 



i: Substitute for m , ai + m , and the algebra separates. [C. S. P.] 



% 
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There are two cases : 

[2431], when ki = /, U = m, mi = 0; 
[2432], when ki = /, K = mi = 0. 

[2431]. The defining equations of this case are 

7t7 = /, fi = m, mi = , 

which give 

kj = m , Ij= mj = = Ik = mk = P = lm = ml = w*, 

= ilt? = ikl — ikm = a 3 = a u = a& , 
J&i = Id = c 3 l + d 3 m , 
/t/i = = c 3 m , = l?m =c 3 = km , 

= k? = 6 3 m + dim =b 3 -\-d\. 

There are two cases : 

[2431*], when e 3 does not vanish ; 
[24312], when e 3 vanishes. 

[2431 2 ]. The defining equation of this case can be reduced to 

e 3 = 1 . 

This gives a quintuple algebra which may be called (6/> 5 ), its multiplication 
table being * 



* The structure of thin algebra may be exhibited by putting A", =t + a " % j — a 'A:, l^—j — a~ 7. 
m , = — a 'm , when the multiplication table becomes 





i 


j 


k 


I 


m 


% 


j 


» 


J 


o 


o 


j 





o 




.1.. 





k 


1 


m 











I 


in 




VI 








m 

















In relative form, i-Ji:C+ C:D . j= B:D, k = A:B + C:D, 7 = A:C, m=A:D. [C. S. P.] 
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k 
I 

m 





j 


k 


I 


m 


j 





















1 








I 


m 


!-«!?+; 

j al + m 


am 




i 


m 




















i 

i 

i 









[24312]. The defining equation of this case is 

eg = 0. 

This gives a quintuple algebra which may be called (bq t ), its multiplication 
table being* 

(%) i j k I m 
j ! 



J 
k 
I 

m 



















m 



am 



m 







j 







[2432]. The defining equations of this case are 

ki=.l, li = mi ■=■(), 



*On substituting fc, =:»— a~'fc, f, =j — a - '/, m,=a -I m, this algebra reduces to (6p»). in the 
form given in the last note. [C. S. P.] 
Vol. IV. 



202 



Peirce : Linear Associative Algebra. 



which give 

= kj = Ij = mj = Ik = P = Im = iJP = 03, 
kJ = cJ, = #7 = c 3 = £/, 

= i&m = rt35 = fowi = c 35 = k?m = e^ = imk = Oj, , 
m/ = c M /, = 771*7 = 053 = mI = mJP = e M ; 

and it may be assumed that 
which gives 

= IP = Awi = rnfc = m % . 

There is then a quintuple algebra which may be called (6r 5 ), its multiplication 
being * 



(*•"•) * 


j 


k 


Z 


m 


1 

i 


j 














j 

















k 


I 





m 








I 

















m 


















[25]. The defining equations of this case are 

= P =j % — TP = P =m* — ij +ji = ik + hi = H + li = im + mi , 
=jk + kj =jl + Ij =jm + mj = M -\-lk = km + mk = lm + ml] 

and it may be assumed that 

ij = k = — ji , il = m = — li ; 



*In relative form, i=D:E+E:F t j=zD:F, fc = A :B + B : F+ C :E . l = C:F, m = A:F. 

[c. s. p.] 
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which gives 

= ik = Id =jk = kj = im = mi — km = ink = Im = ml , 
ijk = kl = b u k + d u m — — ilj = — mj =jm , 
= j*m = d^jm = rfj4 = kl* = b u kl = b u = kl = Ik =jm = mj , 
0=f1 = a u k=a Ul 
i{Puj + € ul) = c u k + e u m , 

' (<W + e J) = — <Ha {<^h + ; 
so that it is easy to see that there is no pure algebra in this case. 

Sextuple Algebra. 

There are two cases : 

[1], when there is an idempotent basis; 
[2], when the algebra is nilpotent. 

[1], The defining equation of this case is 

i* = i. 

There are 19 cases : 

[P], when all the other units but i are in the first group ; 
[12], when/, k, /, m are in the first and n in the second group ; 
[13], when/ , k and / are in the first and m and n in the second group ; 
[14], when/, k and / are in the first, m in the second and n in the third group; 
[15], when / and k are in the first and /, m and n in the second group ; 
[16], when j and k are in the first, / and m in the second and n in the third 
group ; 

[17], wheny and /: are in the first, / in the second, m in the third, and n in the 
fourth group ; 

[18], wheny is in the first, and k, I , m and n in the second group ; 
[19], wheny is in the first, 7r, / and m in the second, and n in the third group ; 
[10'], wheny is in the first, k and / in the second, and m and n in the third group ; 
[11'], when y is in the first, k and / in the second, m in the third and n in 
the fourth group ; 

[12'], when j is in the first, k in the second, / in the third and m and n in the 
fourth group ; 
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[13*]. when j. k. I . m and n are in the second group : 
[14*]. when y, / and m are in the second and m in the third group ; 
[15Q. when j . k and / are in the second and m and n are in the third group: 
[16*]. when /. Ar and / are in the second, m in the third, and n in the fourth 
group: 

[IT*], when j and k are in the second, / and m in the third, and n in the fourth 
group : 

[18*]. when j and A- are in the second. / in the third, and m and n in the fourth 
group; 

[19*], when j is in the second, k in the third, and /, m and n in the fourth group. 
[P] : The defining equations of this case are 
. ij = ji = j, ik = ki = k . i7 = /i = / , itfi = mi = m , in = ni = n . 

and the 54 algebras of this case deduced from (j 5 ) to (&r 5 ) may be called (a 6 ) to 

[12]. The defining equations of this case are 
ij = ji —j , ik — ki — k, il = li = I , im = mi = m . in = n , m = , 
which give 

0=jn = nj = kn = nk = ln = nl = mn = nm = n\ 

so that there is no pure algebra in this case. 

[13]. The defining equations of this case are 

ij — ji — j , ik = ki = k, il = li = / , im = m , in = n, mi = /«i = . 

There are four cases, which correspond to relations between the units of the 
first group similar to those of the quadruple algebras (a 4 ), (6 4 ), (c 4 ) or (rf 4 ). 
[131]. The defining equations of this case are 

j* = k, jk = kj = l 1 jl=k* = kl=lj = lk=P = Q: 

and, in the result, we obtain 

jm = n , jn = km = kn = Im = In = . 



* The multiplication tables of these algebras, formed from the nilpotent quintuple algebras, in the 
same manner in which the first class of quintuple algebras are formed from the nilpotent quadruple 
algebras, have been omitted. [C. S. P.] 
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This gives a sextuple algebra which may be called (ftc 8 ), of which the multipli- 
cation table is * 



(*v) 


i 


j 


k 


I 


m 


n 


i 


i 


j 


k 


I 


m 


n 


j 


j 


-\ 

k 

i- 


I 





n 





k 


k 


, I 














I 


I 

















m 





1 








i 







n 





















[132]. The defining equations of this case are 

f = k = P, lj=ak, jh =jl= kj=l<* = kl = lk = 1 

which give 

km = Jen = . 

There are two cases : 

[1321], when e M does not vanish ; 
[132*], when e^ vanishes. 

[1321]. The defining equation of this case can be reduced to 

jn = m , 

which gives 

=jm = Im . 

This gives a sextuple algebra which may be called of which the multipli- 

cation table is f 



*In relative form, i = A : A + B : B+ C : C+ D :D . j= A : B+ B : C+ C:D, k = A :C+B:D, 
l = A :D, m = B:E, nz=:A:E. [C. 8. P.] 

t This algebra is distinguishable into two, in the same manner as (c a ). Namely, if an±2. on sub- 
stituting L we have Z 2 = 0, ;7 = fc. — Ac, and the multiplication table is otherwise un- 
changed. Otherwise, on substituting j\ =.l + cj. l x =k + c~ l j , where 2c = — a d= </ a 2 — 4. we have 
j*=l* = 0. — c 2 )k. lj=(l — c-*)k.jii=2\b+c)k. ln=(b + c- l )k. and otherwise the multi- 
plication table is unchanged. The following is a relative form for the first variety : i=.A :A + B:B 
+ C:C+D:D, j=A:B+B:D + C:D, k = A :D, l = A :a—B:D, m = A:E. n = B:E+bC:E. 
For the second variety, i = A : A + B : B+ C : C+ D : D , j= A : B + (1 — c»)C:D. k=A:D. lizA.C 
+ (1 — c*)B:D. m = A:E, n= (b + c) B : E+ (b + c~M C : E . [C. S. P.] 



206 



Peibce : Linear Associative Algebra. 





i 


j 


k 


I 


m 


n 


i 


i 


j 


k 


I 


m 


n 




j 


k 











; m 


k 


k 

















I 


I 


ak 





k 





, bm 


m 

















\ o 


n 





















[132 2 ]. The defining equation of this case is 

/n = 0, 

and there is no pure algebra in this case. 

[13*]. The defining equations of this case are 



/ = lj=k, jk=j! = kj=P = M=m = 1 l = 0, 



which give 



km — Jen — . 



There is a sextuple algebra in this case which may be called (fe e ), of which the 
multiplication table is * 



"This algebra may be a little simplified by substituting j—liorj. In relative form, i — A :A 
+ B:B+C:C+ D:D, j = A:D+ B:C, k=zA:C, l = A:B, m = A:E, n = 6B : E + aD : E . 
[C. 8. P.] 
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i 


j 


k 


I 


m 


n 


i 


i 


j 


k 


I 


m 


n 


3 


J 


k 











am 


k 


k 

_ j 

















I 


I 

i 


k 











bin 


m 




















n 








i 














[134]. The defining equations of this case are 

jk = —kj= /, fz=zl<*z=zjk = kj=M=lk=P = 0. 

There is a sextuple algebra in this case which may be called of which the 

multiplication table is * 





i 


j 


k 


I 


m 


n 


i 


i 


j 


k 


I 


m 


n 


j 


j 








k 





m 


k 


k 


: 1- 












— ■ 





I 


I 


— k 











am 

i 


m 



















i 


n 














! 






1 



*Inrelativeform,t = ^:^ + B:B + C:C+D:Z),y=2l:B — C:D, & = 4:D, l = A:C+B:D, 
m=iA :E, n = B:E+aC:E. [C. 8. P.] 
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[14]. The defining equations of this case are 
ij = ji = j , ik = ki = k, il = li = 1 , im = m s ni = n , mi = in = , 
which give 

=jm =jn= km = kn = fm = Jn= mj = nj= mk = nJc= ml=nl= m*=nm =n % . 

There are four cases defined as in [13]. 

[141]. The defining equations of this case are 

f = k 1 jk = kj = I 1 jl=lt = kl = lj=lk = P=0, 

which give 

mn = d^l . 

There is a sextuple algebra which may be called of which the multipli- 

cation table is* 





i 


j 


k 


/ 


m 


n 


i 


i 


j 


k 


I 


m 
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j 


i 

1 k 


I 
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n 


n 


















[142]. The defining equations of this case are the same as in [132], 
which give 

mn — c^k. 



*In relative form, i = A : 4 + B :B + C: C+ D : D, i= A : B + B : C+ C: D. h = A:C+B:D, 
l = A :D, m = A :E, n = E:D. [C. 8. P.] 
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There is a sextuple algebra which may be called of which the multipli- 

cation table is * 



*•) 
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[143]. The defining equations of this case are the same as in [13*]. There 
is a sextuple algebra which may be called of which the multiplication 

table isf 

(bit) i j Jc I m n 
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i ; 

— !- 


m 
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* 
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k 
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n 
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: 









* ThiB algebra has two varieties, analogous to those of (c 3 ). The first is, in relative form, t = A : A 
+ B:B+C:C+D:D,j=A:B + B:C+A:D, k= A:C. / = - A:B + D:C, m = A:E,n = E:C. 
The second in relative form is the same except thati= A : B + b~ l D : C, l = A:D — bB:C. [C. S. P.] 

t This algebra may be slightly simplified by putting j — I for j. Then, in relative form. t= A : A 
+ B:B+C:C. j=B:C\ k = A :C. l = A :B. m = A :D. n = D:C. [C. S. P.] 
Vol. IV. 
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[14 3 ]. The defining equations of this case are the same as in [134]. There 
is a sextuple algebra which may be called (6/ 6 ), of which the multiplication 
table is * 
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11 
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m 





j 


j 










k 








Jc 


k 
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m 

















k 


n 


n 








• 





i 



[15]. The defining equations of this case are 



ij — ji = j , ilc = hi = k, il = / , im — m , in — n , K = mi = ni — , 



which give 



j* = k , =jk — kj = 1£ = Ij = Ik = P = Im = In — mj = mk z=. ml = m % 

= rnn = nj = nk = nl = nm = w*. 

There is a sextuple algebra which may be called (bk 6 ) 1 of which the multipli- 
cation table isf 



*i = A:A + B:B+C:C+D:D< j=A:B — C:D, k = A:D, l = A:C+B:D, m = A:E, 
n = E:D. [C. 8. P.] 

tin relative form, i = A:A + B:B + C:C, j=A:B + B:C, k=:A:C,lzzC:D,mz=:B:D< 
n = A :D. [C. S. P.] 
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[16]. The defining equations of this case are 
ij =ji =j, ik = ki = k , il = I , im = m , ni = n , U = mi = in = 0, 
which give 

j 2 = k, =jk =jn = kj = k? = Jen = Ij = lk = P = Im — mj — mk = nl = rn % 

— nj — rik — nl — nrn = n 2 . 

There is a sextuple algebra which may be called (W 6 ), of which the multipli- 
cation table is * 
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♦In relative form, i = A :A + B : B + C: C. j=A:B + B:C, k = A:C, l = B:D+ A:E, 
m — A :Z), n — E\C. [C. S. P.] 
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[17]. The defining equations of this case are 

ij =ji —j , ik = ki = k, il = l , mi = m , li = irn = in = ni = 

There is no pure algebra in this case. 

[18]. The defining equations of this case are 

ij —ji = j, ik = k, il = I , im — m, m = n, Jci = li = mi = ni : 

There is no pure algebra in this case. 

[19]. The defining equations of this case are 

ij =ji —j , ik = k, U=l, im = m , ni = n , in = M = li = ni 

There is no pure algebra in this case. 

[10 7 ]. The defining equations of this case are 

ij =ji =y , ik = k , il = I, mi = m , ni = n, im = vn = Jd = li 

There is no pure algebra in this case. 

[11']. The defining equations of this case are 

ij =ji =j, ik = k r il = 1, mi = m , im = li = m = ni — . 

There is no pure algebra in this case. 

[12']. The defining equations of this case are 

ij —ji =y, ik — k , li = l 9 il = im = in = ki = mi = ni = . 

There is no pure algebra in this case. 

[13']. The defining equations of this case are 

ij=j, ik = k f il — l % im = m, in = n, ji — lri = li = mi = ni 

There is no pure algebra in this case. 

[14']. The defining equations of this case are 

ij =j , %k = k, il = l t im — m, ni — n, ji = hi = li = mi = in 

There is no pure algebra in this case. 

[15 ; ]. The defining equations of this case are 

ij =z j , ik = k, U = l, mi = m 9 ni — n, irn = vn =ji = Jti= li 
There is no pure algebra in this case. 
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[16']. The defining equations of this case are 

ij =j , ik = k, il = I, mi = m , im = in =jk = M = li = ni = . 

There is no pure algebra in this case. 

[17']. The defining equations of this case are 

ij =j , ik = k , li = I , mi — m, il = im = in = ji — hi = ni = . 

There is no pure algebra in this case. 

[18']. The defining equations of this case are 
ij —j , ik = k , li = l , ji = ki = il = im = in = mi = ni = . 

There are six cases : 

[18'1], when m % = m , mn = n , nm = , 
[18 ; 2], when m 2 —m , mn = , nm = n , 
[18'3], when m % = n, mn = nm = , n* = m , 
[18' 4], when m* = m , mn = nm = n 2 = , 
[18'5], when m % — n , w 3 = , 
[18'6], when w' = n* = 0. 

[18'1]. The defining equations of this case are 

m 2 = m , mn = /i , n?n = . 

There are two cases : 

[18 ; 1 2 ], whenmZ = 0; 
[1812], when ml= t. 

[18'1*]. The defining equation of this case is 

ml=0. 

There is no pure algebra in this case. 

[18'12], The defining equation of this case is 

ml — L 

There are two cases : 

[18'121], when>=/; 
[18 , 12 2 ], when>i = 0. 

[18'121], The defining equation of this case is 

jm =j. 

There is a sextuple algebra which may be called (bm e ), of which the multipli 
cation table is * 



•* In relative form, i = A : A , /= A : B , k = A:C , Z = B : A , w = B : B , n = B :C. [C. S. P.] 
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[18 , 12*]. The defining equation of this case is 

jm = 0. 

There is no pure algebra in this case. 

[18'2]. The defining equations of this case are 

TV? — m , mn — , nvn — n . 

There are two cases : 

[18'21] t when ral — l\ 
[18'2»], when ml=0. 

[18'21]. The defining equation of this ca^e is 

ml — I. 

There are two ca&es : 

[192V], when jm=j; 
[18'212], whenym=0. 

[18 ; 21 a ]. The defining equation of this case is 

jm—j. 

There is no pure algebra in this case. 

[18 ; 212]. The defining equation of this case is 

jm = 0. 

There is no pure algebra in this case. 
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[IS'2 1 ]. The defining equation of this case is 

ml = . 

There is no pure algebra in this case. 

[18'3]. The defining equations of this case are 

m % = m , ran = nm = , n % = n. 

There is no pure algebra in this case. 

[18'4]. The defining equations of this case are 

m* = m, rnn = nm=n* = 0. 

There are two cases : 

[18'41], when jm=j) 
[18'42], when jm=0. 

[18'41]. The defining equation of this case is 

jm = j. 

There is no pure algebra in this case. 

[18'42]. The defining equation of this case is 

jm — 0. 

There is no pure algebra in this case. 

[18'5]. The defining equations of this case are 

m* = n , m s = 0". 

There is no pure algebra in this case. 

[18' 6]. The defining equations of this case are 

m* = n % = . 

There is no pure algebra in this case. 

[19']. The defining equations of this case are 

ij =j , ki = k , ji = ik = if = im — in = li = mi = ni = . 

There is no pure algebra in this case. 

[2]. The algebras belonging to this case are not investigated, because it is 
evident from § 69 that they are rarely of use unless combined with an idempo- 
tent basis, so as to give septuple algebras. 

Natural Classification. 
There are many cases of these algebras which may obviously be combined 
into natural classes, but the consideration of this portion of the subject will be 
reserved to subsequent researches. 
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ADDENDA. 
I. 

On the Uses and Transformations of Linear Algebra. 
By Benjamin Peibce. 
[Presented to the American Acadeftay of Arts and Sciences. May 11, 1875.] 



Some definite interpretation of a linear algebra would, at first sight, appear 
indispensable to its successful application. But on the contrary, it is a singular 
fact, and one quite consonant with the principles of sound logic, that its first and 
general use is mostly to be expected from its want of significance. The interpre- 
tation is a trammel to the use. . Symbols are essential to comprehensive argument. 
The familiar proposition that all A is B, and all B is (7, and therefore all A is (7, 
is contracted in its domain by the substitution of significant words for the 
symbolic letters. The A, B, and (7, are subject to no limitation for the purposes 
and validity of the proposition-; they may represent not merely the actual, but 
also the ideal, the impossible as well as the possible. In Algebra, likewise, the 
letters are symbols which, passed through a machinery of argument in accord- 
ance with given laws, are developed into symbolic results under the name of 
formulas. When the formulas admit of intelligible interpretation, they are 
accessions to knowledge ; but independently of their interpretation they are 
invaluable as symbolical expressions of thought. But the most noted instance 
is the symbol called the impossible or imaginary, known also as the square root 
of minus one, and which, from a shadow of meaning attached to it, may be 
more definitely distinguished as the symbol of semi-inversion. This symbol is 
restricted to a precise signification as the representative of perpendicularity in 
quaternions, and this wonderful algebra of space is intimately dependent upon 
the special use of the symbol for its symmetry, elegance, and power. The 
immortal author of quaternions has shown that there are other significations 
which may attach to the symbol in other cases. But the strongest use of the 
symbol is to be found in its magical power of doubling the actual universe, and 
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placing by its side an ideal universe, its exact counterpart, with which it can be 
compared and contrasted, and, by means of curiously connecting fibres, form 
with it an organic whole, from which modern analysis has developed her 
surpassing geometry. The letters or units of the linear algebras, or to use the 
better term proposed by Mr. Charles S. Peirce, the vids of these algebras, are 
fitted to perform a similar function each in its peculiar way. This is their 
primitive and perhaps will always be their principal use. It does not exclude 
the possibility of some special modes of interpretation, but, on the contrary, a 
higher philosophy, which believes in the capacity of the material universe for 
all expressions of human thought, will find, in the utility of the vids, an indica- 
tion of their probable reality of interpretation. Doctor Hermann HankePs 
alternate numbers, with Professor Clifford's applications to determinants, are a 
curious and interesting example of the possible advantage to be obtained from 
the new algebras. Doctor Spottiswoode in his fine, generous, and complete 
analysis of my own treatise before the London Mathematical Society in Novem- 
ber of 1872, has regarded these numbers as quite different from the algebras 
discussed in my treatise, because they are neither linear nor limited. But there 
is no difficulty in reducing them to a linear form, and, indeed, my algebra (e 3 ) is 
the simplest case of HankePs alternate numbers ; and in any other case, in which 
n is the number of the Hankel elements employed, the complete number of vids 
of the corresponding linear algebra is 2 n — 1 . The limited character of the 
algebras which I have investigated may be regarded as an accident of the mode 
of discussion. There is, however, a large number of unlimited algebras 
suggested by the investigations, and HankePs numbers themselves would have 
been a natural generalization from the proposition of § 65 of my algebra.* 
Another class of unlimited algebras, which would readily occur from the 
inspection of those which are given, is that in which all the powers of a vid are 
adopted as independent vids, and the highest power may either be zero, or unity, 
or the vid itself, and the zero power of the fundamental vid, i. e. unity itself, 
may also be retained as a vid. But I desire to draw especial attention to that 
class, which is also unlimited, and for which, when it was laid before the math- 
ematical society of London in January of 1870, Professor Clifford proposed the 
appropriate name of quadrates. 

* This remark is not intended as a foundation for a claim upon the Hankel numbers, which were 
published in 1867, three years prior to the publication of my own treatise*— B. P. [They were given 
much earlier under the name of clefs by Cauchy, and (substantially) at a still earlier date by Grassmann. 
-C. S. P.] 

Vol. IV. 
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Quadrates. 

The best definition of quadrates is that proposed by Mr. Charles S. Peirce. 
If the letters A, B, C, etc., represent absolute quantities, differing in quality, 
the vids may represent the relations of these quantities, and may be written in 
the form 

(A:A)(A:B)(A:G) . . . (B : A) (B : B) . . . (C:A), etc. 
subject to the equations 

(A :B)(B:0) = (A: C) 
(A : B) (G:D) = 0. 

In other words, every product vanishes, in which the second letter of the multi- 
plier differs from the first letter of the multiplicand; and when these two letters 
are identical, both are omitted, and the product is the vid which is compounded 
of the remaining letters, which retain their relative position. 

Mr. Peirce has shown by a simple logical argument that the quadrate is the 
legitimate form of a complete linear algebra, and that all the forms of the 
algebras given by me must be imperfect quadrates, and has confirmed this 
conclusion by actual investigation and reduction. His investigations do not 
however dispense with the analysis by which the independent forms have 
been deduced in my treatise, though they seem to throw much light upon their 
probable use. 

Unity. 

The sum of the vids (A : A), (B :B), (67: (7), etc., extended so as to include 
all the letters which represent absolute quantities in a given algebra, whether it 
be a complete or an incomplete quadrate, has the peculiar character of being 
idempotent, and of leaving any factor unchanged with which it is combined as 
multiplier or multiplicand. This is the distinguishing property of unity, so that 
this combination of the vids can be regarded as unity, and may be introduced 
as such and called the vid of unity. There is no other combination which 
possesses this property. 

But any one of the vids (A : A), (B : B\ etc., or the sum of any of these 
vids is idempotent. There are many other idempotent combinations, such as 

(A:A) + x(A:B), y(A:B) + (B:B) 1 
h(A:A) + h(A:B) + l(B:A) + h(B:B), 

which may deserve -consideration in making transformations of an algebra 
preparatory to its application. 
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Inversion. 

A vid which differs from unity, but of which the square is equal to unity, 
may be called a vid of inversion. For such a vid when applied to some other 
combination transforms it ; but, whatever the transformation, a repetition of the 
application restores the combination to its primitive form. A very general form 
of a vid of inversion is 

(A : A) ± (B : B) ± (C : G) ± etc., 

in which each doubtful sign corresponds to two cases, except that at least one of 
the signs must be negative. The negative of unity might also be regarded as a 
symbol of inversion, but cannot take the place of an independent vid. Besides 
the above vids of inversion, others may be formed by adding to either of them 
a vid consisting of two different letters, which correspond to two of the one- 
lettered vids of different signs ; and this additional vid may have any numerical 
coefficient whatever. Thus 

(A:A)+(B:B) — (C: C) + x(A : G) + y (B : C) 

is a vid of inversion. 

The new vid which Professor Clifford has introduced into his biquaternions 
is a vid of inversion. 

Semi- Inversion. 

A vid of which the square is a vid of inversion, is a vid of scmi-iniwrxioiu 
A very general form of a vid of semi-inversion is 

(A:A)±(B:B)±J(C:G)± etc. 

in which one or more of the terms (A: A), (B : B), etc., have J for a coeffi- 
cient. The combination 

(A : A) ± J(B : B) + x(A : B) + etc. 

is also a vid of semi-inversion. With . the exception of unity, all the vids of 
Hamilton's quaternions are vids of semi-inversion. 

The Use of Commutative Algebras. 

Commutative algebras are especially applicable to the integration of 
differential equations of the first degree with constant coefficients. If i, j, k, 
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etc., are the vids of such an algebra, while x, y, z, etc., are independent 
variables, it is easy to show that a solution may have the form F(xi + t/j + zk 
-f- etc.), in which Fin an arbitrary function, and /, j\ /r, etc., are connected by 
some simple equation. This solution can be developed into the form 

+ !ti + zk + etc -) = Mi + Nj+ Pk + etc. 

in which M, N, P, etc., will be functions of x, //, z, etc., and each of them is a 
solution of the given equation. Thus in the case of Laplace's equation for the 
potential of attracting masses, the vids must satisfy the equation 

t*+y 2 + A* = 0. 

The algebra (a^) of which the multiplication table is 



i j h 



. 

1 


J 


k 


j 


It 














may be used for this case. Combinations i x , j\, 1^ of these vids can be found 
which satisfy the equation 

ti+y? + *! = o, 

and if the functional solution 

is developed into the form of the original vids 

Mi+Nj+Pk, 

M, N, and P will be independent solutions, of such a kind that the surfaces for 
which N and P are constant will be perpendicular to that for which M is 
constant, which is of great importance in the problems of electricity. 

The Use of Mixed Algebras. 

It is quite important to know the various kinds of pure algebra in making 
a selection for special use, but mixed algebras can also be used with advantage 
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in certain cases. Thus, in Professor Clifford's biquaternions, of which he has 
demonstrated the great value, other vids can be substituted for unity and his 
new vid, namely their half sum and half difference, and each of the original 
vids of the quaternions can be multiplied by these, giving us two sets of vids, 
each of which will constitute an independent quadruple algebra of the same 
form with quaternions. Thus if k, are the primitive quaternion vids and 
w the new vid, let 

«i = 2 (1 + w) . u 2 = h (1 — w) . 

= aft . % = otji . 

ji = <*>ij- j* = <**J- 

k± — OL\k> . &g — OL%Jc . 

Then since 

a\ — ai. a\ = a t . 

*5=/! = *i=— oi- %=jl = J4 = — a 1 . 

hJi — K — —jih - hj% — h = • 

Ji^i — h — • jJh — h — h*J% • 

h\ii = Ji = ii&i . k%i% — J%— • 

ol\Ol% — — • cx^ai . 
= N % M X . 

in which M 1 denotes any combination of the vids of the first algebra, and N % any 
combination of those of the second algebra. It may perhaps be claimed that 
these algebras are not independent, because the sum of the vids a l and a* is 
absolute unity. This, however, should be regarded as a fact of interpretation 
which is not apparent in the defining equations of the algebras. 

II. 

On the Relative Forms of the Algebras. 
By C. 8. Peirce. 

Given an associative algebra whose letters are i, j, k, 7, etc., and whose 
multiplication table is 

= a n i + b u j + cyjc + etc.* 
ij = <h&i + buj + Cyjc + etc. 
ji = a^i + bnj + c^k + etc., 
etc., etc. 

I proceed to explain what I call the relative form of this algebra. 

* I have used a xl , etc., in place of the a x , etc., used by my father in his text. 
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Let us assume a number of new units, A, 7, J, K, L, etc., one more in 
number than the letters of the algebra, and every one except the first, A, 
corresponding to a particular letter of the algebra. These new units are sus- 
ceptible of being multiplied by numerical coefficients and of being added 
together ; * but they cannot be multiplied together, and hence are called non- 
relative units. 

Next, let us assume a number of operations each denoted by bracketing, 
together two non-relative units separated by a colon. These operations, equal in 
number to the square of the number of non-relative units, may be arranged as 
follows : 

(A: A) (A:I) (A: J) (A : K), etc. 
(I: A) (1:1) (I: J) (7: IT), etc. 
(J: A) (J: I) (J: J) (J:K),etc. 

Any one of these operations performed upon a polynomial in non-relative units, 
of which one term is a numerical multiple of the letter following the colon, gives the 
same multiple of the letter preceding the colon. Thus, (7 : J) (al+ bJ + cK) = 67. f 
These operations are also taken to be susceptible of associative combination. 
Hence (I:J)(J:K) = (7 : K) ; for (J: K) K— /and (I:J)J= 7, so that 
(I:J)(J.K)K=L And (I: J) (K:L) = 0; for (K: L) L= K and (7: J)K 
= (I:J)(Q.J+K) = 0.7=0. We further assume the application of the 
distributive principle to these operations ; so that, for example, 

\(I:J) + (K.J) + (K: L)\(aJ+ bL) = aJ+ (a + b)K. 

Finally, let us assume a number of complex operations denoted by i', f, 
P, etc., corresponding to the letters of the algebra and determined by its multi- 
plication table in the following manner : 

i'= (I:A) + a u (I : /) + b u (J : /) + ^(K : /) + etc. 

+ a u (I: J) + b»(J:J) + c u (iT: J) + etc. 

+ 6^(7: K) + bu(J: K) + c n (K: K) + etc. + etc. 
/= (J: A) + ^(7:7) + b n (J: I) + c^Kx I) + etc. 

+ 0^(7: J) + bn(J: J) + c*(K: J) + etc. 

+ 0^(1: K) + bn(J: K) + (^(K: K) + etc. + etc. 

ld= etc. 



* Any one of them multiplied by gives . t If 6= , of course the result is . 
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Any two operations are equal which, being performed on the same operand, 
invariably give the same result. The ultimate operands in this case are the non- 
relative units. But any operations compounded by addition or multiplication 
of the operations i\ f, U, etc., if they give the same result when performed 
upon A, will give the same result when performed upon any one of the non- 
relative units. For suppose i'j'A = KHA . We have 

iff A = i'J = a u I + buJ + c n K + etc. 
MA = # X = 034/ + b u J + c u K + etc. 

so that a li = a Si1 b n — b u , c n = c 3i1 etc., and in our original algebra ij = kl . 
Hence, multiplying both sides of the equation into any letter, say m , ijm = Mm . 
But 

ijm = i (a^i + b n j + c^h + etc.) = + a 12 6 25 +a 13 c 25 + etc.)i 

+ (Mm + + M» + etc.)./ + etc. 

But we have equally 

ifm'A = (ana* + a^b u + + etc.) / + (/>n«25 + Mm + *i3% + etc -) J + etc - 

So that ifm'A = Mm! A. Hence, i'j'M= UVM. It follows, then, that if if A 
= VIA, then if into any non-relative unit equals Mlf into the same unit, so that 
if — IdV. We thus see that whatever equality subsists between compounds of 
the accented letters i\ f, etc., subsists between the same compounds of the 
corresponding unaccented letters i,j, k, so that the multiplication tables of the 
two algebras are the same.* Thus, what has been proved is that any associ- 
tive algebra can be put into relative form, i. e. (see my brochure entitled 
A brief Description of the Algebra of Relatives) that every such algebra may be 
represented by a matrix. 

Take, for example, the algebra (bcl^). It takes the relative form 

i = (I:A) + (J:I) + (L:K), j={J:A), 

k = {K: A) + (/:/) + t(L : I) + (/: K) + (M:K) + t(J: L) - (J: M)-t(L: M), 
l=(L:A) + (J:K), m = (M : A) + (? - 1) (J: I) - (L : K) - f* (/: if) . 



* A brief proof of this theorem, perhaps essentially the same as the above, was published by me in 
the Proceedings of the American Academy of Arts and Sciences, for May 11, 1875. 
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This is the same as to say that the general expression xi + yj + zk + id + vm 
of this algebra has the same laws of multiplication as the matrix 
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Of course, every algebra may be put into relative form in an infinity of 
ways ; and simpler ways than that which the rule affords can often be found. 
Thus, for the above algebra, the form given in the foot-note is simpler, and so is 
the following : 

i=(B:A) + (C:B) + (F:D)+ (C:E), j={C:A), 
k=(D:A) + {E:D)+ (C:B)+i(F:B) + t(C:F), 

l=(F:A) + (C:D), m = (E:A) + (t*—l)(C:B)—{B:A) — (F:D) — (C:E). 

These different forms will suggest transformations of the algebra. Thus, the 
relative form in the foot-note to (bd z ) suggests putting 

when we get the following multiplication table, where p is put for v 1 : 
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Ordinary algebra with imaginaries, considered as a double algebra, is, in 
relative form, 

1=(X:X) + (Y: F), J = {X : Y) - ( Y: X). 

This shows how the operation J turns a vector through a right angle in the 
plane of X, Y. Quaternions in relative form is 

1 = (W: W) + (X:X) + (Y: Y)+(Z:Z), 
i=(X: W) -(W:X) + (Z: Y)-(Y:Z), 
j=(Y: W) ~(Z:X) —(W: Y) + (X:Z) 1 
k=(Z:W) +{Y:X) — (X : Y) — (W:Z). 

We see that we have here a reference to a space of four dimensions corres- 
ponding to X, Y, Z, W. 

III. 

On the Algebras in which Division is Unambiguous. 
By C. 8. Peirce. 

1. In the Linear Associative Algebra, the coefficients are permitted to be 
imaginary. In this note they are restricted to being real. It is assumed that 
we have to deal with an algebra such that from AB — AG we can infer that 
A — or B = G . It is required to find what forms such an algebra may take. 

2. If AB=Q, then either J. = or 5 = 0. For if not, AG= A(B + C), 
although A does not vanish and G is unequal to B + G. 

3. The reasoning of § 40 holds, although the coefficients are restricted to 
being real. It is true, then, that since there is no expression (in the 
algebra under consideration) whose square vanishes, there must be an expression, 
i, such that i* = i. 

4. By § 41, it appears that for every expression in the algebra we have 

iA = Ai = A. 

5. By the reasoning of §53, it appears that for every expression A there is 
an equation of the form 

Z m (a m A") + bi = Q. 

But i is virtually arithmetical unity, since iA = Ai = A) and this equation may 
be treated by the ordinary theory of equations. Suppose it has a real root, a ; 
then it will be divisible by (A — a) , and calling the quotient B we shall have 

{A — ai)B = 0. 
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But A — ai is not zero, for A was supposed dissimilar to i . Hence a product of 
finites vanishes, which is impossible. Hence the equation cannot have a real 
root. But the whole equation can be resolved into quadratic factors, and some 
one of these must vanish. Let the irresoluble vanishing factor be 

(A — s) % + (* = 0. 

Then 

or, every expression, upon subtraction of a real number (i. e. a real multiple of t), 
can be converted, in one way only, into a quantity whose square is a negative 
number. We may express this by saying that every quantity consists of a scalar 
and a vector part. A quantity whose square is a negative number we here call 
a vector. 

6. Our next step is to show that the vector part of the product of two 
vectors is linearly independent of these vectors and of unity. That is, i and j 
being any two vectors,* if 

ij = s + v 

where s is a scalar and v a vector, we cannot determine three real scalars 
a, b, c, such that 

v = a + bi + cj . 

This is proved, if we prove that ho scalar subtracted from ij leaves a remainder 

bi + cj. If this be true when i andy are any unit vectors whatever, it is true 

when these are multiplied by real scalars, and so is true of every pair of vectors. 

We will, then, suppose i andy to be unit vectors. Now, 

• • 

V = — * . 

If therefore we had 

V — a + W + q;, 

we should have 

- i = if = aj + bij — c = ab — c + Vi + (a + bc)j ; 

whence, i and j being dissimilar, 

—i = m, v = — i, 

and b could not be real. 

* The idempotent bask having been shown to be arithmetical unity, we are free to use the letter i to 
denote another unit 
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7. Our next step is to show that, i andy being any two vectors, and 

ij= s + v, 
a being a scalar and v a vector, we have 

ji = r(s — v), 

where r is a real scalar. It will be obviously sufficient to prove this for the case 
in which i andy are unit vectors. Assuming them such, let us write 

ji = d+<d, w=*"+v", 

where d and d 1 are scalars, while xl and t/' are vectors. Then 

ij.ji = (s +v) (d+ 1/) = «V+ «/+ dv + d'. 

But we have 

ij.ji = ij*i = — & = 1 . 

Hence, 

t/'= 1 — SS f — d' — 8vf dv. 

But t/' is the vector of in/, so that by the last paragraph such an equation cannot 
subsist unless x/' vanishes. Thus we get 

= 1 — ssf — d 1 — svf — dv , 

or 

sx/= 1 — sd — d f — dv. 

But a quantity can only be separated in one way into a scalar and a vector part ; 
so that 

si/= — dv . 

That is, 

ji = ^( 8 -v). Q.E.D. 

8. Our next step is to prove that s=d) so that if ij = s + v then ji = 
s — v . It is obviously sufficient to prove this when i and j are unit vectors. Now 
from any quantity a scalar may be subtracted so as to leave a remainder whose 
square is a scalar. We do not yet know whether the sum of two vectors is a 
vector or not (though we do know that it is not a scalar). Let us then take such 
a sum as ai + bj and suppose x to be the scalar which subtracted from it makes 
the square of the remainder a scalar. Then, G being a scalar, 

(— x + ai + bj)*= C. 
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But developing the square we have 

(— x + ai + bj)* = a* — a % — b* + abs + abJ — 2am +2brf + ab(l — 7 
i. e. 

ab(l — y)v = G— a? + a* + b % — abs — ate + 2axi + 2bxj. 



But v being the vector of ij, by the last paragraph but one the equation must 
vanish. E 
ing into,;, 



vanish. Either then = or 1 — — = . But if v = 0, y = s, and multiply 



— l = 8J, 

which is absurd, i and j being dissimilar. Hence 1 = and 

ji = s — v. Q.E.D. 

9. The number of independent vectors in the algebra cannot be two. For 
the vector of ij is independent of i andy. There may be no vector, and in that 
case we have the ordinary algebra of reals ; or there may be only one vector, 
and in that case we have the ordinary algebra of imaginaries. 

Let i andy be two independent vectors such that 

ij = 8 + v . 

Let us substitute fory 

j x = si+j. 

Then we have 

#i=0, jii = — > 

j 1 v=j 1 ij l =—j{i = i 1 yj l = ij* = —i, 
iv = i\ = —j x , vi = ij x i = — y x i* =j x . 

Thus we have the algebra of real quaternions. Suppose we have a fourth unit 
vector, k , linearly independent of all the others, and let us write 

jjc = sf + 1/, 

Let us substitute for k 

k l = M + Jj 1 + k, 

and we get 

jfa = — + t/, kji =J'v — t/, 
l^i — — fi'v + t/', H^szJv—rf. 
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Let us further suppose 

(y\)k l = 8> + vf». 

Then, because ij\ is a vector, 

k l (y>\) = J»-lJ». 

But 

hji = —jih , hi = — ih , 
because both products are vectors. 

Hence 

i .jfa = — i. kyfr = — .j\ = kii .j\ = hi . ij\ . 

Hence 

or v/"= , and the product of the two unit vectors is a scalar. These vectors 
cannot, then, be independent, or Jc cannot be independent of ij = v. Thus it is 
proved that a fourth independent vector is impossible, and that ordinary real 
algebra, ordinary algebra with imaginaries, and real quaternions are the only 
associative algebras in which division by finites always yields an unambiguous 
quotient. 



On Tchebycheff 9 s Theory of the Totality of the Prime 
Numbers comprised within given Limits. 



By J. J. Sylvester. 



If it be admitted that Legendre's approximate formula for the num- 
ber of prime numbers inferior to a given number, which has been con- 
firmed by direct enumeration of the number of prime numbers contained 
in the first few millions, can be extended to those remote regions of num- 
ber which transcend the limits and even the possibilities of human experience, 
it will follow as a consequence that the average density of the distribution of 
prime numbers in the neighborhood of a large quantity x approximates to 

f consequently that the number of primes included between x and 

(1 + e)x, or if we like to say so, between x + A and (1 + s)x + B } will be 

approximately equal to , and therefore will become indefinitely great, 

however small s may be taken. Although there can hardly be a doubt that 
such is the fact, no step had been taken previous to TchebychefFs researches 
towards establishing this proposition demonstratively. Tchebycheff has suc- 
ceeded in proving it, not, it is true, in an absolute sense, but for all values 

of e exceeding the fraction He has done more, inasmuch as he has. given 

formulae for actually ascertaining a number x for all values superior to which 
there will be at least any specified number K of primes included between x + A 

and (1 + f ) x + B when e has- any positive value superior to , and A and B 

are any quantities positive or negative. He may not perhaps have actually 
stated this proposition in so many words, but it is an immediate inference 
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from the limits (expressed in terms of x, art and log x) which he has 
obtained to the number of prime numbers not exceeding x. The object of 
what follows is to make a little further advance in the same direction, and 
to show upon TchebychefTs own principles that the proposition remains true 

when f is conditioned no longer to be inferior to the fraction i , but to the 

fraction ~ + ^ g 10 , so that the excess above unity (the region so to say of 

darkness) is scarcely more than five-sixths of what it is for the first named fraction. 
This conclusion is arrived at by aid exclusively of TchebychefTs own formulae. 

TchebychefTs method may be regarded as the first approximation to the 
inferior and superior limits of a quantity ^x subject to the conditions 

Vx>Ax + F log a, 
Vx<Ax + F l log*, 

•27 20 QC 

where Vx = ^x — 4> g + — ^^[q etc - ( see Se rret,fil Corns d'Alghbre superi- 
eure, 4th Ed., Vol. 2, pp. 230-233), and to the further conditions that ^x is not 
less than ^ if x > a/, and that ^x = when x < 1 . 

The limits obtained for ^x depend exclusively on these definitions, and 
would be applicable to any function ^x whatever that satisfied them. 

The advance made in this article consists in pursuing the approximation 

through an indefinite number of steps, so as to bring the superior and inferior 

limits to ^x continually nearer and nearer to each other as regards the principal 

term (a multiple of x) which enters into each of them : the remaining terms 

over and above this multiple of x in the expressions for the limits always 

continue to be positive integer powers of log x, and consequently the ratio of 

the limits becomes as nearly as we please identical with the ratio of the principal 

terms (i. e. of their coefficients) when x is taken sufficiently great : this ratio as 

6 # 

given in the first approximation is — , but as the approximation is continued 

7 1 

continually converges to but never reaches the fraction — + ^q^ 10 • 

Such, and such only, is the small but not unimportant contribution here sup- 
plied to TchebychefTs remarkable theory. As no allusion is made to the possibility 
of this contraction of the limits in a work published so recently as 1879, by an 
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author so competent as M. Serret, I presume that it has hitherto remained 
unnoticed ; but of this I cannot speak with certainty, inasmuch as it was enough 
for M. Serret's purpose to obtain for the ratio of the principal terms a number 
less than 2 ; that being sufficient for the object he had in view, which was .to 
prove M. Bertrand's celebrated postulate that at least one prime number must 

be included (for all values of x greater than between x and 2x — 2 . 

Although I might confine myself exclusively to the determination of the 
limits to i^c which flow from the conditions above given, it is, I think, desirable 
to supply a brief summary of M. TchebychefPs method, so as to point out the 
connexion between the determination of these limits and the limits to "the 
totality of the prime numbers comprised within a given range." In so doing I 
shall adopt for the convenience of reference the notation which I find in M. 
Serret's able exposition of the subject (Alg. sup., Vol. 2, pp. 225-239). 

Ox stands for the sum of the logarithms of all the prime numbers not 
exceeding x. 

to=z$x + exl + $xi + 6xi + dxl+ .... 
Tx= ^ + ^| + ^| + ^| + ^| + . . . 

and, as a consequence founded on purely arithmetical considerations, Tx is 
the sum of the logarithms of all the numbers not exceeding x, and therefore, as 
an easy deduction from Stirling's theorem, it follows that for all values of x 
superior to unity, 

Tx < x log x — x + ylog x + (log */2* + 

Tx > x log x — x — ^logx + log */2k . 
If then Vx (a notation not in Serret) be used to denote 

Tx — T— T 7 — — T 7 — 4- T — 

(where it should be noticed that 1 — i — — y + = 0^ , limits for Vx 
can be found in which x log x will not appear, and expressed solely in terms of 
x and log x : it may in fact be shown that for all values of x superior to unity, 

Vx>A(x— I)— ^logx 
Vx<A{x-l) + ^logx 
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where A = ~ log 2 + i- log 3 + j log 5 — ~ log 30 = .92129202 . . . 

The limits actually employed, however, are the slightly wider ones, 

Vx > Ax — y log x — 1 
g 

Vx < Ax + g log x . 

If now we take an infinite succession of numbers separable into batches of 
sixteen, such that every (i + l) th batch may be got by adding 30i to each of the 
numbers in the first batch, those numbers being 

1, 6, 7, 10, 11, 12, 13, 15, 17, 18, 19, 20, 23, 24, 29, 30 

(where it is perhaps worth noticing that leaving out the last number 30, the 
remaining 15 consist of a middle term 15 and pairs of numbers whose sum is 
always 30, disposed symmetrically about that middle term), it will readily be 
. seen to follow from the expression for V in terms of the 7*8 and of T in terms 
of the ^'s, that 
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just in the same way as if supposing ax = ^<c — 24 we should find ox = 
^ /X ~ ^2 ~*~ — . . . ; or as if supposing Xlx = 4>x — ^ f — 

— we should find fix = 4* + 4 J _ 2 4- | + * 7 + ^ Tf ~" " 2 ^ f2~ + • • • 

Vol. IV. 
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From the limits to which Vx is subject (Vx being now regarded as representing 
the series of ^s above written) limits can be found to ^x of the form mx + 
R x (log x) , nx + Ri (log x) , where the iZ's signify rational integer forms of func- 
tion. In the first approximation, for the inferior and superior limits respectively, 

m = A , n = 6 ^ ; R x is a linear and 72, a quadratic form of function. In the 

approximation of the I th order m and n will become functions of i , and R x , i2, 
will be of the 1 th and (i + l) th orders respectively in log x. 

The limits of $x being supposed to be given (say tyx the superior and ]> x x 
the inferior limit), tyx will serve as a superior and $ x x — 2^xi as an inferior 
limit to 0x. But instead of $x we may use (although not at all necessary for 
the object in view) the slightly closer limit tyx — ^ x x\ , which is what M. Serret 
employs, and equally instead of ifox — 2->//xl we might use the slightly closer 
limit 

which, probably as leading to calculations needlessly complicated (as regards the 
object in view), M. Serret does not employ. In any case, following the same • 
notation aS before to distinguish the two limits, we shall obtain 

ffx = nx + F(xl , log x) 

d x x = mx + F'( . . . , log x) , 

where F 9 F f are rational integer forms of function, and the dots in the F' may 
be filled in either with xl or with x* , xi , xi , xA ; and we shall have 

/ x = wx(l + e 9 ) O l x = mx(l + 17.), 

where e m and yj m vanish when x = oo . 

To come to our ultimate object, it is obvious that the number of primes 
between x and (1 + p)x will be greater than [0 X (1 + p)x — ffx'] -r- log x. 

It will therefore be greater than ^ where b x = whenx=oo . 

Hence we may find a value of x so great that the number of primes shall be at 
least K by finding a number x sufficiently large to make 6 X (1 + p) x — ffx 
— (K — 1) log x >0, which it must always be possible to do provided that 

m (1 + p) > n , i. e. that p > f — — l\ Hence the importance of diminishing 
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what I call the asymptotic ratio , i. e. the ratio of the coefficients in the prin- 
cipal terms of the superior and inferior limit to ^x . That is what I shall now 
proceed to accomplish, but first it is necessary to establish a certain easy lemma. 

OS 

Suppose the equation fx — f — — Ax m is to be satisfied ; this can be done by 

writing fx — A — — - x , and in particular if m = 1 , the only case that the 

present theory demands, fx = - — ^Ax. Again if the equation fx — f— — 

P (log xY is to be satisfied, this may be done by making fx = P (log x) M + 1 + 

A(loga) M + P 8 (loga;) M - 1 + . . . +P M logx, for since log— = (log x — log c), 

c 

fx — /— will then obviously become a function of log x of the fi tYl order, which 

may be identified with P (log x)* by properly assigning the values of the (fi + 1) 
disposable constants P , P lt P 2 , . . . P M . In fact the equation might easily* 
(if it were worth while to do so) be turned into an equation of differences, and 
the general values of the P's be expressed once for all in terms of Bernoulli's 
numbers for any value of (i . Hence it follows that the equation 

fx — /— = Nx + i2 M * log x , 
c 

where i2 M is a rational integer form of function of the (i th order, may be satisfied 
by making 

where the second term on the right hand side of the equation is a known function 
of log x of the (fi + l) th order. 

Suppose now that the inequality ^ x — < Nx + log x , where c > 1 , is 

c 

given, and it is desired to extract from this inequality an inferior limit to^x. It 
is only necessary to get a solution of the equation fx — f — = Nx + R„ log x . 



* The reader's attention is called to the fact that R» is used throughout to denote a farm of function, 
and not, like P M , a coefficient. 
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We ahall then have 



arid consequently — / ^ > 4^ — ^ ^ • 

If then <y be supposed to be taken such that , nay z. lies bet ween and 1 , we 
aha 11 have 

fx — 4">Af 

ami?/ /(jriiori > log 2 (if JV be positive, as is the case throughout the 

present investigation), where the right hand Bide of the inequality is a known 
rational integer function of log z. If then if be a number less than the least 
value that ,£ can assume between the limits £ = 0, £ = — log c, we shall 
have 1^ </x — i/ f and an inferior limit will have been obtained to ^x. 

In the first approximation (Serret, p. 234), where (i = 1 and c = 6 , 

iZ^ = - ^- ^ £* + * £ , the minimum value of which is got by taking 2£ = — log 6 

or £ = — log V« (which happens to lie between the limits of log 1 and — log 6) 

and gives M= ~ 6 j** 6 , so that i/<r </x + . The actual value em- 

Jo Id 

ployed for the superior limit, as sufficiently near and more convenient for 

use, is fx + 1 , 

8o in the general case we shall have fx — ^x > M where M is any number 
less than the least value of Bi+iZ for values of £ lying between and — log c. 
It may or may not be the absolute minimum of R i+l Z that has to be taken 
according as the value of £ which gives this absolute minimum does or does not 
lie between and — logc. In the latter case it may be either some other 
minimum, or one of the values of -R<+i£ corresponding to the extreme values 
g s and £ = — log c , which might be found by trial But a method practi- 
cally better and sufficient for the demands made by the present investigation, 
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would be to substitute zero in place of any term in the function of £ of the form 
+ Kg" or — K? m + l , and for any term of the form — K£ 2m or + /Tp* 4 " 1 to 
substitute — iT(log cf m and — iT(log c) 2 " 1 * 1 respectively. 

For instance, in the case just considered we might have written M = 

— ~ log 6 , and the superior limit instead of being fx + 1 would have been 

g 

fx + log 6, which would practically have been just as good. With a view to a 

remark which will subsequently be made it is well to notice that the inequality 

x 

ij/x — ^ — > Nx + log x 

may also be solved precisely in the same manner, and will give for an inferior 
limit to ^x (using fx to signify the very same function as before) fx — M u where 
(N being supposed positive) M x = — N log c + any quantity not less than the 
greatest value of a known rational integer function of a variable conditioned to 
lie between and — log c, which may either be found by an exact algebraical 
process or by substituting in those two cases where previously — log c, and 

— log c in those other two cases where previously was to be substituted for 
the variable. 

The lemma needful for our purposes may now accordingly be stated in the 

OS 

following terms : If ^x — ^ — is less or greater than Nx + a given rational integer 

c 

function of log x of any given order % ^x is less or greater than ° Nx + a known 

(and easily determinable) rational integer function of log x of the order next 
superior. 

If the coefficients of x in the superior and inferior limit to ^x at any stage 
of the investigation be called u and v, I shall show that these values will serve to 
give (step by step) other superior and inferior limits where u and v are replaced 
by quantities u\ tf, such that v! < u, tf > v; w', t/ being known linear functions of 
u % v. We shall thus be led to a system of two simultaneous linear equations of 
differences in order to obtain the effect of those changes repeated any number, 
finite or infinite, of times: but for greater clearness I shall begin with supposing 
that one of the two expressions u , v , viz. v (which undergoes far less modification 
than the other) is kept constant. There will then result a single scheme of 
successive substitutions leading to the construction of a single linear equation in 
differences. 
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The first, step will then be as follows : 

— ^ g < Ax + | log x — ^ + 1^ 

<Ax+\ log x - (A * - \ log f - 1 ) + A Ax + ^ (log | log £ 

or writing 

% = log 6 , ft = log 7 , p = log 10 , 

Hence ^ < ^ Ax + P (log jf + Q (log + Rx — , 

where first to find P , Q, Ii , we have the three equations 

SJPX = * 

_.W + 20l = f-g 

d _ 6 n — L 5 5v o — 5 j. 15 6v j. 6v> 6 ^ _i_ 1 
,,ft ^-i2? ; V_ 4A _ 4T' ; ~ ~ f2^ T _ 2A + i? _ 2l X" 

Here P is positive ; Q, whose sign depends on that of 3 — » w positive ; 

j D 10 .-/v 1\» bfi — 2 6 

and a = _ + 5(^--)- i_ - 4 

= 3.33333 . . + .10160 . . — 2.1570 . . — 1.25 
= 3.43493 . . — 3.4070 . . , which is also positive. 

Hence we may make 

M— — PX' — BX, 
- M = 1 + L 5 a - *Jt±* + £ = 1.2947. 

4 2 4/ 

It is quite possible, and even most likely, that the minimum of PX 8 — Qtf 
+ Rk (within the prescribed limits) would be found to exceed — 1 .were it worth 
while to go through the arithmetical calculations necessary to obtain it, but it is 
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quite sufficiently near for all practical purposes to use the value above determined, 
or even to take — if as great as 2 and to adopt for our new superior limit 

¥±Ax + P (log x)' + Q (log xf + R log x + 2 . 

In like manner this new limit will enable us to find another, and it is obvious 
that the general form of the limit obtained after i of these steps have been gone 
through will be u x Ax + R { + , log x , where 

6 A. 1 , u^a . 3 u t _ x 36 
M »=5C 1 "7 + lo; l - € ' Ui 25- = 35' 

Putting 



and making 
we have 
Hence 



u t = bi t ~f~ h 



22 . 36 . . 90 
25 A= 35' l ' e - h = TT 



3 -ft 



U < = ° (ttj + 77 



90 

The ultimate value of u % is therefore ^ , and accordingly, by repeating the 

process indicated a sufficient number of times, we shall have for a superior limit 
/90 \ 

f ^ — Ei J Ax + R t + , log x , where e, may be made as small as we please by taking 

i sufficiently great, and thus the ultimate asymptotic ratio of the two limits is 

~ instead of % . 
77 5 

Another mode of approximation may be used, as shown in what follows. 
Since 

^ — ^ < Ax — ^| + ^| ; 

if we have found 

fyc <C u\Ax + Ri + 2 log x 

we shall have 

4* — ^<Ax + t4A^ — A*+ R' { + % logx, 



» 
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and therefore 



where 



». 0. 



or 



where 



10 ( . 1.1.) 



5 ,_20 
Ui + l ~~ 27 M< — 21 ' 



h' — — 

22 ' 21 ~ 77 



Thus h! = h and consequently also, if we suppose each of the two sorts of 
approximation to start from the same point, K= C. 

Hence the ultimate value of u 4 and u\ is the same, but the former method of 
approximation is to be preferred, as the same number of steps, i. e. the same value 

of i, makes C + h always > G + h. The corresponding values of 

u { , u' { have the same initial and final values, but for every intermediate value 
of i , u { < u\ . In fact u i , u\ are ordinates to the same abscissa of two non- 
intersecting curves, having a common starting point and a common asymptote. 

The maximum value of u\ — u 4 is found by making (j^) — a max *" 

mum, which takes place when i is the integer next above or next below the 
value 

log log -5 — log log -g- 

26 27 — 9 w ^ch is obviously less than unity. 

log-3 -log T 

Hence after the first approximation u { and u 4 are always drawing closer 
together. 

We may now proceed to the more (but only very slightly more) advanta- 
geous method of approximation, viz. that in which the principal terms in both 
limits are simultaneously varied, decreasing as before in the superior, and now 
at the same time increasing in the inferior limit 
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Suppose then that we have found 

^x < zii Ax + R ( + % log x 
^x > v t Ax + R t + 1 log x ; 

observing that ~ — ^ is always positive, we shall succeed in increasing the 
principal term of the inferior limit by writing ^x > Ax + v t A— — w { A- 6 

2A. ltd 

+ R % + % log x, and slightly more than previously diminishing the principal term in 

37 37 37 * 

the superior limit by writing $x — ^- < Ax — v t A- + m^jq + + » log*. 
We shall thus easily derive 



4>x > r, + i Ax + R t+ 1 log x 
4>z < « t +i A* + +s log * 



where 



v i+ i = 1 + jt; — ™ 



24 



29 
6 



3r , '< + i M < 



or, making v t = v i +/ 1 u { = u\ + e , 



29 

3,6, A 
« < + i-25« < + ^ < = 0, 



•# 23 1 



6 22 _ 6 
35 / + 25 e ~ 5 



So that calling p x , p, the roots of 



1 1 

24' 29 
6 

85* P 



25 



= 



The equation for finding p x , p, is 

97 37 
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whence 

px = .167253 ... p, = .005637 . . . 
Also the equations in e , f give e , f (the values of «„,,».) as follows : 

_ 59595 _ 51072 

6 ~~ 50999 ' ~~ 50999 

If there were any use in obtaining the values of the disposable constants 
they could of course be obtained from the equations 

<?i + G% + <? = «« = = (7, ox + C t p, + e = «j = 



5 1 ri ' \r* ' 1 875 

3481 
3480 



ci + c t +/= t- = 1 a; Pl + G' % p, + /= v, = igj 



The asymptotic ratio of the two limits is 

^ _ 59595 _ 6 11 
7 _ "072 — 7 + 51072 

Various other modes of approximation may be adopted, but it will be 
found that no smaller value can be obtained for the asymptotic ratio than that 

59595 

above given : the value of w a cannot be made less than , nor the value of 
v„ greater than 

Thus ex. gr. making use of the inequality 

nbx — ^>Ax — ^ + — ^ + B (log x) , 
we might by the lemma obtain 

and consequently 

_ 6 /. u, u, vr\ 
r, + 1 ~5V T 29 -r "24>' ; 

combining which with the previous equation for tt t + 1 we should have for 
finding say ef , /' the two equations, 

24 J T 20T ~~ 
35 7 + 25* 5 
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and consequently 



d = 



331905 
284029 



284424 
284069" 



Reduced to decimals 



e = 1.16855 ... / 
tf= 1.16856 .. . /' 



1.00143... 
1.00125... 



It may be noticed that eA — 1.006774 . . , /A = .992619 . . of which the 
sum is nearly 1.999394, and their mean nearly .999697, whereas the 
6A 

mean of A and -g- (the original coefficients of x in the limits) is nearly 1.01342. 

Thus the new mean is more than 44 times nearer than the latter to the true 
asymptotic value deducible from the empirical formula. 

Were it desired merely to find superior and inferior limits to 4* in the form 
obtained in Tchebycheff's method, it would (as already indicated) have been 

sufficient to have taken for Vx y Tx — 27-, which would have led to the in- 



but the asymptotic ratio being here 2 , these limits could not have conducted 
to a proof of M. Bertrand's postulate. If, however, we were to take Vx = 



equalities 



$x > (log 2) x + R t log x 
+x < 2(log 2) x + R % log x 




T^r — T~ we should obtain 



where 




1.0114043 



and 



Vx = ^x + 

o 



2*J + *j + 




when we should obtain 



^x — < Bx + R[ log x 
4* < j- Bx + Hi log x , 
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and again 

t* + V b > Bx+ i?, logx 

30 

Here the asymptotic ratio of the two limits is , which being less than 2, 

the formulae above indicated would suffice to prove M. Bertrand's postulate, and 
would lead to an equation somewhat simpler in form than that led to by 
M. TchebycheflHs process, but whose greatest root would be considerably larger 
than that found by the established method; so that there would be a larger 
number of verifications of the postulate to be made for the lower numbers : 
this, however, is really a matter of very trifling importance, as the needful 
verifications could be made even up to 100,000 if necessary, by throwing a 
rapid glance over a few leaves of Burckhardt's tables. 

It is noticeable that the limits above found by giving Vx the form 
Tx — 27^ are the only limits that can be got in such case ; no process of sue- 
cessive approximation being here possible, on account of the too close conti- 
guity of the successive denominators in tJ/x — + ^o" • • • 

Such, however, would not be the case were we to use Vx to signify 

Tx — 7% — 7^ • — T* ■, and consequently 
Job 

The limits expressed by the inequalities 

*}x < Ui Bx + . . . 
^x > r, Bx + . . . 

would lead to the narrower limits 

< u t + ! Bx + ... 
*fa > Vi + j Bx + ... 

where 
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that is to say 

"< + 1 ~ 10 + 36" - T- u ' 

Hence, using as before e, / to indicate the ultimate value of v tt we 
should have 

21e + 4/— 28 = 0, 
96e+ 275/— 380 = 0. 



and consequently 
and 



_ 6380 ,_ 4242 
6 ~~ 5391 ' * ~ 5391 ' 



e_ _ 6380 _ j*, 1 

* vIOvIO O ■ 



/ 4242 2 1 249ft 



which is the ultimate value of the asymptotic ratio, of which the initial value 
30 

was j- , that could be found by this method. 

In every such kind of series as I have denoted by Vx , it is obvious that 
the sum of the multiples of x under the sign of ^ in Vx is equal to the 
coefficient of x in either limit to Vx . Thus ex. gr. in TchebychefFs series, if we 

take n a multiple of 30, and make £ n = 1 + ^ + 4" + • • + 8Um of 

n terms of 1 _ _ + T _ ~ + _. . . 

= 0-i-]-i^)^+i(^-i^^--^v) 

+ ^(sT+1 + W+2 + ' ' ~*~ ~n) ~*~ ~6 Gn+T in + 2 ~*~ ' ' " + n) 

1 f 1 -i- 1 + iy 

30 \An-f-l ^ An + 2* ' ' ^ n/ ' 



and the multiplier of S n being always , it follows that the sum of an infinite 

ilog2 + ilog3 + Ilog5-A 



number of the consecutive terms = i log 2 + i log 3 + i log 5 — ^ log 30 



= A. 
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It may not unreasonably be conjectured that whilst nothing more can be 
done with the Tchebycheffian Vx , it may be possible to find such other form of 
function in lieu of it, or such infinite succession of different forms of function, as 
may either directly or by successive approximation bring the coefficients of x in 
the two limits as near as we please to one another, at the expense, of course, of 
proportionally lengthening out the residues, or tails as they might be termed, of 
the two limits. Could this be done, it is easy to demonstrate that the limit 
thus continually approached from opposite sides must be unity, as indicated 
in advance by Legendre's empirical formula. For this purpose it will be suffi- 
cient to use the simplest form of Vx, viz. Tx — 27^, whence we obtain 

4*-*!+* J >log 2.x(l+0 

^-^T +1 Hf <log 2.*(1+^) 

t m , Y[ m being known logarithmic quantities which vanish when x = oo . 
For suppose it possible to prove that 

<4<x> Q(l — h)x+ Gx 
<4*< Q(l+h)x + Fx 

where ~- , may be made as small as we please by taking x sufficiently large, 

(I mean by taking x greater than some certain value £) . Then 

(l + O log2.*<4*-+-|++f 

<«0+*>.(i-i+-r •'••-£) 

+ *-j£ + Jg 

£ Fx 

Let £ be taken so great that for all values of x greater than — , — shall 

k 

be less in absolute numerical value than , where k is an arbitrary positive 
quantity: then, if we take x >£,. the sum of the absolute values of Fx, 
F~ 9 F~ , . t . ... F-ij^ j is teas than lex; and h fortiori 
jr x — p± + p.*. _ wJL <: hx 
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Therefore 




, and e x , h, h being all 



three capable of becoming indefinitely small, 1 — Q cannot be a finite positive 
quantity ; which amounts to saying that 1 — Q cannot be positive. 

In precisely the same manner, dealing with the other limit to Vx and stop- 



— ^2m) ma ^ ^ e P^ ve( * *kat * — ^ cannot be negative. Hence 1 — Q must 
be zero, i.e. Q=l. Q. E. D. 

We have thus determined what is the common limit to which the principal 
term in the superior and in the inferior limit of 4# are bound to approximate, 
on the supposition of the possibility of formulae being discoverable admitting of 
the interval between these principal terms being capable of being made as small 
as we please. But to pronounce with certainty up'on the existence of such 
possibility, we shall probably have to wait until some one is born into the 
world as far surpassing TchebychefF in insight and penetration as Tchebycheff 
has proved himself superior in these qualities to the ordinary run of mankind. 



ping in its development at the term 



^ x (instead of stopping at the term 





Specimen of a Literal Table for Binary Quantics, 
otherwise a Partition Table. 



By Professor Cayley. 



The Table, commencing 1 ; b ; c, b 9 ; d, bc % I? ; . . . , is in fact a Partition 
Table, viz. considering the letters ft, c, cZ, . . . as denoting 1, 2, 3, . . . respectively, 
it is 1° ; 1 ; 2, 11 ; 3, 12, 111 ; ... a table of the partitions of the numbers 0, 1, 
2, 3 ... , expressed however in the literal form, in order to its giving the literal 
terms which enter into the coefficients of any covariant of a binary quantic. 
The table ought to have been made and published many years ago, before the 
calculation of the covariants of the quintic ; and the present publication of it 
is, in some measure, an anachronism : but I in fact felt the need of it in some 
calculations in regard to the sextic ; and I think the table may be found useful 
on other occasions. I have contented myself with calculating the table up to 
b— 18, that is, so as to include in it all the partitions of 18 : it would, I think, 
be desirable to extend it further, say to z = 26 ; or even beyond this point, but 
perhaps without introducing any new letters, (that is, so as to give for the higher 
numbers only the partitions with a largest part not exceeding 26) : the question 
of the space which such a table would occupy will be considered presently. 

As to the employment of the table, observe that in applying it to the case 
of a quantic (a, 6, c, d\x, y) 8 , the terms containing the letters c, /, etc., pos- 
terior to the last coefficient d of the quantic are to be disregarded ; and that the 
terms are to be rendered homogeneous by the introduction of the proper power 
of the first coefficient a, rejecting any term for which the exponent of a 
would be negative (or what is the same thing, any term of too high a degree in 
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the coefficients b , c , d) ; thus, for the cubico variant, where the coefficients are 
of the degree 3, and of the weights 3, 4, 5, 6 respectively, from the portion of 



the table 



d 


e 


f 9 


be 


bd 


be bf 


b s 


& 


cd ce 




b\ 


b'd <? 




b* 


be 9 Ve 






b'c bed 






b* c* 






b*d 






etc. 



we at once copy out the terms 



a*d 


abd 


acd 


ad* 


abc 




Vd 


bed 


b s 


b'c 


be 3 


c 8 



which compose the coefficients in question. 



As regards the formation of the table, this is at once effected, and the suc- 
cessive terms are obtained wurrente calamo, by Arbogast's rule of the last and 
the last but one : observing that each term is to be regarded as containing im- 
plicitly a power of a , so that operating on any term such as 6 4 , the operation 
on the last letter gives b d c , and that on the last but one letter gives 6 5 . There 
is little risk of error except in the accidental omission of a term ; but of course 
any one omission would occasion the omission of all the subsequent terms deriv- 
able from the omitted term, and would so be fatal : to remove this source of 
error, observe that for the successive numbers 0, 1, 2, 3, etc., the number of par- 
titions should be 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 . . . 
' 1 1 2 3 5 7 11 15 22 30 42 56 77 101 135 176 231 297 385 .. . 

and we can thus, for each partible number successively, verify that the right 
number of partitions has been obtained. 

But as the number of partitions becomes large, a further control is conve- 
nient, and even necessary — say we have the 176 partitions of 15, we have by 
the rule to derive thence the 231 partitions of 16, and it is not until the whole 
of this derivation is gone through, that we could by counting the number of the 
new terms ascertain that the right number of 231 terms has been obtained. To 
break up the verification, it is convenient to know that for the partitions of 16 
into 1 part, 2 parte, 3 parts, 4 parts, etc., the numbers of partitions are 1, 8, 21, 
34, etc., respectively : we can then as soon as the derivations giving the partitions 

Vol. IV. 
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into 1 part, 2 parts, 3 parts, etc., respectively, have been performed, verify that 
the right numbers 1, 8, 21, 34, etc., of terms have been obtained. The numbers 
are contained in the following table, each column of which is calculated from 
the preceding columns according to a rule which is easily obtained, and which 
is itself verified by the condition that the sums of the numbers in the several 
columns give the before mentioned series of numbers 1, 1, 2, 3, 5, 7, etc. 



No, of 



12 3 



Partible Number, 
6 7 8 9 10 11 12 18 14 15 18 17 18 



I 


1 


1 


1 


1 I 1 1 


1 


i 


1 


1 


1 


1 


1 


1 


1 


I4 1 


1 






1 


1 


3 3 i 3 i 8 

« j t . 1 


4 


4 


5 


5 


1 


4 


7 


7 


8 8 


9 








1 


i 


f! *! * 


5 


7 


8 


10 


13 


14 


18 


19 


31 24 


37 








i 


i 


1 


3 


5 


3 


9 


11 


15 


18 


33 


j 37 


34 


39 


47 












t 


1 


a 


a 


a 


7 


10 


13 


18 


38 


30 


87 


47 


57 














1 


l 


3 


8 


Ti 


7 


it 


14 


30 


N 


35 


44 


58 














n 


i 


i 


3 


3 


, 5 


7 


11 


15 


21 


28 


38 


49 


















i 


1 


3 


3 


5 


7 


11 


15 


32 


29 


40 




















1 


1 


3 


3 


5 


7 


11 


15 


33 


30 






















1 


1 


2 


8 


I 


7 


11 


15 


23 
























1 


1 


3 


3 ; 


5 


7 


11 


IS 


























1 


1 


3 


3 


5 


7 


11 




























1 


1 


a 


3 


5 


7 




























1 


t 


3 


3 


5 










— i 




















i 


1 


3 












i l 






















t 


1 


3 












— 




















i 

1 1 
































[ i 


1 1 3 8 5 7 11 15 33 30 43 56 77 101 185 17ft 331 m S65 



The practical rule for the construction of the table thus is : — On a sheet of 
paper ruled in squares, and which is read as a continuous column from the bot- 
tom of one column to the top of the next column, form the terms by Arbogast's 
method as already explained ; writing down in pencil a batch of terms, and count- 
ing them to see' that the right number has been obtained, then, at the same time 
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verifying the derivations, mark these over in ink ; and so on with another batch 
of terms, until the whole number of the partitions of any particular number is 
obtained. 

The foregoing series 1, 1, 2, 3, . . . 385, for the number of the partitions of 
the successive numbers 0, 1, 2, 3 ... 18 is carried by Euler up to the number of 
partitions of 59, = 831820, see the paper De Partitione Nvmerorum, Op. Arith. 
Coll. I., bottom line of the table pp. 97-101 : the continuation from the number 
385 and for the partible numbers 19 to 30 is as follows: 

19 20 21 22 23 24 25 26 27 28 29 30 
490 627 792 1002 1265 1575 1958 2436 3010 3718 4566 5604 5 

the whole number of terms 1, 1, . . . 5604 amounts to 28629, which at the rate 
of 500 to a page would occupy somewhat under 60 pages ; or, at the rate here 
employed of 369 to a page, somewhat under 78 pages. 
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0.3 


1 



4.5 



2 



c 

b* 



3 

3 



d 

be 

b* 



e 

bd 
e* 
b*c 
i 4 



/ 

be 

cd 

b*d 

be* 

b*c 

b* 



6.7 



6 

11 

9 

¥ 

ce 

d* 

b*e 

bed 

& 

b'd 

b*c* 

b*c 

b* 



u 



h 



7.8 

of 

de 

b*/ 

bee 

bd* 

<?d 

b'e 

b*cd 

be 9 

b*d 

b'e* 

b l c 

V 

8 

i 

bh 

e 9 
df 
e* 



8-9 

b*g 

be/ 

bde 

c*e 

cd* 

b'/ 

b*ce 

b'd* 

bc*d 

c* 

b*e 

b s cd 

b*<* 

b'd 

b*c* 

b'e 

b» 

9 



bi 

eh 

dg 

ef 
b*h 

beg 

bd/ 

be* 

*f 

ede 

d 3 

b'g 

b*c/ 

b*de 

be*e 

bed 1 

c'd 

V/ 
b s ce 
b'd* 
b*c*d 



9 . 10 

b'e 
b*cd 

b'd 
b'e* 

Vc 
b* 



10 

42 



k 
V 

ci 
dh 

e g 

P 

b*i 
bch 



10 

bdg 
be/ 

<>9 

cd/ 

ce* 

d*e 

b 3 h 

b*cg 

b*d/ 

b*e* 

be*/ 

bode 

bd? 

<?e 

c*d* 

Vg 

b'e/ 

b'de 

b*c*e 

b*cd* 

bc*d 



10 . 11 

c 8 

b'/ 

b*ee 

b*d* 

b 9 c*d 

b*c* 

b'e 

Wed 

b'd 
b'c* 

b'c 
b w 

11 

M 

I 

bh 



1£2 
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11 ■ *2 


* 2 




*1 


z 3 - 14 




IS 




J * 

o\ 


/ 


ifCC/ 


h O 




ixror 


T 


ok 


T 




If ' A 


WJ 






Art 

frO 


ii 

rc 


b ':j 


frT 


ft 


ho 


ifO/r 


I 




On 


i/m 


hOk 


14' 
lj% 


Vj 


O'rO 


<*<J 




WfiJ 


if C<f 




ij+h 




hm 


l£*J 


A*lf 


h '?L 




if of 


I -Ti 


bf'J 


bog 


Wh 





AA 

C *r 


'/ < 


Ah 


Iff 




1%AZ 


ii^ V 


'"J 


if OCI 


W C 


I/O 


'rO'J 


i*A* 

if frj 




if Cut* 


2*^1 . 

ij'rg 


i It 

*>r 


i%A 


O. 


h 




ij la* 


bgn 


rfC&J 




AL 
*fn 


o o. 


O X 


if 4 : 


cot J 


If IJl 


AL 


ifCJ 


Ji*A 

ij Cr 


*h 


i'A 

O 


O Cn 


if 




1%Aa, 
if*:*: 




iforg 


hot 


ctf 


if c 


irog 


13 


'X * 


if'.O. 


Cffl 


ifOtf 


I* At 
ij *TJ 


<rf 


ill 
If 


tfcj 


i t ' 

*'J 




cfh 


rft? 


I 

ij '.Of 


o/r 


12 


MA,* 
if <:<J 




if*:i 




* * 


ifKrn 


CO 


ifi 


ifCOj 


Tt 


if On 


b<J 


O l 


vrag 


1 *A*^ 
if c *■ 


ifch 


n 

; * 


If/7 


r/rn 


lf*SJ 


if Cf 


wn 


1ST*) 






tn 


tfoc 




iff* 


ij a* 


d/<j 


1 • 

bcfrj 


ijAo 




hi 


tf*rj 


ok 


iffh 


i>A* 


Arm 


ifCOfr 


C* 


Wg 


ck 


tf*7<lfc 


'J 


ifotl<j 


if CO 


*r 


rxrc 


oh 




V 


IJt'JJ 


/* 


ifcej 


I4AA 
IffTO 


iff 


r*g 


Peg 


tfV> 




iff' 




tt'Pf 


V* 


f/ck 


<*df 


b*df 


btPr, 


ft 


JS Jk 


f/i 


11 1 9 


bf 


b*dj 


<r<r 




' <?f 


<f 


tfh 






Vet 


b*ei 


c*d*' 


VH 


<>d* 


f/k 


b 4 cg 


Wj 




Vd* 


Vfh 


od* 


Vcde 


is «P 


f«j 


fM/ 






b*c*d 


«v 


»j 


Vd* 


i Mb 


Mi 




hfh 


bctft 


b*c* 


icy 


b*ci 


V<?e 




Uh 


Wf 


bd* 


b*e- 


fjcdi 


b'dh 


V<*d* 


Vdf 


h/g 




*>. 


c*/ 


b*cd 


both 


b*eg 


Vc'd 


IM 


<H 


\ fM 


cdi 


<?de 


Vc* 


bc/g 


Vf 


Vc* 


IMf 




\f/ce 


ceh 


<*<P 


b w d 


bd*h 


b*c*h 




Vvk 


Oft/ 


1 f/M 


«ft 


m 




bdeg 


b'cdg 


Vd* 


<r 


fx-H 


#h 


b 4 ch 




bdf 


Vcef 




b<?<: 


<p< f 




(kg 


b 4 dg 


bP 


b*f 


b 3 d>f 




Md* 








b 4 ef 


14 


c*i 


b*de* 




fM 


<> 


Vcf 


*/ 


V<*g 


c*dh 


Vt'g 


iW 


Vy 




f?<h> 


f/k 


Vcdf 


i M i 


c*eg 


b % c*df 




&v 


f/ci 


b*<*r 









*r 


Me* 


Vf 


Vfk 






mi 


me 


bn 


cd*g 


b*cd*e 


b*ce 


Me 


Ifrjj 


fMd 


tfeh 


V<?f 


cm 


cdef 


b*d* 


b*d* 


Val* 




Vr* 


»ft 




dl 


a? 


be*/ 


V<*d 


V<M 


ijf>h 


Vf 


be*i 


f/cd* 


ek 


*f 


bc*de 


Vc* 




ftcdg 


V<x 

i 


bcdh 


bd*e 


fj 


tPe* 


bc*d? 


V°e 
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14 . 15 


15 


IS 


15 


15 . 16 


16 


16 


16 


16 


b 9 cd 


»gh 


bedef 




b 4 c 4 d 


cdl 


eef 


ccPe* 


Wg 


6V 


bc*k 


bee 3 


b 4 c*h 


b 3 c* 


eek 


d?h 


cPe 


b 4 c*i 


b u d 


bcdj 


bd 3 / 


b 4 cdg 
b 4 cef 


b 9 g 

b*cf • 




cfj 


&eg 


b*l 


b 4 cdh 


V°<* 


bcei 






cgi 


<*f 

de*f 


b 4 ck 


b 4 ceg 


b a c 


bcfh 


c*h 


b 4 d*f 


b s de 


eh* 


b 4 dj 


b 4 cf 


b u 


beg* 


<?dg 


b 4 de* 


VJe 


d*k 


e 4 


b 4 ei 


b 4 d*g 


15 




bd*i 


<?ef 


b 3 e 3 g 


VccP 


dej 


b 4 rn 


b 4 fh 


b 4 def 




bdeh 


<?$f 


b 3 &df 


bWd 


dfi 


b 3 cl 


bV 


b 4 <? 


m 




bdfg 


<*de* 




fcV 


dgh 


b 3 dk 


b 3 c*j 


bWh 


P 


be*g 


cd?e 


b 3 cd*e 


ft 10 / 


e*i 


b 3 ej 


b 3 cdi 


b 3 c*dg 


bo 


bef 


d* 


Vd 4 


b 9 ce 


efh 


b 3 fi 


b 3 ceh 


b 3 <?ef 


cn 




b*k 


We 4 f 


6»<P 


eg* 


b 3 gh 


b 3 cfg 


b 3 coVf 


dm 


&di 


b 4 cj 


bWde 


b^d 


fg 




b 3 d*h 


b 3 cde* 


el 


<?eh 


b 4 di 




Vc 4 


b 3 n 


b*cdj 
b % cei 


b 3 deg 


b 3 d?e 


fic 


*fg 


b 4 eh 


b&e 


■b n e 


b*cm 


b 3 df 


6V«7 


93 


cd*h 


b'fg 

b 3 <*i 


be'd* 


b 10 cd 


b*dl 


Wcfh 


b 3 e*f 


PJdf 


hi 


cdeg 


c'd 


Vc 3 


Vek 


Peg* 
6W 


bW 


We 3 * 


J»n 


cdf 


b 3 cdh 


Vi 


b a d 


bVJ 




Vftfe 


bcm 


c*f 


b 3 ceg 


b'ch 


b u c* 


Vgi 


Wdeh 


b % (?eg 


Vcd 4 


Ml 


d?g 


b 3 cf 


Vdg 


b 13 c 


Vdfg 




bc*f 
bc 4 de 


bek 


d*ef 


b 3 d?g 
b s def 


b*ef 


b 1 * 


bc*l 


b'e*g 


PccPg 


b/J 


de 3 


bWg 




16 




bedk 


b*ef 


Vcdef 


bJd 3 


bgi 


b*l 


b 3 <? 


b*cdf 






bcej 


bc^' 


Vce* 


e'e 


bh* 


b 8 ck 


V<»h 


J 5 ce» 




231 




befi 


bc*di 


bWf 




(?l 


b'dj 


bWdg 






r 


begh 


b&eh 




Vj 


cdJe 


b 9 ei 


tf&ef 




bp 


btfj 


bffg 


bc 4 h 


J«ci 


cej 


b 3 fh 


Vctff 


b 4 c*de 


CO 


bdei 


bccPh 


b(?dg 


b'dh 


cfi 


by 


Wcde* 


Vcd 3 


dn 


bdfh 


bedeg 


h»ef 


b'eg 


cgh 




b'cPe 


b 3 c 4 e 


em 


bdg* 


bedf 


b&tff 


vp 


d*j 


b*cdi 


bc 4 g 




fl 


b<?h 


bc<?f 


bJde* 


bWh 


dei 


b'ceh 


bJdf 


W&d 


gk 


befg 


bd?g 


bcofe 


b l cdg 


d/h 


Vcfg 


be 3 ? 


be 1 


) 


V 


bf 


befief 


bcF 


b l cef 


dg* 


VcPh 


btftfe 


b*h 


i 


n 


<?k 


bde 3 


c*g 


bWf 


e*h 


b*deg 


bed 4 


Vcg 




<?dj 


cH 


c 4 df 
c 4 e* 


b'de* 


ef9 


Vdf 


<?f 


Vdf 


ben 


c*ei 


Jdh 


b 4 c*g 


f 


b*e*f 


c 4 de 


6V 


bdm 


c*fh 


c?eg 


cftfe 


b 4 <?df 


b 3 m 


bc*i 




iV/ 


bel 


cy 


<*/* 


<?d 4 


JW 


Vcl 


bc*dh 


Vj 


Wcde 


bfk 


ccPi 


JcPg 


b*k 


b 4 cd*e ' 


Vdk 


bc*eg 


b*ci 


b'd 3 


bgj 


cdeh 


c*def 


Vcj 


b 4 d 4 


b*ej 




b*dh 


bWe 


bhi 


cdfg 


cV 


b l di 


b 3 <*f 


b*fi 


bafrg 


b 6 eg 


5W 




ce*g 


co?f 


b*eh 


b*<?de 
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16 



Vc*d* 
Vc*e 
Vc*d* 
bc*d 
c* 
b*i 
Vch 
Vdg 
Vef 
Vc*g 
Vcdf 
Vce* 
Me 
Vc*f 
Vc*de 
Vcd? 
Vc*e 
b*c*d* 
V&d 
VS 
b*h 
Vcg 
Vdf 
We* 
Vc*f 
Vcde 
Vd* 
Vc*e 
Vc*d* 
Vc*d 
Vc* 
Wg 
Vcf 
Vde 
Vc*e 
Vcd* 
Vc*d 
'Vc* 
Wf 
Wee 
Wd* 



16 . 17 



Vc*d 

Vc* 

We 

Wed 

We* 

Wd 

We* 

We 

W 



17 



bq 
cp 
do 
en 
fm 

gi 

hk 

ij 

Vp 

bco 

bdn 

bem 

bfl 

bgk 

bhj 

b? 

c*n 

cdtn 

eel 

cfJc 

C W 
chi 

d*l 

dek 

dgi 
dh* 

*3 



efi 
egh 

fh 

'X 

b*cn 
Vdtn 

Vel 
Vfk 

Vgj 

Vhi 

bc*m 

bcdl 

bcek 

befj 

begi 

bch* 

bd*k 

bdej 

bdfi 

bdgh 

be*i 

befh 

beg* 

bfg 

c*l 

e*dk 

c*ej 

c*fi 

c*gh 

ccPj 

cdei 

edfh 

edg* 

ce*h 

cefg 

cf 
d*i 
d*eh 

*fg 

de*g 



17 



def* 

<?/ 

b*n 

Vcm 

Vdl 

Vek 

Vfi 



m 

Vc*l 

Vcdk 

Vcej 

Vcfi 

Vcgh 

Vd*j 

Vdei 

Vdfh 

Vdg* 

Ve*h 

Vefg 

Vf 

bc*k 

bc*dj 

bc*ei 

bc*fh 

bc*g* 

bcd*i 

bedeh 

bedfg 

bce*g 

beef* 

bd*h 

bd*eg 

bd*f* 

bde*f 

be* 

c*di 
c*eh 

Vg 

c*Sh 



17 



c*deg 

c*df* 

c*e*f 

cd*g 

cd*ef 

cde* 

d*f 

d*e* 

Vm 

b*cl 

b*dk 

Vej 

b*fi 

Vgh 

b*c*k 

Vedj 

b*cei 

b*cfh 

b*eg* 

b*d*i 

b*deh 

b*dfg 

b*e*g 

b*ef* 

b*c*j 

b*e*di 

b*c*eh 

b*cd*h 

b*cdeg 

b*cdf* 

b*ce*f 

b*d*g 

b*d*ef 

b*de* 

bcH 

bc*dh 

bc*eg 

bc*f* 

bc*d*g 

bc*def 



17 



bc*e* 

bcd*f 

bcd*e* 

bd*e 

c*h 

<?dg 

c*ef 

c*d*f 

c*de* 

c*d*e 

cd* 

b*l 

Vek 

Vdj 

Wei 

Vfh 

Vg* 

b*c*j 

Vcdi 

b*ceh 

Vcfg 

Vd*h 

b*deg 

Vdf* 

b*e*f 

b*c*i 

b*c*dh 

b*c*eg 

b*e*f* 

b*cd*g 

b*cdef 

Vce* 

Vd*f 

b*d*e* 

Vc*h 

b*c*dg 

b*c*ef 

b*c*d*f 

b*<?de* 

b*cd*e 

Vd* 



17 



b&g 

bc*df 

bc*e* 

bc*d*e 

bc*d* 

*f 

c*de 

c*d* 

Vk 
Vcj 
b*di 
Veh 

b'fg 

Vc*i 

Vcdh 

Vceg 

Vcf* 

Vd*g 

Vdef 

b*e* 

b*c*h 

b*e*dg 

b*c*ef 

b*cd*f 

b*cde* 

b*d*e 

b*c*g 

b*c*df 

b*c*e* 

Vc*d*e 

b*cd* 

Vc*f 

Vc*de 

b*a*d* 

bc*e 

b&d* 

<?d 

b*j 

Vci 

Vdh 

Veg 



17 



Vf* 

b*c*h 

b*cdg 

b*cef 

b*d*f 

b*de* 

Vc*g 

Vc*df 

b*c*e* 

Vcd*e 

Vd* 

b*c*f 

b*c*de 

b*c*d* 

Vc*e 

Vc*d* 

Vc*d 

be* 

Vi 

Vch 

Vdg 

b*ef 

Vc*g 

Vcdf 

Vce* 

Vd*e 

Vc*f 

Vc*de 

Vcd* 

Ve*e 

Vc*d* 

b*c*d 

W 

Wh 

b'cg 

Vdf 

Ve* 

Vc*f 

Vcde 

Vd* 

Vc*e 



17 - 18 



Vc*d* 
Vc*d 
Vc* 

""g 

Wcf 

Wde 

Vc*e 

Vcd* 

Vc*d 

Vc* 

Wf 

Wee 

VW 

Wc*d 

Vc* 

We 

Wed 

Wc* 

V*d 

Wc* 

Wc 

6" 

18 

888 

8 

br 
cq 
dp 

60 

M 

gm 

hi 

ik 

y 

Vq 

bep 

bdo 

ben 

b/m 

bgl 
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18 


18 


18 


18 


18 


18 


18 


18 


18 


bhk 


be/i 


b'dej 


cPe/ 


bc*deg 


b 3 cdf 




b*ccP/ 


b 3 e*g 


bij 


begh 


Vdfi 


tfe 3 


bc*df 


b 3 ce*/ 


b 4 c*dh 


bW 


b 3 cd/ 


c*o 


bfh 


ffdgh 

WeH 


b*n 


b&e 3 / 


b 3 cPg 


b 4 <?eg 


b l d?e 


b 3 ce* 


cdn 


w 


b 4 cm 


bccPg 


b 3 cPe/ 


Vc 3 / 3 
b 4 cd 3 g 


b 4 c*g 


b 3 $e 


cent 




Vefh 


b 4 dl 


bccPe/ 




b 4 <?d/ 


Vc 3 / 


e/l 


c*dl 


*V 


b*ek 


bede 3 


b*cH 


b 4 cde/ 


5W 


WJde 


cgk 
chj 


c*ek 


Vfg 


bVJ 


bd 4 / 


bWdh 


Vce 3 


4W« 


Vcd 3 


<?/j 
<?gi 


be 3 ! 


b 4 gi 


bcPe* 


PfPeg 


b 4 d 3 / 


b 4 ed 4 


b*c 4 e 


cP 


bc*dk 


b*h* 




Pc 3 /* 


bW 


b 3 c*/ 


iW 


d*m 


cW 


bc*ej 


b 3 c*l ■ 


c*dh 


bVcPg 


b 3 c 4 h 


b 3 <*de 


6W 


del 


cd*k 


bc*/i 


b 3 cdk 


c 4 eg 


V&de/ 


bWdg 


b^cP 


6«c T 


d/k 


cdej 


bc*gh 


b 3 cej 


c 4 / 3 


4W 


b 3 <?e/ 


b*e 3 e 


b u h 


dgJ 


cd/i 


bccPj 


b 3 c/i 
b 3 cgh 


JcPg 


b*ccP/ 




JW 


P'cg 


dhi 


edgh 


bedei 


Jde/ 


WccPe* 


bVde* 


be'd 


V°d/ 


e*k 


ce*i 


bod/h 


b 3 cPj 


cV 


b*d 4 e 


VccPe 


c 9 


6V 


e/j 


cefh 


bedg* 


b 3 dei 


c*cP/ 


bc*h 


b 3 d* 


b*j 


b'e 3 / 


egi 


ceg* 


bce*h 


b 3 d/h 


cW 


bc 4 dg 


b*c*g 


b 3 ci 


b'ede 


eh* 


cfg 


bce/g 


b 3 dg* 


cd 4 e 


bc 4 e/ 


b*c 4 d/ 


b 3 dh 


Wd 3 


A 


d*j 


be/ 3 


4VA 


CP 


bc>cP/ 


b 3 eg 


bWe 


g* 


cPei 


bd?i 


b 3 e/g 


b*m 


bfde 3 


We 


b*/* 




cP/h 


bcPeh 


b 3 / 3 


b'cl 


bJcPe 


Pc'd 4 


b^h 


bVd 


b 3 P 


cPg* 


bcP/g 


bWk 


b*dk 


bed 1 


be 3 / 


Vcdg 


V* 


b*co 


de*h 


bc&g 


b 3 &dj 


b*ej 


cfy 


b&de 


Vee/ 


Wg 


b*dn 


defg 


bdef 


bVei 


b l /i 


c*d/ 


bc 4 cP 


Vd 3 / 


b u e/ 


b*em 


df 


be 3 / 


Vt/h 


b*gh 


cV 


e'e 


Vde 3 


b u de 


V/l 


*g 

if 


c 4 k 


W&g 3 


b 4 c*k 


c 4 cPe 


ScP 


Vc 3 g 


We 


#gk 
b*hj 


<?dj 


tfccPi 


b 4 cdj 


<?d 4 


b s k 


bWd/ 


b u cd* 


b 4 o 


<?ei 


b % cdeh 


b 4 cei 


VI 


Vcj 


6W 


V*d 


VP 


b 3 cn 


<?/h 


Vcd/g 


b 4 c/h 


Vck 


Vdi 


b'ccPe 


V<* 


bc*n 


b 3 dm 


*f 


WcJg 


Peg 3 


Vdj 


b 7 eh 


Vd 4 


b w / 


bcdm 


b 3 el 


<*d*i 


Weef 


b 4 cPi 


b'ei 


v/g 


b*c 4 / 


V*ce 


bed 


b'fk 


<?deh 


WcPh 


b 4 deh 


b*/h 




bWde 




befk 


b 3 gj 


<?d/g 


b*cPeg 


b*d/g 


b'g 3 


b*cdh 


bVd 3 


b n (?d 


begj 


b 3 hi 


**g 


WcP/* 


b 4 e*g 


b*c*j 


b'oeg 


JVc 


We 4 


bchi 


V&m 


c*ef 


Vde*/ 
b*e 4 


b 4 ef 


b*cdi 


b*ef 


b 4 e 4 cP 


6"e 


bcPl 


Vcdl 


ccPh 


b*<*3 


b 6 ceh 


bWg 


b 3 c*d 


b w cd 


bdek 


b*cek 


cd*eg 


be 4 } 


b 3 <*di 


b 6 c/g 


b*de/ 


b % <* 


We 3 


WJ 


Vcfj 


cd*P 


b<?di 


b 3 c*eh 


b s cPh 


b'e 3 


i 10 i 


b u d 


bdgi 


b*cgi 


cde 3 / 
ce 4 


b&eh 


b 3 c*/g 


b s deg 


bWh 


b 9 ch 


b X4 <> 


bdh* 


b'ch* 


b<?/g 


b 3 ccPh 


Vdf 


b s c*dg 


b'dg 


b u c 


be*j 


VcPk 


d'g 


bc*cPh 


b 3 cdeg 


bV/ 


bVe/ 


b'e/ 

1 


b u 



Note on Hansen's General Formulae for 
Perturbations. 



Bt G. W. Hill. 



The last form in which Hansen expressed the perturbations of the mean 
anomaly and equated radius vector is exhibited by the following equations : 

** = <* + °. + f\w+ ^Jl-vft, 

(Equations 36 and 37, p. 97.)* 

It will be perceived that the right-hand member of the first of these in- 

— ho 

volves three quantities, viz. W, v and . But the last of these quantities 

has no share in defining the position of the body, and it is desirable to get rid 
of it, provided that can be done without complicating the equation. This is 
readily accomplished by means of the equation (33, p. 95) 

dz ho 

~dt h (1 + pf ' 
The result is _ 

/W+ # 

Why Hansen has not put the equation in this form I cannot imagine ; the 
advantage, not only as regards simplicity of expression, but also in point of ease 
of computation, is evident. 

# See Auaeinandersetzung etoer zweckmdsmgen Methods zur Berechnung der absoluten Stdrungen der 
klefnen Planeten. Von P. A. Hansen. Erste AbhancUung. (Abhcmdlungen der Kdniglichen S&chsischen 
QeeeUachqft der Wisaenachaften. Band UL) The numbering of the equations and the paging are from 
this volume. 
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Hansen develops W by Taylor's theorem, and, limiting ourselves to the 
second power of the disturbing force, we have 

When this value is substituted for W in the equation for n^z , we have a 
differential equation of the first order and degree for the determination of hz , 
the integral of which is well known. Terms of three dimensions with respect 
to disturbing forces being neglected, this procedure furnishes the equation 

nj)z = (1 - 2v) f [(1 + 2v) IPo + v*] M*, 

which, however, is without interest other than analytical, as its use involves 
more labor than that of the equation given by Hansen. 

Hansen's equation for the determination of v has the disadvantage of not 
affording the constant term of this quantity, and is inconvenient in computing 
the portion, of the form 

At + BP + CP + . . . 

which is independent of the arguments g , g , &c, as the values of A, B , &c, 
must be determined to a degree of accuracy much beyond what is necessary in 
the case of the other terms. As all the- arbitrary constants admissible have 
been introduced by the integrations which give z , it is evident there must exist 
an equation determining v without additional integrations. Hansen has virtually 
employed this in the place where he shows how the constant term of v is to be 
obtained, but has nowhere given it explicitly. This lacuna I propose to fill here. 

The equation 39, p. 97, 

Wo = 2 A — £ - 1 + 2±£ p - cos 61 + 2 L p - sin u , 
may be employed to discover the value of A The known expressions for 
— cos o and — sin o are 

O 3 / y(°) tW \ 1 / T (l) T (3) \ 

^ cos cj = — ~e + — J *_ J cos y + — ^« — J * J cos 2>y + . . . , 

' n / 7 (0) 1 ✓ T (D y (8)v 

^ sin o = + J ^ J sin y + — \ + J sin 2y + . . . , 

Vol. IV. 



'&% HtU,: N<J* <m flwrnn Gtmral Formula fw P*rt*rtj*tifm*. 

where Hasaiwrg notation for the Reswelia* function h employed, and the sub- 
script zero, which properly belong to « f is. for convenience in writing, omitted, 
fn hi* memoir*, where the mean anomaly is employed as the independent 
variable, IfAJfHE* direct* to compute only the part* of WF # which are independent 
of y or which have dh y in their argument* ; that is, the parts which have the 
form 

Jf, + JT, eon y + ^ sin y f 
Jf #f >!T, and ^ being independent of y. 

It will lie easily perceived that, if we put 

/>=*--<. 

/' being thus a constant, the three first terms of W % must have the value 

In this equation we may substitute for ^~ its value obtained from equation 
33, and thus we obtain 

/- •rfc-( 1 + *y( i + d -^- 1 = 3[ * + p x*- 

(i + (1 + -i*) v 

This equation, when is known, gives v without additional integrations. 

To put it into a form suitable for computation, we add to each member such a 
quantity as will make the first equal to — 6i>, then dividing both members by 
— 6 we get 



3( 1 +,.)•(! + 



Thin equation is rigorous. If we may restrict ourselves to terms of the 
first order with respect to disturbing forces, it reduces to 

lr„ , _n 1 d.dz 



2 <ft ' 
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or, if terms of the second order must be included, to 

V = - 6 L X » + PX - 2 ST + 3 [ "dT + 2 " J + 4 * • 

The function usually tabulated is com. log (1 + v) ; and we have com. log 

(1 + „ = J, { - I + PX,] - + I + i,' [ , M being 

the modulus of common logarithms. 

These equations are as readily used as those given by Hansen, and are free 
from the disadvantages, previously mentioned, which belong to the latter. All 
the quantities involved, except X 1 , have already been obtained in the compu- 
tation of . Also X x is readily got by putting y = in the terms of W which 
involve this quantity, and summing two and two together the terms which 
result. 

Washington, D. C, December 17, 1881. 



4m fht MrimUfm #f m Certain dmm *f IHgtnmc* mr 



fin X i. Mur&ff*su 



Wtfnh+A fk \+% **At$tisx> that, f h*A «u**vj y*zr* *e*>, of *a eqmttiML in *Of- 



*M<b m <4 tt# 9* fawn*, and 2*** orfar. 

fo fix iSm f/fe**, Set m Mnmfter the mmple e$me 

iff whfcU, wlmtt /' is If , t)te mhitum in u m = Art. A and a being both arbitrary, 
trill fat /' fi//f mr<9 m expremed by u m = ± {Aa m + Bff*) with the conditions 

*ft = m, AB{a — pf=P 

wMuh miulUiu a* an ^AUrr iMmtum I may remark may eauily be converted into 
tb* *\\u\i\ur and more explicit form 

(*in fflit. + P(mn a + fzfm m - x = 
wfwre a i () are arbitrary (umnUmiM. 
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If we proceed now to verify the solution in its original form, we shall 
immediately be led to perceive a certain generalization which the given equa- 
tion may be made to undergo without ceasing to be soluble — the solution how- 
ever becoming narrowed from a general to a special one : whether particular or 
singular I shall not discuss. 

If we write u x = Aa x + B(3 X , the determinant becomes 



which is equal to AB(a — /3) 2 (a/3)*; this is the verification spoken of: but, as 
a consequence, it is apparent that we must have 



Aa x + B(3 X Aa x + l + B(3 x + l 

Aa x + X + B(3 x + l Aa x + 2 + B(3 x + % 



Aa x + B(3 X + Gy x , 
Aa x + l + B$ x + l + Gy^ 1 
= AB (a — (3) 2 (ap) x + BG 



Aa x + l + Bp* 1 + Gy x + 1 
Aa x + * + B$ x +* + <7y*+ 2 
y)\(3y) x +GA(y-ay(ya) x 



Hence we can solve the equation 



viz. we may write 



where 



AB(a 



u x + Aa' + Bp' +Cy* = 0, 

(3y = I, ya = m, a(3 = n , 

B, BC(P- r Y=P, CA(y-a)'=Q 



that is to say 





BP (r-a) 
Q 9_«) (/ 9_ r ) 



V R ( r -«)( r - / 3)' 



/pq ("—/?) 



or calling 



f",JC .<* •« u* u~ m* .mm*" = — ■ ^2 *» * * 

^ iftrt-l w*Mrn5? «mi.;* viftua * *amo*a*t&ir7 lira uf *juisc*iii «na£7~ 

m ~ * * = I — * m 1 



Hence 



B(3*+ Gy x = J=Pl 2 



so that 
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(i + «)( T+4-nb)l 
^ P ^=r( 7 i n )'(4)^i.(?- I i + .)i' 



or 



«.+ . „; + | r (_!-_)V - j> + ^ + *>• } = o 

will satisfy the given equation 

«. + i — «& + , = + ty* + ?V. 
• When T— the solution fails, as we know h priori it ought to do. 
When S= it takes the form 

We might, by an analogous process, writing (1 + e), (1 + pe), (1 + p*e) in 
lieu of I , m , n , and giving P, Q , i2 appropriate values involving e* as well 
as e , render a finite function of the form (S + Tx + Uv?)^* , and deduce the 
solution of u x + 2 — *4 + i = (# + Tfc + Ua?)X x as a particular case of the solu- 
tion of the general equation. But as we can easily see that the unreduced form 

X 

of the solution must be u x = X* (A + Bx + <7o*), it will be easier to find 
A, B , G immediately from the equation 

A + Bx + Cv? A + B(x + 1) + G(x + 1)* 

4 + G(x+1) % A + B{x + 2) + G{x+2f 

A + Bx+ Co* A+ B(x+1)+ G{x+lf 
B+ C+2x B+ SC+2Gx 

A + Bx+ Go? B+ C+2Cx 
B+C + 2Cx 2G 



or 



or 



= S+ Tx+ Ua*, 



Hence —2C*= U, —2BC—iC % = T, 2AG — {B + G) % = S. 



, r: r m _ r ir-r 



2 2// ^ </ — ±r % /_±r 

a// — v — *r — srv— ±r 

or 

^ + : 2cv + *4C* - *rr, * + 2**r— (T + r/:- v = © 

* the required primitive of the %jreu equation. 

The method utskj <>Wv*&\y he extended to any equation of tie given form : 
that k to *ay wt&tt the persynnxKrtrieal determinant which it contains b of the 
degree % and ht equated to (* + 1; multiples of exponential* each of the form Pf* 
an integral of it esn be found, and if these i exponentials be subdivided into 
partial group* of . terms in a group, then instead of the ? multiples of 

exponential* belonging to any group may be substituted (/>! + /V + /V* + -•• 
+ /V V < tbe solution of the equation so modified may be deduced from 
the solution first mentioned as a particular case thereof 

ft trill be sufficient for all reasonable purposes of illustration briefly to con- 
sider the case of 

i v M u s + x u M + % \ 

An integral of this may be found by writing 

u M = Afx* + Bp + Cy* + Dtf, 

where 

(iyb => l 9 ayh = m , afib — n , afiy — p , 
BOWW, y, b) = P f ACDZia, y, b)=Q, ABDS(a, ?, b) = B, 

ABCUa, 0, y) = S, 
£ meaning the product of the squared differences of the letters which it governs. 

We have thus 

i m n p 

where 

y — s/ Imnp 

and 

p, y, b)]'=PQBS, 
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so that writing 

( PQRS U 1 (PQRS)* 

1[C(«, P, T, Sff] if I I Ml' 

(» V>i ' m' n* } 

^ = £(0. y, * = y, «)|; = ?(a, 0, «)|; = 0. y)f; 

and thus 

(PQRSy(lmn P y^(^, I, I, A) }«» = (Irnnj,)-^ QJS^O?, y, 
or 

It is scarcely necessary to add that all the above conclusions continue to 
hold, when, on the left hand side of the equation for u x + h we write ( ^ J y and 
"at the same time for any exponential I* on the right hand side substitute e 1 *. 

Thus for instance we may in general find an integral of 

ytf' — lP — Aeh * + Btkx cos (*a + P) 

or again of 

{ytf— tfW" — atoTY + ytfi/" — y" 3 = A ^ cos (<*x + p) + b#* cos ( r x + a) . 
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Out Awityiwl FormM mlltd Trtex. 



55r ^v,*x**vt *' trorr. 



**frV? ^*^r-V ,*y^,f vjwvvj? fvrrr_> r>>v:r«r : 4-1-1 If ^ x-i^iier 

Litwcu* f/SSt"*?* $ x,:.ffj>, \z*&s zsa all vf *>jrii il-vii .1 

*<r, : >c v>* rtro v^'i/,;.* v, Sr-d \v; +::S'*r of r.«o>:r«*r? ttIiL .Viz.: -? : 
**p/J V/ £,v3 ,;;.vrr of djrti.v* X kr-ot*. 

t t,'*r<', ,u tu j y+\&r **<Pt* Ti#?>ry of t«? Az&lyii&ki Y-jTzzs eall*-i Tr**?.~ 
/'//</, i^/// *, J 3 ' J >//7, i 7z J 7^. '//t'tu *Jf> sola^o:* of £rv: q^^i :^ : tLz. 
ff ty* 'fati'M* f he shutter of the roovtre*r* irith -V k^ot*. ir-er^ lie 5u:-:vsr:ve 
$0itu***t* , fa f are ft)v<:u by the formula 

vi/ we find 

nuttUof'p 12 3 4 5 6 7 * & 10 11 1 *__J?__ 

I 2 4 ft 2» 4* 115 2*6' 719 1*42 4766 124*6 

And I have, in the paper "On the Analytical Forms called Trees, with Appli- 
mUoii* to the Theory of Chemical Combinations," UriV. JU*«. Report. 1875. pp. 
5£//7 ;}0#') f a!*o shown how by the consideration of the centre or bicentre of 
Iff j Klh" we can obtain formulae for the number of central and bicentral trees, 
thai 1* for the number of distinct trees, with knots : the numerical result 
obtained for the total number of distinct trees with N knots is given as follows: 



No, of'Kiiol* 


1 


2 




4 


r, 


o 


7 


8 


9 


10 


11 


12 


13 


No, of ( fonlnil Tmm 


1 





l 


1 


2 




7 


12 


27 


66" 


127^ 


284 


682 


" BI.H'i.iml " 





1 




1 


l 


8 


4 


11 


20 


51 


108 


267 


619 


ToUil 


1 


1 


l 


2 


a 


ft 


11 


23 


47 


106 


235 


551 


1301 
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But a more simple solution is obtained by the consideration of the centre 
or bicentre "of number." A tree of an odd number N of knots has a centre 
of number, and a tree of an even number N of knots has a centre or else a 
bicentre of number. To explain this notion (due to M. Camille Jordan) we 
consider the branches which proceed from any knot, and (excluding always this 
knot itself) we count the number of the knots upon the several branches ; say 
these numbers are a , (3 , y , & , e, etc., where of course a + /? + y + 5 + e 
+ etc. = N — 1 . If N is even we may have, say a = y N; and then /? + y + h 
+ e + etc. = -j-JV — 1 , viz. a is larger by unity than the sum of the remaining 
numbers: the branch with a knots, or the number a, is said to be "merely 
dominant." If N be odd, we cannot of course have a = y N, but we may have 
a > \-N-, here a exceeds by 2 at least the sum of the other numbers; and the 
branch with a knots, or the number a, is said to be "predominant." In every 
other case, viz. in the case where each number a is less than -f-^V, (and where 
consequently the largest number a does not exceed the sum of the remaining 
numbers), the several branches, or the numbers a , (3 , y, etc., are said to be sub- 
equal. And we have the theorem : first when N is odd, there is always one knot 
(and only one knot) for which the branches are subequal : such knot is called 
the centre of number. Secondly when N is even ; either there is one knot (and 
only one knot) for which the branches are subequal ; and such knot is then 
called the centre of number ; or else there is no such knot, but there are two 
adjacent knots (and no other knot) each having a merely-dominant branch ; 
such two knots are called the bicentre of number, and each of them separately 
is a half-centre. 

Considering now the trees with N knots as springing from a centre or a 
bicentre of number, and writing ^ for the whole number of distinct trees 
with N knots, we readily obtain these in terms of the foregoing numbers 
$i » $2 » $3 > e ^°M v ^ z * we have 



^7 



1, 

-5$>l($»l+l), 

coeff. a 1 in (L 

2 <P» («?>» + 1) + coeff - £ m (1 
coeff. a; 4 in (1 

4 <p 3 (<fc + 1) + coeff. z 5 in (1 

coeff. oj 4 in (1 
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Not es. 

I. 

On Symbols of Operation. 
By Professor Crofton, F. R. S. 

To prove that, q> being any function of D , i. e. ^ , 

where X is a constant determined from 

^) = 1+4<A), (2) 
the function ^ being defined by 

The above theorem might be made to follow from principles given in a 
paper by me in the Proceedings of the London Mathematical Society, April 
1881 ; but the following method may be also employed. 

Let u = (**« 1>) <**', 

differentiating with regard to h , 

an 

also = (**+ D x<l>(Dy 

We have thus a partial differential equation 

To determine the arbitrary function % , we observe that if k = , u = e** ; 
hence if X be determined so as to satisfy 

« = x W = 



= ^ — 

4*4. UXrT>2^u~T+Z + "rr-m ti*r ^fJUlu^ teal % ^T1r?I - — 1 ^ iiiL 



i—l — Mar: 



# -r<r^ -V^&Mrti**.**: iU<llifT ~*£~me&Zl •xmUL T*~Hl>uIi-* lO^TfflUTSr IF ^Ifc 

- 

'Spurn* 



*b~bfx~ / A -I* fz*~ke- 
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Hence if z be the same function of x in (6) as in (4) , the operator eP+ is 
identical with e 2 *'; that is 

In order that this identity should hold, it is necessary that z , f{x) , ^(x) shall 
be three functions of x which satisfy (1) and (7) , viz. 

z = x+/{z) (7) 

t(z)=l+4,(x) (1) 

<p(x) being put for^p. 

If we could then eliminate (z) from (1) and (7), any functions /, 4s whose 
forms satisfy the resulting equation, will cause the identity (8) to hold. 

For instance, suppose q>(x) = ha? , then ^x = — ; 
hence (1) 

z 

X == 



1+hz 

therefore (7) /(«) = 

therefore 1 + 1M + ± + Ac. = 1 + *0 ^ + (^) V Ac. 
whatever be the operand. 

Again let us suppose f(x) == A# , then z = ; 

hence (7) ^ is to be found from 



log(l-A) 
<|>(a;) = — a; log (1 — It) 

Thus 

1 + + .... = e -ioK('-»^ = (l_/ t )-f 

1: % It 

= 1+ Aftc + ^ Z>x (Z>x + 1) + j-^-g Z)x (Z?x + J ) (Dx + 2) + 
This is easy to verify. 




Prn* On*"*? \r . 'JX *m <a*e» uT t juim jraerai "iiemm. Tiua. map- 

rx tyVM+A n Urn 

9 +wt >. % . f. ^k^frrir^fij. 2 r V?» *6r ▼aid 
Jf JT*.. . , . . Zsu . Ja- .... 

m ******** 

X A j* "a* *nn*cmr ~**rm ja -iie *u;ian«tt if *iie ?nr» nut x vi wririf 
/' it 5vr v^R^#*n^ if ""ae \f iisnesr t**2T»e in in* ^tuiamia -nnwmaigti 

4t>* >f # *s# i**xut ->f +yj\xrjmz -*xtxl ttukl iie aflinc X "» :naiife& irvrn, 

Mm^Mrn^ = ^;F+, 

X*. . X*, , . =i x :Ff f .ir. 

Jf . Jf - X»r - X** , 

into ' ' - x 



X% - JTftj „ Xflkr . Xflt» 

*'*w»Jb. k *rw* the w>&at& of Jf ud JT ue *ran*caiL5. 

'he fttmf* Jf awl JTare at mfinhj tie first £Ktor in^^ seccmes equal 
f/» wrf/, jurid tti^ i}#*AKUi $k*m* that the ntw of the protfcirts of segment? on two 
Jr;^r /yf AtwrsXvni tiar/nzh a rariabie point X k o>KCant. When the 

*>xr&%,W yhuX X hi at mfinhr the second fcrtor in terototz equal to 
r#r/rt/ a##^ 1^ that the ratio of the pn>doct^ of segment? on two parallel lines 
*4 tart*b\e Atrwt'vto throiigli two fixed point? i? constant. It happens that the 
fatter tAiMf \&* the *arne value a? the compound ratio {p\ 
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whfch in crjiial U> — j Xf y t z% we at once obtain all that is required. 

Th<; form of the theorem for higher orders is apparent, and is indicated in 
the title of the note. 



_ * V m 

/ t 

-/v *i =: *' v — * f 2 — ' kr^t — tit 

/' 't + ih f 'm T:jx~ ±* Vj* *j.rr*:*r*?t tljh*: -i — i faj r- 

^ v, \^ /w. v^tr. 'f xcS. *cjh \£ -Jut r>;n a* x zr:- 

TV** e7/',f *fv?r *f>r Sr»t ':orr***io& h> 

- 1 ^r* . 

t. *, it rxxtwA hz*'Ma*\ \x% *}**Auv: value the product of half '.he ^qrj^re of the 

ori'/j(t*i wtht bv „, . where F" denote* the numencallr greatest value of 
' J 'h ' " 

farr*i% t tn Uht Cwr* d'AI'j&srt 8u/*rieure (voL 2. pp. 34»>-34Sk deduces by 
& lon^ aiid u/zf/iewhut difficult method the result that the error after the first 

approximation cannot exceed the product of -* A* by the numerically greatest 

value of the fraction r// between x = a and x = fe. This is obviously less 

/'(*) 

wmmU; than the renult obtained above ; and in fact it may be noted that f(a) is 
uwMtHULrWy the numerically greatest value which the denominator, / f (x), can 
take between the limits. 



JUL/TJjfOJUE, Afay, 1881. 



/ /> ^ ^ ^ ^ ^ „ . . #i =/>— ^-^Oj — m , . . dOyjf -T^O, - 

2=5 'i* + . , . . I I - - - 

+ - - ^^/<*+<** + ^ ^/-^ + I 



m4 [«]*=ri! — ^ e result °f retaining only those terms of the ex- 
p*ri*i/s» of (o» + «i + + a.^j)* of the form 

6'<(/z J + a f + . . . + + i + + . . + 

trJifch = the result of rejecting all terms of the same expansion, of the form 

Ca'a l a* 

• i * 

in which > 1, ft«_s + ft«_i>2 , . . . .n 1 + n 1 +. . . . + >n — 1. 
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If u be a complex variable, 

§bfu = the protensive (real) part of fu ; 
tyfu = the ditensive (imaginary) part of fu . 

I. Functions op a Simple Variable. 

1. Fundamental Form. (Rollers.) Let Fx and F'x be continuous from x = a 
to x = b, and Fb — Fa = ; then will 

F'(i = 0. i. 

A proof of this theorem is given in nearly every text-book on the differ- 
ential calculus; perhaps the best is that by Professor Mansion in his Legons 
d? Analyse infinit&simale, ( Gand). 

2. Extension of Rollers Form. If fx , $x and fx : $'x be continuous from 
x = a to x = 6, and fb — fa = , then will 

fit : <f>> = . ii. 

This form may be proved by reasoning similar to that employed to prove 
the Fundamental Form, or it may be deduced from the latter thus : 

Let fx = Ftpx and p x = <pa + (<pb — $a) ; then, since fx and <px are both 
continuous from x = a to x = b , F<px will remain continuous while <px varies 
continuously from tya to $6, also D^Fipx = D„F<px : D„<px = fx : $'x is con- 
tinuous between the same limits. 

Therefore by i. A/fci = (<*)• 

But since <px is continuous from x = atox=6, although it need not 
always be intermediate between $a and $b , yet it must be capable of assuming 
any proposed intermediate value for at least one value of x between a and b , 
i. e. — 

Hence D^Ffr — D^F^fi = D^F$n : Dtfp = ffi :$'[i y =Q by (a). 

3. Lagrange's Form. Let F x x and F(x be continuous from x — a to x = Z>, 
then will 

2^6 — J^a = (6 — a) 2^ . iii. 
Let Fx = Fx * 



F x b — F x a b—a 1 

F\}i 1__ = 

F x b — F x a b — a " 

hence F x h — F x a = (A — </) /fy . 



then _ J_ = 0, by i. ; 













^ _ ^ — - r r 
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6. Extension of Cauchtfs Form. Let fx, //a, f&, fix , . . . . f n x, fix, 

fax , ${x, typo, fa'x , <p n x , Qf n x be all continuous from x = a to x = b, 

then will 

+ fit* h 



fib— fa f£—M fnb—f n a 

. . . + _J^_| = . vi. 

( fx* — f l« f 2* — f 2« (ftfi — <p n a ) 

Let Fx = ^j.*^ 1 ^ + — f- . . . . + — 

_ j f i* _[_ f & , , f»* ) 

( fi* — fi« f2* — f 2 a * <p n b — <p n a )' 

then i. becomes vi. 

C7or. If /x = = fx — = f n x, then will 

f b -fa = nfv:\-/>-+ + _^_|. v ii. 

( f I 6 — f l a <Pnb — f n « J 

Fx being continuous, n must in general be finite. 

7. Forms expressed by Definite Integrals. Let fx, $x, ^x , J fx.fyxdx and 

fx.^xdx be continuous from x = a to x = b , and /xzO and ^« , then will 

f a fx.$xdx=^Jjx.^dx. viii. 



fx.tyxdx J fx.^xdx 

J a fx.tyxdx^ I fx.^xdx 

thea rta-fi*- - = by i. 

J a fx.<pxdx J a fx.^xdx 

consequently J^fx . fyxdx = ^J^fx. ^xdx . 

Cor. If fa = 1 , then will 

fx . tyxdx = I fxdx . ix. 



*h**t + * ~+ a 

ft* =f%j+\—f*.4« **** 

= —iP>—f<* Jj**ir 
z'i7, ttfkf *b*p \*t oUain&l dtr&zlr ftf/m ix~ zbr& : 
£u.<*rdx =fh . <fb —fa . fa — fjr . 
iff t%, f = /& . —fa.fa — yi— fa 1 +« 
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The usual proofs of viii. and ix. are substantially the same as Moigno's proof 
of Cauchy's Theorem, but no hint is at the same time given that iii. and viii. 
differ only in form of statement, xi., for the case c=b, was given by A. 
Winckler in Sitzungsberichte der maih.-nat. Klasse, Wien, LX, (1869). (y) was 
given by Grunert in Grunerts Archiv., IV, 113. (/?) was given by U. H. Meyer 
in Grunert's Archiv., V, 216. xiv., xiv n and xiv 8 were given by Hankel in 
Scldomilch's Zeitschrift, XIV, (1869). 

8. Remainder in Taylor's Tlieorem. In the Special Case of Cauchy's Form, 
let g = 1= b , h = a, e = o, e = c — a, y\ — h + b and b — a + h, then 
v. becomes 

f{a + h)-{fa + ±-fa + + -£>a | 



<p\q\(l — dy h n f n + 1 (a + 0h) 



'nl[ql(l — 0)p hvyi' + ^c + Ofy+pltPhtip't + ilk + il — Vlhfl 



= R. xv. 



R gives at once all the forms, exclusive of those involving definite integrals, 
hitherto proposed for the remainder in Taylor's Theorem for a simple variable. 
Thus, if be constant and c — a, R will become the general form given in the 
Memoires de VAcademie de JHontpellier, V. (1861-1863), and if in addi- 
tion^? = , R will become the special form given in the same memoir. (Tod- 
hunter's Dif. Gale, 6 th edition, pp. 404-406). The latter form is also given by 
Schlomilch in his Uebungsbuch, p. 262. If^=n, R will become the form 
given by Professor Mansion in Messenger of Math., V 2 , 161. 

If <px be constant, R will become a form of which the special case for 
h — q = was given by Schlomilch in Liouville's Journal, III 8 , 384, (1858) ; also 
in his Handbuch, 1847. The forms of Roche (1858), Cauchy, and Lagrange (1807) 
are all particular cases of this form of Schlomilch's. 

Definite-integral forms of the remainder can be reduced by viii. or ix. above. 
Thus, to obtain Roche's form in expanding f(x + h) by integration by parts, let 
the remainder 



= ;jT— ------ 



-r — _ — -ft ff , 



I- jt*rmtnw*rr 9 "L*ign* * Tmf&rrm. JX He- Hire ji m ■ irn^ "in* g ^rt^ 
S$$00L 4*mxp+ Twh*-w Jkdm* *r Ifmsamam ~Bmmr~n. Zwumy-** ~ ~ 



1*'- JT 



jr — % mi — / x — t - — - _ ' ~ - — c - — 



zz/ s ~ f f — % <L — ~ ~ - /^ - 



k 
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Let h — and — h p + 1 , then the remainder will become 

For 4" — write + h), which may be done since 4- and ^ are both 
arbitrary, then making k — b and a = . xviii. become* 

/«=/*+• ■ •+ • „. - uj ('W* 1 -* m - 

Again for — and + A) . there may be substituted functions of the 
form of W x , , or — FP X of o T or functions bearing the same relation to 
Lagrange's Series that these do to Taylor's. 

In the note HimfM awl Uniform Mttho'l. «fc*\. it is shown that if u = 
x + tyn and r = x + {b — 3)$k the remainder in Lagrange's Series is 

=ijr^-'(£)*{<^'^}.*] 

in which u l =x + $fjpa x . This is the same form of remainder as that found in 
xx. Had viii. been used instead of ix. in the reduction, forms like those of xix. 
or xxi. would have been obtained. 



II. Functions of a Complex Variable. 

11. General Form. Let u = z + i<px , u % = x 9 + , Wi = X\ + i^ti , 
v l = w + #i («i — Wo) t an( J v i = w + t («! — i/ ) . If $x and $'jc remain con- 
tinuous while x varies continuously from x = x tox=x l1 if also 4hi and 
remain continuous from u = u to u = , and if 4>m 2 — 4>m = , then will 

§^v x = and Wr t =0. xxii. 

12. Sjjecial Form. Let 10 = (w — w f ) : (tij — 1^) and 

4>w = — k ) J — — ¥0) — (Fu — FtiJ (VI — <P0) f 

and /. <Vu= (Ft^ — Fu<) — — u ) (VI — <P0) F f u 

/tFui _ Fuo= &\{u 1 — u )F'v 1 \+ ¥tl ~/ t fi 1$\(u 1 — u Q )F'v t \. xxiii. 
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13. Remainder in Taylor's Thoerem. In the preceding form let 

Fu =/(h + iv) + (k + in) + + ( -^r-V (* + **) • 

... f(h + + *=*v (*+*!,)+ + (* + m 

-{/(*+««,)+ *=*V (a + &*) + + ^trf < A + \ 

= [> (a + 6) + ^ (« + 6) + + ( -^-' < (« + b) 

-|^« + y^«+ + -Jr*r°}]^ 

+ [*(a + 0) + I=£tf(a + 0) + + fc^l^ (a + / 3) 

- | V + y^a + + | ]i2, = i2. xxiv. 

in which a= if-.^ri 1 ^ ■ * («■ 

Had it been assumed that 

<Pw= * x (at + b x w) -% fa-b % w) + % fa + M-^ 1 ^^ («• - M)+ &c., 

a general theorem would have been obtained of which v. is the form for a real 
variable in the particular case I = b x = 1. 

Taylor's theorem with Remainder is the particular case of xxiv. for h = , 
& = w 1 , andZ=l. If in addition to these limitations, c = 6, y = /3, and 
Ui — u = t , xxiv. becomes (writing u for w ) 

= [4i(a + J)-|^a+^ia+ +^< a |]ii5 1 

+ +/?)- | V + JU', + a + £* J ]i2, xxv. 



?*<ff*A4> vv* vt / «vn*?.tu»5r TVv^* *r,n~*n:»*nr >*->r- lifr»rvn liar «aa w 



f * , \ * ' ~ 9*1 * : 

•W , , - j£T - iJT - ^ — 55 — «r— — I 

* - n~ .x, ~ - i 

~ V * ,^}f^^^ + \T'~\~~tr-— 4~ — — — 

'.fi&M. *y^J±Z ±r^±~ s^&JTI. 

*4~*tf*% . h$^\J£> . ^ t 71±4 fy^Ii.^ r^TJ* _ 

4*w4 'r*&rV;to? 21 — — 12 ^2L«4 lias i*T» iisna^j 
23 46 * 24 58 25 34 — w~ tb*- iir«r :«f di^m 





— *#e? = 










¥« = 


— *y«= 




'»>* = 






>* = 






#,*,= 






V» = 
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We may without loss of generality assume e x = e 2 = e s = + ; the equations 
then become + = — e 4 e 7 = e 5 e 6 

+ = — = <¥?7 
+ = — = 
e 4 = — e< = — e 1 
s 7 = e 6 

«• = *s = — *4 

€ 1 = — s i = e 5 

and writing = ± at pleasure, these are all satisfied if — e A = e 5 = e 6 = e 7 = . 
The terms written down all disappear, and the sum of the squares of the eight 
coefficients thus becomes equal to the product of two sums each of them of 
eight squares, viz., this is the case if e x = e 2 = e s = + , — e 4 = e 5 = s t = e 7 = 6 , 
6 being = ± at pleasure : the resulting system of imaginaries may be said to 
be an 8-square system. 

We may inquire whether the system is associative ; for this purpose, sup- 
posing in the first instance that the e's remain arbitrary, we form the complete 
system of the values of the triplets 1 2 • 3 > 1 • 2 3 > etc. (read the top line 12-3 = 
— *i0> 1-23 = — *i0> the next line 12-4 = fif«7i 1.24 = V47 f an( * so in 
other cases) : 



123 = 


1-23 = 


— 4 


— «1 















12-4 = 


1.24 = 


44 


44 


7 


23-7 = 


2-37 = 


— 44 


— 44 


6 


125 = 


125 = 


44. 


— 44 


6 


24-5 = 


2-45 = 


— 6467 


— 44 


3 


12-6 = 


126 = 


— 44 




5 


24-6 = 


2-46 = 


— 4 


— 4 





12.7 = 


1-27 = 


— 44 


44 


4 


24.7 = 


2- 47 = 


44 


44 


1 


13-4 = 


1-34 = 


j — * l4 


— 44 


6 


25-6 = 


2-56 = 


— 44 


44 


1 


13-5 = 


1-35 = 


j — 44 


44 


7 


25-7 = 


2. 57 = 


— 4 


— 4 





13. 6 = 


136 = 


i 44 


44 


4 


26.7 = 


2-67 = 




— 44 


3 


13-7 = 


1-37 = 


44 


— 44 


5 


34-5 = 


3-45 = 


— 44 


44 


2 


14-5 = 


1-45 = 


— 4 


— 4 





34.6 = 


3-46 = 


— 44 


— 44 


1 


14-6 = 


1.46 = 


44 


44 


3 


34.7 = 


3 47 = 


— 4 


— 4 





14-7 = 


1.47 = 


44 


— 44 


2 


35-6 = 


3-56 = 


— 4 


— 4 





15-6 = 


1.56 = 


— 6,6 4 


— 44 


2 


35.7 = 


3-57 = 


44 


— 44 


1 


15-7 = 


1.57 = 


— 44 




3 


36 7 = 


3.67 = 


— 44 


44 


2 


16-7 = 


1-67 = 


~ 4 


— 4 





45-6 = 


4-56 = 


44 


— 44 


7 


23-4 = 


2-34 = 


44 


— 44 


5 


45.7 = 


4.57 = 


— 44 


— 44 


6 


23. 5 = 


2-35 = 


— e,4 


— 44 


4 


46-7 = 


4-67 = 


— 44 


— 44 


5 


23-6 = 


2-36 = 


44 


— 4*7 


7 


56-7 = 


5.67 = 


— 44 


4*8 


4 



Writ* nm he£>re ^ — ^ — 3^ — , Oueti 4mtKaMkne -iut sue* masm m it 
first Imej wtvvth, 'Wiraan nfae rrnr^/i Q . ami » » lc«n g tnwrr mLy :ae seii a* sre& 
in nhe fjurrt m4 £vrir& wtTunna. are 





** 


** 


— «« 






— % 






— H 


«- 


*• 




— M. 




— % 


— <u 




% 


— «« 


— Mr 








— U 


** 


— «• 


— c* 


«. 


«» 




— Mr 


— ** 


— *+ 


— «* 




— % 






— Mi 


— H 


*~ 




— Ml 


— Ml 




— Mi 




** 


n~ 




— 


— *r< 




— M- 





and we hen**e .<ee a£ on*te ih&z. die pair* of *gat» dx die two xminm* r»pei?EFfely 
<*aiuurt be made identieai: to make dhem »- w« Aooid kie = = — 
^ = d*at ia t^ — — whi*i» hu!i»(£BGHLC wfdi die jisafBanof 

the *jrtem — — „ Heme die imagxnarxes 1, 2- 3-4-5- 6- 7- ** defined 
hy r&e original <*x>Tuitzv'x&- are not in any *a*e aiweiairre. 

ff we have *< = % = ^ = -K and also — ^ = ^ = ^ = ^ = #. dtar b» if the 
nwajrmanea fveloag to the 8~#quare formula, dien rt » as onee seen that each 
pear er^wwfji of two opposite ague; that & for die several M*fe 123- 145* 
167 246, 257, 347, 356 for the drfmon of die mutilans, tbe 
m*#aatsre property hold* good 12-3 = 1-23- bat fix* each of the 

remammg twenty-eight triads, tfe teo «nw «n? fr* #/ ffmikt wifm. 

rvz~ 12-4= — l-24f etc-; m that the product 124 of any sock three symbols 
ha* no determinate meaning. 



On Certain Metrical Properties of Surfaces* 

By Thomas Craig, Johns Hopkins University. 



First consider a surface in a space of n + 1 dimensions. For brevity in 
speaking of spaces of any number of dimensions I shall use the symbol (com- 
monly employed) M n + X ) this is taken to denote a space of n + 1 dimensions. 
A surface in M n + Y is understood to be expressed by a single relation between 
the Ti-l-l coordinates which determine the position of a point in M n + X . De- 
noting these coordinates by x t where i = l,2,3...n-|-l, the equation 

Qfax* . . . * w +i) = 

is the equation of an /i-dimensional surface in M n+l . Since we have one re- 
lation connecting the n + 1 quantities x< , each of these may be given as a func- 
tion of n independent variables . . . u n . 

Denote by the differential coefficient of x i with respect to , then 

dx i = a^du x + aSpdut + . . . + «» ; 
also denote by a$ the second differential coefficient of x t with respect to Uj and 
v lt1 then 

d*Xi = a$du\ + Zafflduidtti + 2a^du l du z + . . . + a>nldu % n . 
For the element of length ds of a curve traced on 4> = , we have then 

ds* = 'iTV^Ui + So^duJ + • • • + Za^dul 

i = l 

+ 22a[ i) <# ) duidu % + . . . + a^du^ du n . 

The limits of the summation have only been written once, as they are of 
course the same for every term. For brevity, write 

E ii = ar + ar+. • .+a$-+» 

E jk = a^aj?> + af af + . . . + aj*>ai*> ; 

Vol. IV. 



fther* for 'I* we hare 

From the 'jriantlrie* form the determinant of whioa 

.... 

*»* /// .... V**' _ A 

*■*. *» - - - - *» 

ia the firat. There will be * 1 of these determinants eaoh. of the de-zree a : 
squaring these and adding, we obtain, as Ls well known, a symmetric deter- 
minant of the degree «. viz. 





E* 




. . E^ 




£» 


E* ■ - 


■ ■ E m 






En ■ 


■ . E^ 


£.1 




E„ . . 


■ • E„ 



of course E tJ = E Jt . 

The differential equation of the surface 4> = can now be written as 
A x dx x + AjJx t + . . . + J m +i<frr B + 1 = 0. 
The direction-cosines of the normal to this surface at any point are 

A\ A} A++.1 

a lt a*, . . . ct m+1 — -^r- -yf . . . — j— - 

The element of area of the surface (as will be shown hereafter) is 

dS = Vdu^du^. . -rftf mr 

or by virtue of the above relations, 

Suppose we have now a second surface 

connected with the first by the relations 

y i =/ i (x l x 7 . . i = l, 2. . + 

Denote by /3 lf . . . £ w+ i the direction-cosines of the normal to this 
second surface, and by B u B t . . . 2? w+1 what the determinants A % of the first 
surface become for the second surface ; then writing 

u*=in+in+ . . . 
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we have 

and for the element of area 



Pi- u 



az = (ftA + &a + . . . + 3 n+1 B n+1 ) m Ui 

The ratio between the elements of area dS and dl, is 

dl' _ U 

Us ~~ v' 

Now V may obviously be written in the form 



V= 





<*» 


a 3 . . 


. . a n + i 


dxi 


dx2 


dxs 


ctr n + l 


du. 


du, 


dui 


du, 


dx, 


dx2 


dx s 


dx n + l 


du^ 


duz 


dv^ 


duz 


dx, 


dx 2 


dxt 


<ten + l 


du n 


du n 


du n 


du n . 



and similarly, denoting by (J^ff^ the quantity 



dyt dxi _|_ fyt dfy 
dx, du k dx 2 du k 



+ 



dy { dx n +i 



dx, 



du t 



we may write 



& ft ft 

( d yi\ ( d y*\ ( d v*\ 

\du,J \du,J \du,J 

KdutJ KduzJ KduzJ 



ft + i 

\ du, J 
( d Vn + l \ 

\ dxH J 



n- 



( d V\\ ( d yi\ ( d Vi\ / dy n -hA 
\dUnJ \du n J \du H J * A du n ) 

The direction-cosines of the lines of intersection of the surfaces u taken 
1 at a time with the surface 4> are 



dx, 



dx2 



dx< 



\fEn du, ' du, ' 



^/JEu du. 



i i 



l 



BE— - 
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This is rather an interesting formula, and one which I have not been able 
to find given anywhere else ; I actually obtained it first for three dimensions, but 
the generalization was obvious and attended with no difficulty, so for the purposes 
of another part of the paper I prefer to give it in this form at once. If we 
denote by Xi , , the coordinates of a point on an ordinary surface, and by 
Vi i Vn Hz the coordinates of the corresponding point on a second surface, we 
have * 



dS 



V 



A 

A 

A 
o 





dyi 


dyi 






dxs 




dy 2 


dy% 


dx\ 


ebb 


da* 


dy* 


dy* 


dy 9 


dx 1 


dfy 


dxs 




<h 


<*3 



say k. 



Suppose the second surface to be a sphere of radius unity, whose radii are 
parallel to the normals at the corresponding point of the first surface. Let the 
first surface be given in the form 

«8 = ?»(a5i«») 

and denote by p and q the first differential coefficients of a% with respect to 
Xi and as, ; also as usual write r , « , t for the second differential coefficients of a% 
with respect to Xi and x, . 
The second surface is 

tA + lA + y$ = 1 ; 

this is satisfied by writing - 



Y — 2-. 



v— 9 



— i 



where . Q = vT+^+g* . The ratio between the corresponding elements of 
area on the two surfaces is now 



P 

Q' 

? 

«* 

— 1 

0, 



(1 +tf)a—pqr 
? * 

pr + q» 



p_ 



? ' 

(l+p>)t-pq8 

— s 

9 















— l 



* Some time after the above had gone to press I was informed that Neumann had stated this theorem, 
without proof, for space of three dimensions, in Volume IX of the Mothemotische Annolen. — T. C. 



>r ~ If 



fc/£*wvRn<jr nil* iruuL? 

k turf, f£ \vt r*&. %f ^ir^ir.urt ;tf irac sirf*^ 



tite **** -**t*XH **i iaa>ifAL ins mri*?* : ji zl *ae 5:m 

mmj** arri*^ at Gam** Hxywsi'j^ 5;r ihe anaKr* >;?rrr»;r2r* i tiis 
'3***?, Tte quartUtka a*, a* are the: dir^ir^-^jffiL*» o€ ^i-rsi*! ^> tee first 
nnrlw at xhth y>'\u\ (*.), %xA 3 t . 3 % * 3 % are thft <Er*fi%&^^et^ of tie ibormal 
t// ib^ w//n4 mrte&i m sphere, at the correapx^ng ptxrtt j : ifcea 



and //f wrnrm 



^^^r i r^^ 

jA* JL^ 



mwM iUn «\t\thtH in of radius unity. Consequently 



V ' 



dl' 



A, 

V' 

0, 



d_ Ay 

dxt' V* 
d_ At 

d^' V' 
d_ A t 

A t 
V* 



d_ Ay 

dxt' r' 

d_ Aj 
dtt' V' 
d_ At 
dxt' V* 
A, 
V ' 



d_ Ay 
dXt'T 
d_ Ay 

dz % ' r 

d_ a, ; 

dxt V 

Ay 

V 
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The rjnantitiea A %1 A+. A % are the minora of these wrreapomfing to the 
eoTMrtitnent* of the first row in each. We find now readily 

- -J, [(« - «0 $ + (** - A*) £] 

Hubstitatrng these values in the first factor m. brackets m the expreason for 
A, we have, after easy reductions, for this factor the value 

KZflf** dx, dx, ^\_. E^-ES _ , E^-E^ 
F' V^ A, dm^ *h/ F* ^ F 5 

The remaining factor in brackets becomes obvioosly 

A\ + JZ + J$_ 1 





d 


A, 




dm,' 


V 


d <5AH ^| 


d 


A, 


dug 




V 


d ISAS 0$ 


d 




du, " 


dm,' 


V 




d 






d*\' 


V 



V* 

Ho finally collecting all the terms we hare 

£ 

or in the ordinary notation, 



*3 



i = 



(EG — F*f 

the well-known form for the measure of curvature. We hare, then, the theorem 
that if cos d, , cos t , cos 0, are the direction-cosines of the normal at any point 
x , y , z of a surface, the measure of curvature of the surface at this point is 
given by 

cos 0,i 
cos t > 



cos 0,f 




d 60S 9\ 


d eos 9 t 


d cos ^ i 


dx 






d cos t 


d eos Of 


d cos tf 2 


dx 






d 60S 0% 


d cob d t 


d 008 0» 


dx 




dl 


COS $i 


COS f 


COS 0, 
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or again by 



sin d l sin 2 

COS #3 





dd x 


d0 x 


dx 


dy 


~dz~ 




d0 2 


d0 2 


dx 


dy 


dz 



COS X COS 2 COS 3 

There are of course two other forms similar to this got by advancing the 
suffixes of . The bordered determinant whose value in the general case is K 
may in like manner be shown to be equal to 

V 

where V f is the result of accenting all the letters in V just as has been done in 

V 

the case of an ordinary surface and a unit sphere, so that y n + 2 is the measure of 
curvature of a surface 

®(x x x 2 . . . a»+i) = 
in if w+ i , the unit sphere being 

75+75+ ...+ r»+i = i. 

The correspondence between the surface = and the n-dimensional unit 
sphere is of course just the same as in the ordinary case. The direction-cosines 
of the normal to are 

Q 9 Q~' Q 

the subscripts indicating differential coefficients and 

The required correspondence between the surface and the sphere is pro- 
duced by writing 



Q 



Consider consecutive points on both surfaces : on the surface these are 
given by 

d&L j , dx 2 



(*„ a* . . . x n+1 ), (x 1 + -^du ( , x i + ^du { . . .) 



Vol. IV. 



4 rjkm ~~T 



w/w.sf *f \ m+ 4*<f/*s *Sn* Murray m*i ixut riu* a£ -wt is?*t 






























'US- 


'JL 




*** 










JL 


JL 






1st — 






















**• 








m — ■ ■ i. ^ -■% 



4h*-4vn* 4m*f&m* / 

_ _ 4*- r ^ 4 At **% ^ 

4*i 4m* 4*1 4m* J 

X'f* m*M0/r*x i/fVrtkxt h*& two df^rmhttKU. we Ss*i readily for 
Wt&t* If m it* fatMtUiitMil tortutsA wst of the accented letters ET a in the same 
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It is not necessary to go into the proof that the determinant 



A 


d 




d A, 


V 




V ' 




A, 


d 


At 


d A 2 


V 


d^ 


V * 





V 




d A n + i 
du, V 

A* 
v 



d A n + \ 
dUn V 



reduces in this case, as in the simple one of n = 2, to the ratio 

U 
yn+% 

and consequently that this bordered determinant gives the measure of curvature 
for the rc-dimensional surface = in M n + X . 

In seeking the expression for the radii of curvature of the surface = at 
any point, it will be sufficient to consider the case of n + 1 = 4 . 

Denote by £ lf £ 2 , £ 3 , £ 4 the coordinates of any point on the normal to = 
at the point Xi , , x$ , x 4 ; then 

^ = x, + ^, i=l, 2, 3, 4. 

Suppose (£) to be the point where this normal meets the consecutive nor- 
mal, then 

ch t + A t d^ + XdA t = 0- 7 

but 

dx i — a^ckii + a^^dui + a^Hu^ , 
and similarly we may write 

dA { = A^d^ + Afdut + Audits ; 

consequently 

(aP + ?iAP)<ki 1 + . . .+A i dX=0, i= 1, 2, 3, 4. 
Eliminating du^ , <fo^ , du d and efil from these we obtain 



a[» + XA[*\ oi 8) + ^ 3) , < + ;U< 3) , ^ 



= 



(j%X\tn% p the radras of c urrato r e , we hare p* = 2f£ — j^r^a^F*. and eoua*- 
qnefrtly 

Z = -'-- 
V 

Hti\mtttntm% this in the previous equator** and making one ample reduction, the 
equation become* 

J^F+pXiW, J^F+pZ^<, ^F+p21f< 
i^F+^il^, ^F+p2^< T J^F+p£J/< =0. 
i ^F+pZ^'aJ'', ^F+p2^<\ ^F+pZJ,*** 

Introduce here the accented letters £^* r til 

^ = + ^ + AJg + 

in which 

*4 A* 
du^ht^ ds* dbt| 

Differentiate the identity 

'i^af = 

and we obtain 

There are in all six equations of this kind; the quantities on the left hand 
side of each of these equations' are the coefficients of p in the above cubic equa- 
tion, while the quantities on the right are equal to 

— E Uf — En* — Em* — En? — E U9 — E&. 
The cubic equation for the determination of p becomes now 

E^p — ^jF, E^p — E&V, E^p — E&V \ 
Efif — EfiV, E^p — E^V, E^p — EgfV = . 
Enp — E n V, E^p — EgiV, E^p — E^V j 
The equation for the determination of the radii of curvature of 4>= in 
^.-f i w obviously 

EnQ — E n V, E^p — E& V . . . E^p — E^V 
Enp — E n V 1 E 9 p — Ef^V . . . E^p — E^V 



E' n ip — E nl V, E^p — E^V. . . E^p — E nn V 
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The coefficient of p n in this is U> where as before 

Z7» = |^| f F> = |^|, 

and the constant term is F n + 8 . Consequently denoting by p 1? p^ 
roots of this equation, we have 

1 _ U 



the 



the value of the measure of curvature. 
The equation 

U= V n +* 

is the differential equation of all surfaces developable upon the n-dimensional 
sphere. The result of equating the coefficient of p to zero, i. e. 

pi + (>2 + • • • + pn = 

corresponds to a class of surfaces similar to surfaces of minimum area. 

Denoting by a Y , a % , a 3 the direction-cosines of a normal to the surface 
0(ai a8# s )= and by fi % , /? 3 the direction-cosines to the second surface at 
the corresponding point, write 

da 1 









"» lt 



















da x 

dV? 



da^ 
du x 
da} 
dvq 
d& 
dv^ 

dvq 



da^ 
dUi 
ddj 
du% 
dp* 

dUy 

fa 
du% 



Then obviously 



<*i «2 a 3 

h h h 



trio 



— Vk, 



and, calling iTthe measure of curvature of the second surface, 

ft ft ft 



\ ^» %s 
Pi P» (h 



— UK. 
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s . 
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'I 
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>-! 
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■1 




<f 




<f>h 
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4y 4f 












4n 4st- 
























> 




















.«*» 


















y a, 
















4^ 
















** 


































'th'w i* otmomly = V*f'kK, so that no 


remit* of any 



'Mhittwt hy )t4ttt\*triu% %h& funtAu/nzl determinant 
iit thin MMiutir. Takfc th*; dfttenn'tn&nt 









dyi 


<** 




dit^ 






dx, 






















dxi 












d Vt 




*yt 






dUf 




dz-t 


dx, 












tlx* 


dx% 




dVy 


dux 


*H 










dfy 


dxt 
du% 


dx% 
dib 
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and multiply this by the determinant giving V, bordered in a suitable manner. 
The product is readily found to give 



— V* 



ZA 





dxi 


dx z 


duy 


dui 


dv^ 


dxx 


(fob 


dx* 




duz 


dUi 


dx 


dx 


XA^ 

dx 



dy 



dx { 



Substituting for the value 



dy dv^ dy dv^ 
dix^ dx du2 dx 1 

and dropping the factor F 2 , we have 

- A = XA^XA^ + ZA^ZA^ ' 

dx t dai dxi «t*2 

The first of the factors in this expression is proportional to the cosine of 
the angle between the normals to the surfaces <f> = and u x = const. The second 
factor is proportional to the cosine of the angle between the normal to <f> = 
and the tangent to the curve = const, traced on the second surface — say *P = 0. 
The first factor of the last term is proportional to the cosine of the angle be- 
tween the normals to <t> = and = const., and the last factor is proportional 
to the cosine of the angle between the normal to * = and the tangent to the 
curve ti» = const., *P = 0. Call these angles lf fy, g , , and write 

*(£)'=*• 2 £ 

2 = L, 2 = M\ we have then at once 

— A = F* \SL cos X cos + OMcoa 2 cos }. 

If the surfaces u =' const, intersect 0=0 orthogonally, we have cos 6 X 
= cos 6 % = and so A = 0. If cos <fo = cos $ g = , all the normals to the sur- 
face * = will be parallel to the normals at the corresponding points of * = 0. 

Vol. IV. 



5>x 'x~*x >.* : 

u n 

if r 

^tur jut JiJpr a. i^- fc^ait srr^x^ liin 

tr -3T 

tr •x <T 

^ ^ ir 



or or 

» ar at 

^ *r -r *r 

I x J r 



I 



r ^ -T 

— ^ W ^ ?u cb cm = * 3» * * 2» m 

«r or cT 

or ar cr 
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therefore 



cos ^ = — 
P 









dx 


dy 


dz 


drj 


drj 
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The ratio between the corresponding elements of area on two corresponding 
surfaces (xyz) , has been shown to be = 
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This can be given in a different form in the case when the surfaces 

l = F x (xyz) 
ri=F % (xyz) 
£ = F s {xyz) 

are orthogonal. The coordinates of a point on the second surface may be con- 
sidered as given by the intersection of the three surfaces 

F x = const, F 2 = const, F 3 = const. 

The conditions for orthogonality of these surfaces are, writing £ , yj , £ in- 
stead of F l} F %} F 3 , 



drj dS_ drj^ ^ dtj^ ^ 

dx dx dy dy dz dz 



drj 
dx 

dx 



dC 



+ J*L *L + ( IL — 

dx dy dy dz dz 

dz , d^ , d£_ <£_ q 

dx dy dy dz dz 



Find the product of the last given determinant and the functional deter- 
minant 

• d(xyz) 

bordered by 1, 0, 0, for itd first row and by the same for its first column. 



*1* 

Writ* 



(4* \ 



(if ' * / V * * ✓ - * 
■*>+(-*-;+ 

We bare, then, for the required product 

a J y 
H* Seos$, 
IP JBTeos 6, 
Z* Zeos 

where , t , 0, are the angle* which the normal to the original surface makes 
with the normal* to the surfaces £, 17, £ at their common point of intersection. 
Expanding this we hare 

nnz\HZn. cos «, + cos 6,+ say cos 6,; 

and consequently 



#Za cob0! + ZH£ co8 0, + H5y cos ft 



or 



- <*foc) 1 -3- + + ^ f 

If we denote for the moment by 

«i A y» 
«» A y* 
«» A y» 

the direction-cosines of the normals to the surfaces £, rj, £ respectively, we 
have 

<*i A yi 

«* A y» = B.HZ ; 
«» A* y* 
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and consequently 

dl' U w jjrj ( a cos X . ft cos ft 2 ■ T 008 



U w J-,.- f « COS t , ft COS ff 2 

= ~y > = — | — § r H + 



dS V ' ( 5 1 II 1 Z J • 

Of course a similar formula applies for a surface of n dimensions in M n + x . 

I will now work out a few simple properties of curves in a space of more 
than three dimensions. The results obtained are (with one exception which is 
referred to below) I believe new. For simplicity, at first consider only a space 
of four dimensions — M i . A curve in M 4 in the ordinary acceptation of that term 
will depend only on one parameter — it may either be given by the values of its 
coordinates expressed as functions of this parameter, or as the intersection of three 
3-dimensional surfaces, say 

4> 1= 0, 4> 2 = 0, *3=0. 

Let u denote the parameter. First obtain the equation of the osculating 
flat space of three dimensions at any point of the curve. Four points on the 
curve will determine the osculating 3-flat. Take then four points on the curve, 
say A, B y C, D. The coordinates are 

ABC D 

x x x x + Ax x x x + 2Ax x + A % x x x x + 3Ax x + 3A*x x + A*x x 

x % x % + Ax % X} + 2Ax % + A*x % x^ + 3Aar 2 + 3A 8 ar 2 + A*x % 

x 3 x 3 + Ax 3 x 3 + 2Ax 3 + A*Z3 x 3 + SAx 8 + 3A 8 ar 3 + A 9 x 3 

x 4 x 4 + Ax 4 x 4 + 2Ax 4 + A*x 4 x 4 + 3Ax 4 + 3A*x 4 + A 3 x 4 

Now if (f lf £ 2 , £ 8 , £ 4 ) is any point in the 3-flat passing through («), its equation 
is 

<*i (£i — *i) + <*% (& — *t) + «a (f s — *s) + a i (£4 — x 4 ) = 0. 

Substitute for (£) the coordinates of B and we have 

a x Ax x + a. Ax, + a 8 Aar s + a 4 Ax 4 — 0. 

In like manner substituting the coordinates of C and D in the place of (£) , 
and using this last result to reduce the result of substituting the coordinates 
of C, and similarly reducing in the case of the point J9, we have 

2aA 8 x = 2aA 8 x=0. 

Eliminating (a) from the four equations, 

• 2a(£ — x)=0 XaAx=0 
2aA*x = 2aA 3 x=0, 
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Note on the Theory of Simultaneous Linear Differential 
or Difference Equations with Constant Coefficients. 

By J. J. Sylvester. 



This theory is virtually the same for differential as for finite-difference 
equations. The mere verbal part of the exposition being somewhat easier for 
the former of the two, I shall prefer in the first instance to deal with them, 
although the applications are more interesting when made to bear on the latter. 
Simple to the last degree as are the method of solution and the nature of the 
result, I do not find the one or the other set out, or even indicated, except in the 
most perfunctory manner, in the ordinary text-books. This brief notice, designed 
for the junior readers of the Journal, is intended to supply the lacuna. 

Let u J{k denote a linear function, with constant coefficients, of u k and of its 
first €j derivatives in respect to t 

Let. ^1,1 + ^1,2+ • • • • + w i,i = 

^1 + ^,2+ .... +w*,< = 



w<,.i + **«,!+ • • • • + "<,i = 
be the system of differential equations proposed for integration. 

Call 6j + fa + . . . . + e t = a. 

The process of arriving at the reducing equation for any one of the variables 
is after the manner of the dialytic method of elimination, viz.: 

Along with the first equation take each of its (a — si) th derivatives, with 
the second equation each of its (<x — s 2 ) th derivatives, . . . and with the i th equa- 
tion each of its (a — £,) th derivatives. 

There will thus come into existence (i+l)a — (e x + f 2 . . . . + e<) i.e. 
i (a + 1) — a equations between the i (<x + 1) quantities 

d>X, .... 5*6>i 

6)2, ^G) 2 , .... 5?GX, 
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which form the proposition (by virtue of Euler's method of multipliers) becomes 
so nearly intuitive as to abrogate all necessity for any other demonstration.* 

To pass to the parallel and more important theory in finite differences, it is 
only necessary to interpret u J% k to signify a linear function, with constant coeffi- 
cients, of (a k ) ty (g>*)* + i, . . . (<»*)<-f 7 , where t is the integer independent variable, 
(say (ci k ) t and its Sj difference-augmentatives), and instead of taking the differ- 
ential derivatives of any one of the given equations, to take the corresponding 
difference-augmentatives. Then by precisely the same reasoning as before we 
shall have 

^ +<r + Bo t + 9 _ x + . . . .+£6>*=0, 
J5, C, . . . L being so taken as that h <r + Bh ir ~ l + . . , + L shall be the 
determinant represented by the same form of matrix expressed by R 7 s as before, 
but where R p% q is obtained from u p% q by writing h 9 in lieu of any argument 
ti t + 6 which occurs in it. 

The simplest example that can be given is where i = 2 , e x = e 2 = 1 , 

u 1%l =— Yi t + X + ar iU u l% % =bO t , 

i = u*. 2 = — 0<+i + dO t ; 

this was the case which occurred in the article on the extension of Tchebycheff '& 
theorem, in the last number of the Journal, leading to the equation 



a — % b 
c d — % 




and to expressions for iq t , t as linear functions of X' , X\ . 

It may also be remarked that this same case gives an instantaneous solution 
of the problem proposed and successfully treated by Babbage in his Calculus of 
Functions, more than half a century ago, and since revived in connection with the 
theory of substitutions (Serret, Alg. Sup. 4 ed. torn. 2, pp. 256-262). The problem 

is to find tyx = so that tfx , say ^^T^ , shall equal x for a given value of i. 

To find in general q?x it is only necessary to solve the difference equations 

u x = au { __ x + aVi_ x 

V { = /?M|_i + &V<_i, 

and then v if v i will, if w = 1 , v = 0, coincide with a if (3 i9 and if u = 0, v = 1 
with a { , 6< . 

* I regret that this simple reflection did not present itself to my mind before the preceding investi- 
gation, the necessity for which it does away with, had been set up in print. It of course applies equally 
well to the analogous proposition for finite-difference equations v 4 , . . . . being substituted for 
x , y . . . . , and 1 + A for & t ) . This last named proposition, limited to the case of equations of the first 
order, is the foundation-stone of my new theory of Matrices regarded as Quantities, t. e. as subject to 
every kind of functional operation which ordinary arithmetical or algebraical quantities are or can be 
subject to : but though so important and so easily established, I know not where it can be found expli- 
citly stated. * 
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Thus calling p x , p 2 the two roots of 

— p + a 



= 0, 



a 

-9 + b 

a< will be of the form C(p[ — pj) and /?, of the same form except as to £7, say 
T(pi — p|). Alsoa<, hi will be of the forms Cip}+ C^pi, Fifi + r^i , where 
d + C 2 = 1 , I\ + T 2 = 1 , and the required condition will be fulfilled, pro- 
vided only that p[ = pj , or say 



Pl = ir( 



/,T - 

cos . + V 



1 sin 



i. e. if (a + b) % — 4 (aft — a/3) ^cos = 1 , X having any integer value (which 

without loss of generality may be taken inferior to i) except zero.* 

If X = , the two roots of the equation in p become equal and the form of 
the solution changes into 

u< = (Ci + c % i) P < v { = (C{ + ey»y. 

When Wo = 1 and v = then ^ = a , «? = (3 , 
tf 1 = l, tf-o, 



n — a 1 ni — $ 



and when m = , v = 1 , = a , v = 6 , 

fll=-i,c=A_i. 



(7 2 = 0, C f ' = I 



and fix = */ a ■ ffi ^ a which cannot be periodic for any value of i , 



and when i=co becomes — a = a ^ = 



a — 6 2a 

e. = —7Z7T- or 



a — 6' 



so that in this case continually converges to a constant limit. 

I may add that q>*x converges to a constant limit not merely when the roots 
pi i p* of 

a — p a 

are equal, but whenever they are real. For the general form of tfx , it may 
easily be found, is 

i(pt — <*)A + (Pi — «) P%] x + a (pi — ft) 

PM-pPx+ifa-Vpi+fa-Vpt] 

* There will thus be (t— 1) values of A which wUl each give a distinct admissible solution of the 
problem of periodicity, but of course only those values of A which are relatively prime to t will give 
primitive solutions. If t = i'<f the effect of making will be to make ?x = x by virtue of its 

making tf'x =z . 
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which if at > pi when i = oo becomes — — %-— a J* x or r-^ where 

n r — fa + Pi — b b — pi 

p! signifies the smaller of the two roots p lf p,; or in other words when 

a — b > 2 \/aj9, the limiting value to $'x, when tyx represents ?*"t"f t is 

<a-b)+s/lg-b?—Aat ^ with the understanding that the quantity under the radical 

sign is to be taken positive. 
So, if 

cr<+i : y <+1 : = ax t + by t + cz t : a'x t + + dz t : a"a?, + Wy t + c"z, , 
when all the roots of the determinant 

a — Jl b c 
a! b'—X d 
a 11 b" d'— X 

are real, the point x t , y { , z i , as / increases, will be found to approach indefinitely 
near to a fixed straight line ; and if all the roots are equal, to a fixed point. 

The condition of the system of ratios x t \y t : z t being periodic and having a 
period m is tantamount to the condition that the m ih power of the matrix 

a b c 
a 1 V d 
a 11 b" d' 

shall be the matrix 

10 
1 
1. 

The complete solution of this problem, and of the more general one of ex- 
tracting the m th root of any unit-matrix (i. e. a matrix in which each element in 
the principal diagonal is unity, and the rest zero), which constitutes the ultimate 
generalization of B abb age's problem and is soluble by the same method, will 
probably appear in a memoir on matrices, in the forthcoming number of the * 
Journal. 

In general, for a matrix of the order u , the number of in 111 roots is m m and 
each of them is perfectly determinate. But when the matrix is a unit-matrix 
or a zero-matrix (the latter meaning one in which every element is zero) 
there are distinct genera and species of such roots, and every species contains 
its own appropriate number of arbitrary constants. 



Alhazen's Problem^ 

Its Bibliography and an Extension of the Problem. 
By Marcus Baker. 



Problem. From two points in the plane of a circle, to draw lines meeting at a . 
point in tlie circumference and making equal angles with the tangent drawn at that 
point 

This problem is known as Alhazen's, and has been studied by several mathe- 
maticians, besides Alhazen, from the time of Huyghens to the present. The 
earliest solutions are all geometrical constructions in which the points are deter- 
mined by the intersections of a hyperbola with the given circle. Later, analytical 
solutions were given, and lastly trigonometrical solutions. 

The following list of references and their accompanying notes contains a 
condensed history of the problem. 

Alhazen. Opticae thesavrvs Alhazeni arabis libri septem nunc primum 
editi . . . a Risnero. 4p.l. 288 pp. fol. Basileae per episcopios MDLXXII. 

Alhazen was an Arabian who Iked in the 11th century of the Christian era, 
dying at Cairo in 1038. He wrote this treatise on optics, which was first 
published, as above stated, in 1572, under the editorship of Risner. The first 
published solution of the problem is contained in this book, pp. 144-148, Props. 
34, 38 and 39. The solution is effected by the aid of a hyperbola intersecting 
a circle, and is excessively prolix and intricate. 

Analyst (The). A journal of pure and applied mathematics. Edited and 
published by J. E. Hendricks, A. M. 8vo. Des Moines, Iowa: Mills & Go. 1877. 
Vol. IV, No. 3, pp. 124-125. 

A general solution was proposed, but the solution of only a special case 
was published. 

Barrow {Rev. Isaac, D. D.) Lectiones xviii Cantabrigiae in scholis publicis 
habitae in qvibvs opticorum phaenomenfln genuinae rationes investigantur, ac 
exponuntur. 8vo. Londini, typis Gulielmi Godbid, 1669. Lect. ix. 
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See also Whewell's edition of Barrow's works. 8vo. Cambridge, Univer- 
sity Press, I860, Lectiones opticae, pp. 84-89. 

Barrow refers to Alhazen's "horribly prolix" solution, and discusses some 
of its special cases as applied to optics. 

Hutton (Dr. Charles). Trigonometrical solution of Alhazen's problem. 

[In Leybourn (Thomas). The mathematical questions proposed in the 
Ladies' Diary (etc.) 8vo. London: J. Mavman, 1817. Vol. I, pp. 167-168.] 

A trigonometrical solution by trial and error. 

Huyghens (Christian) and Sluse (Francis Rene). Excerpta ex epistolis 
nonnullis (etc.) 

[In Philosophical Transactions of the Royal Society. 4to. London, 1673. 
Vol. VIII, pp. 6119-6126, 6140-6146.] 

Several solutions are contained in this correspondence, all of them geomet- 
rical, and all except one being by the aid of an hyperbola. One solution, by 
Sluse, is by means of the intersection of a parabola with the given circle. One 
of the solutions by Huyghens is the most elegant the problem has ever received. 

Kaestner (Abraham Gotthelf). Problematis Alhazeni analysis trigono- 
metrica. 

[In Novi commentarii societatis regiae scientiarum Gottingensis tomus VII, 
1776. 4to. Gottingae, J. C. Dieterich, 1777, pp. 92-141. 1 pi] 

A complete trigonometrical solution, with application to several numerical 
examples, and containing differential equations to facilitate the computation. 

Ladies' Diary. 16mo. London, 1727. Not seen. 

The problem concretely stated was the prize problem in the Diary for 1727. 
Solved the following year by trial and error by I . . . T . . . 

Leybourn (Thomas). Geometrical construction of Alhazen's problem. 

[In Leybourn (Thomas). The mathematical questions proposed in the 
Ladies' Diary (etc.) 8vo. London: J. Mawman, 1817. Vol. I, pp. 168-169.] 

This construction is arranged from old material. The proof is given clearly 
and concisely, and a few bibliographic indications are added. 

L'Hospital (Guillaume Franpois Antoine de). Trait6 analytique de sections 
coniques. 4to. Paris: Montalant, 1720. Livre X, Ex. vii, pp. 389-395. 

In Book X, on determinate sections, Alhazen's problem is selected as. an 
example of a problem whose geometrical solution can be effected by the aid of 
a conic section. Two solutions are given, essentially the same as those by 
Huyghens and Sluse, but with improved methods of arrangement and proof. 
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Mayer (Tobias). In a collection of problems by Mayer there is said to be a 
solution of Alhazen's problem. Not seen. 

Philosophical Transactions. See Huyghens and Wales. 

Priestly (Joseph). History of optics, translated into German with notes by 
Simon Klugel. 2 vols. Leipzig, 1775-6. Not seen. 

Said to contain information about Alhazen's problem. 

Eisner (Frederic) — Editor. See Alhazen. 

Robins (Benjamin). Mathematical tracts. 2 vols. 8vo. London, 1761. 
See Vol. II, pp. 262-264. 

• One of these tfacts is a scathing review of Robert Smith's " compleat system 
of optics." Robins points out the complete omission of Alhazen's problem, and 
supplies a short and easy proof of the correctness of one of Sluse's solutions. 
Seitz (Enoch Beery). Solution of a problem. 

\In School (The) Visitor, devoted to the study of mathematics and grammar. 
8vo. Ansonia, Ohio: John S. Royer, 1881. Vol. II, No. 2, February, pp. 24-25.] 

A complete algebraical solution by an equation of the eighth degree, with 
numerical application and roots found by Horner's method. 

Simson (Robert). Said to have solved the problem, but no solution is con- 
tained in any of his works accessible to the author. 

Sluse (Francis Rene). See Huyghens and Sluse. 

T . . . (I . . .). See Ladies' Diary. 

Wales (William). On the resolution of adfected equations. 

[In Philosophical Transactions of the Royal Society. 4to. London, 1781. 
Vol. LXXI, part 1, Ex. vi, pp. 472-476.] 

Alhazen's problem is selected as furnishing an example of an adfected quad- 
ratic equation whose solution is easily effected by the aid of the logarithmic 
tables and his method of using them. 

Alhazen's Problem extended to the Surface of a Sphere. 

The solution of Alhazen^ problem gives the minimum (and also maximum) 
path between two points and an intermediary circle, the points and circle being 
situated in the same plane, and we shall here give the solution of the same 
problem when the two points and circumference of the given circle are situated 
in the surface of a sphere. 

Vol. IV 
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gggpm 4 joii Jr <ml lie tgogrieaZ sr&ser wftiua. doe* aot jam <zut asrdt 

Tie jfior&sc padk *»{ ym\ ars jreae 

tsrt&a fr>m. .1 aaii ^ a pain P ^jazhsdit^ 

3L a. naarwr a* % siak* ^pal a^grV* wxi 
fmoujei + at /I We proceed v> fasarmhut zam 

fe&rrin^ ^ die annexed £1010. ks&ra 
flK«BUtt£ confer AIIkkksl * proofem wfAwtf: die ex- \ 
ttsmt Let OA — m.. OB—\. aad OP=rz 



tm ^fPJT= 



«<9I*X- 



BPS— 



f — r 



aodae tiuta$t rnq&ea are 



■ we SttTt 
;ax?«a 




= 1 



*flnyf*«a»x — r* 

x-fr- 5=« a known angle. Replacing 5 hj a — x. we have a cocl- 
Tt&max fcrarala fcr »hriag by approximation. 

T!ke mks&Ak fcr the extended problem k azta&asim to tkt fiKegccog. Oh 
titer f*>fe of tie tptere, ^ aad If tkt grren points, and P the point six^gkL OJ. 
OjB atui OM art am of great circle& as are afao P-d and PI?: and AMamd BX 
are area of great circles perpendicular to OP. Let AOM=x. BOM— 5. and 
OP-W—p. 



tan OJf = tan AO cos i, 
tan OX— tan BO cw 5; 
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also tan APM= tan BPM or ^ ton ^ 



sin PM sin Ptf 
tan'-BiV ~~ sin'Ptf 



, tan'^Jf sin 2 Pif 

whence T^M = ^paT" C 1 ) 



(2) 



Now 

tan 2 43f _ sinMJfcos 2 ^ _ sinU sin 2 s (1 — sinlBO sin 2 y) 
tanlBiV — cosUifsinlBtf ~~ (1 — sinU sin 2 s) sinlBO sin 2 y 5 

and again, since PN= ON— OP and PM= OM—OP, 

&m z PM j sinOJlfsinf — cos OMcos<p )* cos 2 Oifj tanOJf siny — cos <p )* 

sinlRAT (sin ON sin <p — cos ON cos <p ) cos 2 ON ( tan ON sin y — cos <p ) 

But 

, oos 2 OJf _ 1 + tan'Off _ 1 + tanlBQ cos^ 
cos 2 0iV — l+tan 2 OM ~ 1 -f tanUO cos 2 a; ' 

whence 

sin 2 PJlf j l+tan 2 jB0cos 2 y ) ( tan -40 cosssinf — cosf )* ,<>\ 

sinlPJV ( 1 + tan 2 -40 cos 2 a? J ' ( tan BO cos y sin y — cosy) ^ ' 

Substituting (2) and (3) in (1) , and remembering that 

40=90° — and £O = 90° — <fr 

we obtain 

cosYj sin 2 a?(l — cos 2 ^ sin 2 y) (1 +°°^ s f2 cos 2 y ) ( ootgfi sin y cos # — cosy )* 

(1 — cos 2 ^ sin 2 a;)co8 2 f 2 sin 2 y ( 1 + cotg 2 ^ oos 2 £ ) * ( cotgfa sin ycosy — cosy ) ' 

or 

cosYx sin 2 #(l — cos 2 ^ sin 2 y) (1 + cotg 2 ^ cos 2 a;) (cotg <p 2 cosy — cotgff ^ 

cos 2 y 2 sin 2 y (1 — cos 2 y x 8in 2 x) (1 + cotg 2 ^ 8 cos 2 y) (cotg <p x cos a; — cotgy) 2 

Now x+ y — — ^i = AJl, whence eliminating x or y we have an equation 
which can be solved by approximation as in the case of a plane surface. 

Washington, D. C, October 26, 1881. 



Ok the Won-Euelidram Trifommmtti 9. 

By William EL fttur. 



In the "Sixth memoir upon qusntks^* Profes so r Cayley has given a pro- 
jective definition of geometrical quantity of one rfimrwwm (&taace between 
two points and angle b e twe e n two lines), which has been generalized by 
]>r, Klein in a paper "Ueber (fie sogenanute Xkht-Enklidbehe G e omet ric." f 
Profemor Cayley afterwards gave an example of tbe non-Euclidean trigonometry 
in the plane, obtaining the formulae for the special case in which the funda- 
mental conic or "absolute 19 is a circle, and the constants of measurement hare 
particular values^ I propose here to deduce the formulae for the general case 
of projective measurement in the plane with an arbitrary absolute and arbitrary 
constants. The application of the results to a space of two dimensions with 
constant curvature in a third dimension is evident. It is also evident from the 
nature of the projective measurement that the results are independent of the 
particular choice of coordinates, and therefore are not affected by the circum- 
stance that a real point may have imaginary coordinates. 

Following Professor Cayley's notation, I put a dash over any quantity 
measured projecthrely. The projective measure a of the distance between two 
points B and C, and the projective measure A of the angle between two fines 
b and c, are defined thus : 

a = £ In a , A = V\nct , 

where a is the anharmonic ratio of B and G with respect to the intersections of 
the line BC with the absolute, and a! is the anharmonic ratio of b and c with 

* Yt&om&ma* Tri—nrtiom, VoL 149, 1859. t Mathemaiasche Austin, VoL IV. pp. 57S-C35. 
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respect to the tangents from the point he to the absolute, and h and Id are two 
arbitrary constants corresponding to the arbitrary units of ordinary linear and 
angular measurement 

Let the equations of the absolute in point-coordinates x, y, z, and in tan- 
gential coordinates u , v , w , be 

H =/(x , y, z)= and iy=F(u, v, w) = 0, 

respectively ; and let 

and similarly for other combinations of the suffices 1 , 2 , 3 . 

Let A 9 B, G be the vertices of a triangle, a, 6, c their sides, A, B t £7, 
a, 6, c the projective measures of the angles and opposite sides, respectively; 
and let the coordinates of A, B, C, a, 6, c, be ar lf y ly 2^; ar 8 , y 8 , z,; x 3 , y 3 , 2^; 
v>ii Vs> w s ; ^8 1 v s> w s > respectively. Then, by the above definitions, 
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which can be put into the forms 

a = 2ik cos [ - 1] -^p , A = 2t# cost- 11 -^^ • 

C os(^;=^=^, 00.^; = -^^. 

For convenience I take for the lines sc=0, y = , z = respectively two 
conjugate polars through the point A and the polar of A with respect to H, so 
that 

n = x* + y* + ^, and hence U = u % + a* + w*, 
£l 23 = x& 3 + 7/^3 + % , U23 = * + + , 
ar 1 :y 1 :z 1 = 0:0:1 , 
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and, putting a* = z, r t cos fe, y, = z, r, sin $, , s^ = z,r s cos$, , y 3 = % r 8 sin , 
I find 

n u = i, ^ = ^(^ + 1), fl. = <« + i), 

= Z» . ^18 = Z8. fl»S = SWl!>f»sC08($3 — + , 

# 

/ a \ , 1 +r 8 r 8 cos (y 8 —y 2 ) /4\ , , x 

008 (4) = ± 008 (sO 008 (4) * 8in (4) 8in (4) 008 (4) ' 

where each sign d= has to be so determined that the distance between two coin- 
cident points and the angle between two coincident lines shall be , or some 
multiple of the whole length of a straight line and whole angle about a point re- 
spectively, while it remains arbitrary in which of the two possible directions the 
measure is positive. If the points B and C coincide, c=6, a = , A = , 
hence, by the last formula, 

i = ±Ms, (^) ± » i ''(4)' 

therefore the upper sign is to be given to both terms, i. e. 

cos (sO = 008 (li) 008 (4) + sin (4) sin (sO cos (4) • 

corresponding to the formula of spherical trigonometry 

cos a = cos b cos c + sin b sin c cos A , 

from which, as is well known, all the other formulae of spherical trigonometry 
can be obtained, without the use of any other relations than those implied in the 
definitions of the trigonometric functions. Hence, in a uniformly curved space 
of two dimensions, with a projective measurement based upon any conic, whose 
constants of linear and angular measurement are h and li respectively, the 
trigonometrical formulae will be obtained from tlvose of splierical trigonometry by 
replacing each aide (or arc) by the corresponding side (or straight line) divided by 
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2ik, and each angle by the corresponding angle divided by 2ik f . Of course, what 
we call a straight line in such a curved space is a geodesic line, i. e. the shortest 
line between any two of its points measured as above. 

If*=I, #=1, 

then 2l* = - ia ~' 2^ = ^ 

sin (J^) = — i sinh a , cos = coska, 

whence _ _ 

cosh a — cosh 7 cosh c 

sinh b sinh c 

the formula given by Professor Cayley, which, however, holds for any other 
fundamental conic, as well as for a circle. 

Baltimore, March 28, 1883. 



Note on Mechanical Involution. 

By J. J. Sylvester, 



Mechanical involution is the name invented by me to signify the relation 
between six lines in* space, so situated that forces may be made to act along 
them whose statical sum is zero. The definition may be extended to comprise 
an indefinite number of lines, any six of which have this property. 

I shall use [p, g] for the present to denote the moment of a unit of force 
acting along the directed line p about the directed line q, taken positive or nega- 
tive according as to a spectator looking in the given direction (or sense) of q, 
a force in the given direction (or sense) of p tends to produce a right-handed or 
a left-handed rotation, which tendency, by a property of our mental constitution, 
we know is not affected in kind by the lines p and q becoming interchanged — a 
fact which might also be anticipated with a high degree of probability from the 
circumstance that the unit-moment is measured by the product of the perpen- 
dicular distance from each other, of the two lines, multiplied by the sine of the 
angle between them, so that each factor of this product changes its sign when the 
relation or aspect of the two lines to each other is reversed. Hence it follows 
that O, ?] = [?,!>]. 

Three lines in a plane, it may be noticed, are in involution when they in- 
tersect in the same point, or, as a particular case, are parallel to each other. 

Let a, 6, c, d, e, / be any six lines in space, 3,, X 3 , X 4 , Xg, X 6 six 
forces capable of balancing when acting along the lines 1, 2, 3, 4, 5, 6 
supposed to be in involution. 

Then by the equation of moments in regard to each of the first series of 
lines taken successively as axes of rotation, we must have 

AiP. «] + M2, «] + M3, «] + M*. «] + ** P» «] + «j = 



^[i,/l + ^[2./l + ^P./l + ^C*./l + ^[6-/l + ^[«./l = o 



and consequently the determinant 
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= 0. 



[1,/] [6,/] 

Consequently we may find quantities fi a , fi b , fi e , (i d , , /x, such that 

fa[«, 1] +^[6, 1] +il c [0, l]+(l d [d, 1] +^[6, 1] +ll,[f, 1] = 



i"«|>, 6] +^[6, 6] + ^[c, 6] 6] + ^|>, GJ + ^C/, ti] = 0. 

Thus it becomes evident by regarding (i a , fi b , (i e , (i d} /* e , (i f as the mag- 
nitudes of forces acting along the lines a , 6 , c , c£ , c , /, that the equations of 
moments of a given set of forces about six lines which are in general inde- 
pendent, become linearly related when the six axes are in involution — a conclusion 
which springs also immediately from the consideration that the law of statical 
composition of directed lengths is the same whether they be regarded as repre- 
senting forces or as representing the axes of couples. So much by way of intro- 
duction. 

I now pass to the formation of the intrinsic equation of condition to be 
satisfied in the case of involution. 

To obtain this, let the lines a,6,c,c?,c,/be made identical with 
1,2,3,4,6,6. 

In each of these latter lines (say in i) let two points be taken at the dis- 
tance ^- apart, whose quadriplanar coordinates are respectively i x , i y , i s , i< , 

i'x, V i'*i h, and let (*",/)— where j is another of the lines in involution— denote 
the determinant 

ix i y i, it 

*» *„ *i 

» % . * 

Jx Jy Js Jt 

• S .S 

Jx Jy Jx Jt 
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Tim d^rmib&ftt will nyr+m&t /eaiar^ai ftx-foirfi a tetn&e&QOL two of 
wV/^ '/pp^te ed^g* art ti^r teupi& h£*r*#p&d aetwwa tie fair? of poists cm 
* , / rwfj^ivelv, and ^yrjj^jaetidv /,/ ft. /; wrSL jerr^ so repessesis ioq the 
MdSM: a^alep the '|W*titi£& pr^TkO«»Ij represented hj \}-f±- 

Wgu&z the fo&xmwout of the firth ornfer above 

fl h'JhZ), W1 T Z) T UJ1.4). hh^*)? ^lL«) 

W2, 1;, > WilS). 44*2-*) 



44(*,i;* 44'^ 2j, 44*5. 3>. 4/,»«5. 4». V,^ ^. 

arid this equated to zero gives the intrinsic orxidiuoa of invofciioa. 

Imagining this equation to be formed, the term? in each fine and ako the 
term* in each column will hare some common faetor r mooring which, by a two- 
fold nrrheine of division, all the quantities / will disappear, so that now regarding 
eas:h of the pairs of points on the lines 1 r 2 . 3 r 4 f o . 6 respectively as any 
two Ytfjri-ffmtdflmi fjoints vchatezer, the intrinsic condition is represented bj the 
evanescence of the following symmetrical invertebrate (•". e. zero-axial) com- 
pound determinant 

(1, 2) (1, 3) (1, 4) (1, 5) (1, 6) 
j (2, 1) (2, 3) (2, 4) (2, a) (2, 6) 
! (3, 1) (3, 2) (3, 4) (3. 5) (3 r 6) 
} (4, 1) (4, 2) (4, 3) (4 ? 5) (4, 6) 
| (5, 1) (5, 2) (5, 3) (5, 4) (5, 6) 
1 (6, 1) (6, 2) (6, 3) (6, 4) (6, 5) 

where each pair of numbers within a parenthesis represents a determinant of 

the fourth order.* 

Just as the equations of moments of a system of forces about six lines in 
space are in general independent, but cease to be so if (and only if) these lines 
are in involution, so the equations of moments of a system of forces in a plane 
about three points are in general independent, and only cease to be so when the 
three points lie in a right line. Thus under the two-fold aspect of a system of 
force-directions and a system of axes of moments, six lines in involution in 
space are on the one hand the analogues of three force-directions in a plane in 

* Thin determinant (which is sufficiently obvious, I have found since going to press) has been given 
by Prof. Cay ley in his memoir on line-coordinates. Gam. PhiL Trans., 1861, which is avowedly based 
upon my constructions connected with the problem of Involution. 
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involution, i. e. meeting in a point, and on the other hand of three points (centres 
of moments) lying in a right line ; and as concurrence is the polar correlative to 
collineation we ought to expect to find involution in space to be its own polar 
correlative ; i. e. that the polar reciprocal of a system of lines in involution in 
respect to a general quadric should be another such system : and such is the fact : 
for, as I have shown in the Gomptes Rendus, the necessary and sufficient condition 
of six lines being in involution is that they shall respectively intersect pairs of 
corresponding rays in two homographic pencils lying in two planes whose in- 
tersection contains the centres and two corresponding (coincident) rays of the 
two pencils — a condition which will not be affected by any polar transformation. 

This leads to the remark that we may change the signification of the symbol 
(ijj) in the equation last indicated without destroying its validity as the condi- 
tion of involution : viz. we may suppose two planes to be drawn through each line 
instead of two points being fixed upon it : and then if we understand by the 
determinant of two lines in space the determinant formed by the coefficients 
of the two pairs of equations which denote the lines, we may interpret (*,/) to 
mean the determinant of i t j and sum up the result obtained in the following 
proposition : 

Tlie determinants formed by six lines in involution, talcen two and two togetJver, 
are related in precisely the same manner as tlie squared distances from one anotlier of 
six points in four-dimensional space. 

The legitimacy of the second reading of (*,/) may be proved directly, as 
follows. For greater clearness let when read with reference to pairs of 

planes through i and y, be called (/, J). Then 

i i y i* it 
i' x i' y i r s i\ 

h Iy Is It 

r, I'y r. i't 

will constitute an example of what in the Johns Hopkins University Circular 
for May, 1882,* I have called a split matrix, inasmuch as each of the first two 

* Baltimore : John Murphy & Co.— It is interesting to notice (as there indicated) that the same 
theory of the split matrix here applied to mechanical involution lias an important, although quite a dif- 
ferent kind of bearing on the theory of algebraical involution. The two theories of involution have a 
considerable affinity to each other— groundforms and their coefficients in the equation of linear connec- 
tion in the one theory, being regarded as the analogues of space-directions and the force-magnitudes 
acting along them in the other. (See J. H. U. Circular, June, 1882.) It was the sense of this connection 
which caused me to throw a retrospective glance on the theory of mechanical involution, abandoned by 
me since the remote date of the appearance of my papers on the subject in the Comptes Rendus. I ought 
to mention that I owe the idea of applying the split-matrix theory to the proof of the polar property of 
an involution-system, to a suggestion of Professor Cayley. 



fa** mm£*\\fo\ t*t» fer t**m br eatk of Hut hszer two give* fm&meu whom mm 
m jk*&. ffew* by Tjrtae <#f the property of bbA a BiinL €ad ewpkte 
ma*x id 8pp*r y*u will tear to the oppcaiie oMpk&e miaor m the lower 
fmr the ratio of (t) to where 

a*4 of tfmrm the »k or/Dcfa»oa§ appl y awt mt whe* /, / lake the place of 
t, /; fm» wfckfc h immediately follows that 

I>£t now m the (t , j) determinant, which is equated to aero, each element 

in any ¥* wAmstn be multiplied bj ^ . and tfaeo again each element in any 

w by the same ; these multiplications will not affect the equality to sero of 
the determinant so modified, but the effect of the combined multiplications will 
be to change the element in the s* row and /* column, via. (i,/), into 

Jfjjjj (*> J)f *- e - m *° (ft J)- Thus it is proved that we may pass from the first 

reading of the (*,/) determinant to the second ; and this in its turn serves to 
prore that if six lines are in involution their polars in respect to any quadric 
must also be in involution* 

The theory of involution may of course be extended to a system of 

* ^*<t ^ tines in n~dimensional space. 



ifw>, ff m ~ *te mot */ \*\ yswrt nut ^rvtum \t ■% i * * \t 

wf* <\*>Xf>*r, U i ~ S ite rs» 4svrt Hi* jwc ^uunn jl&t le *mc if «ni5& 



t*&J.i'z*% faftzrXk.zasc*, h?s* vnzx «m.riar fe/zTrv^ixra. w* k - 

, H s _ t H x -i 

t< t< T"Z n, b 3 n T 

fW^ //'* w/w ita<>,v* oaly a. h. t t and H — ^l-t 3 7 + i — % — 4* 
— (y, + y + t)- A little vnmAm&itXi *hf/w* thaz the Lower limit of x may 
p*#t — ,2 — ^ aod the lower limit of 5 put = y — i whhwit ^hanging the 
r*Soe of the r\$#AmA member : sine* the determinants obtained in the sum- 
u&tVM for k/wer value* of x and y either vanish identically, baring two columns 
the tame, or destroy one another by tiros, the members of eaeh pair differing 
faith w\* tfib*tr only by an interchange of two columns. In larr. whatever x 
jw*y be, the determinant obtained by putting y = at , 2 = at T vanishes identi- 
cally, while that yielded by putting y = «, 2 = » , is destroyed by the one having 
y~n f z = m, the variable multiplier, <f , being the same for each. Of those 
faitrminmiM wh'wh remain, the one obtained by putting z = I and either y or 
% = / van Mien identically, and the one having x= /, y = at, z = » y is destroyed 
by that one whoae x = m 1 y—l % z—n, if — *>^>y _ * — 1» ^> ut by that 
//ne of which / = y=m, z — l $ if /<y — A; the variable coefficient, d*, 
^J/^ not interfere to prevent this mutual destruction of the quantities obtained 
in tlie ftjjffjfnation, since 0=a + /? + y — 3i — S — (x + y + z). For those 
lUtUtrmUmutM which now remain, a?>y >z, and we have 
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By successive applications of this formula we get, 

£ £ £ £ £ 

where ^ = ( a i + a % + <** + a 4 — 3) — 4a 4 — (x x + ar, + x 3 ) + (a 4 ) , 

? = (*i + a* + *3 — 2) — 3x 3 — (y x + y % ) + (a 4 + x 8 ) , 
* = (yi + y«— 1)— 2y 2 — (%) + (a 4 + x s + y>) , 
s= (z x — 0) — z l — (0) + (a 4 + ar 8 + y 2 + z 1 ). 

The notation is slightly changed, and the values of p , # , r , * are written in 
a somewhat redundant form, in order to show more clearly the law for deter- 
minants of higher orders. 

Since the number of terms in the H m of n letters is expressed by the 
binomial coefficient CJTjtT"" 1 , the number of terms in the summation above 
(i. e. the sum of the coefficients, all of which are positive) is equal to the deter- 
minant 

{C?C^C?+>C^>), ={C?c?c?c;>), = ^XT,o) ' 

obtained from the £T-determinant. As an example, 

= 2aW + Xa*bc + XaW + 2Xa 4 b*c + 22a 3 i 3 c + 32aW , 

which has 42, = *' °J , terms. 

1, 0) 

If a x , a 2 , etc., be the n roots of a* — P 1 « w ~ 1 + P % x n ~* — etc. = 0, by sub- 
stituting the roots and solving for P r we get 

P - K^" 1 - - - a?" r+1 a?rf - 1 - . . aj-iO 

Thus ; «. 2 t ' = 2aic, and since the number of terms in Xabc is <7g, we get 

(a o c ar) 

the following expression for the value of the binomial coefficient, CJ, viz: 

r4 _ C* (4, 3, 2,0) 
° 3 c* (3, 2, 1,0) ' 

And, in general, we have 

rm CM n > n — !>• • ' n — r-f-l,w — r — 1, . . .2,1,0) 



Ifce 4&**z ys/ *d *iu*& m <4 wism rerT wmq&t. Hxnbz §mwv4 d 

&m rmm, h m *w£sj *&*/wi^ ww5vj&l nAKma&t v> u*t r&m *& 



fkm& 4&ip*&, m wfcedb mrik a term m <rrmr* it kmd <noe. Xsfcr k aim 
a lm*%*m r kn wfcefc ^ win <a*iy oc^se. Hes** their eqvalky k proroi 1 
it k nArrtrm tfcs* tl^ imiW <*f m ead& k ti*r aw. 

It may be r*m&g%tA that it the k*t jrym of f-rtV) be subtracted from 
04 the yr*xe#m% r*mn< wA the*e rw be the© drrided ropeetrcly by « — e. 
h — e f tuA the wtnA r<jrw be then mUxaited from the im sad the rank 
divided by « — & , we jtet 

a*d blf m _ t (b, c) + = e), and aH m _ x {a % 6, c) + J2.(&, c) = 

B m ('i f b, c) 9 etc., the determinant on the right is at once reduced by combina- 
tion of row* to the similar determinant already considered, in which each row 
involve* every letter, and which is obtained in the text-books, as far as I have 
observed, only by an indirect process. The method obviously applies to deter- 
minants of any order. The following evident identity is used in the reduction : 

J/ m (a, c, d, e, . . . z) — B M (b, c, d, e, . . . z) — (a — b)H m _ t (a, b 9 c, . . . z). 

The above process of reduction shows that the value of the ^-determinant 
is the same for every distribution of the letters among the rows, subject to the 
conditions (1) that the letters of every row are contained in each of the pre- 
ceding rows, and (2) that no row contains less than u — r + 1 letters, where u is 
the order of the determinant, and r is the number of the row, counting from 
the top. 

Baltimore, 70 May, 1882. 



Determination of the Finite Quaternion Groups. 

By W. I. Stringham, 

Professor of Mathematics in the University of California* 



If we apply to a set of quaternions the definition of a group as given in 
the Theory of Substitutions, then a quaternion group of the m th order means a 
set of m quaternions (scalar unity always included) whose products and powers 
are also quaternions of the same set or group. The object of the present paper 
is to determine all the possible finite quaternion groups. 

These groups, or rather their analogues in the ordinary Theory of Functions, 
have usually been interpreted geometrically as the linear transformations of the 
plane of complex variables in itself— atUomorphic transformations. The formulae 
for these linear transformations were first given by Professor Gordan in his paper 
"Ueber endliche Gruppen linearer Transformationen einer Veranderlichfen." * 
The quaternion formulae* although they have their exact correspondents in 
Gordan's algebraic formulae, have, when interpreted geometrically, a more gen- 
eral character, in that they represent certain automorphic linear transformations 
of a three-dimensional infinite homoloidal space, or what is the same thing, of 
a three-fold extended sphere. The determination of these formulae might be 
made to depend upon Gordan's solution, but the following is a shorter and 
simpler solution than that of Gordan, and includes it as a special case. 

Some General Formulae, 

Let q, r represent two quaternions belonging to a finite group. In order 
that the group may be finite, the tensors of q, r, eta, must be unity, so that 
q and r may be written in the form 

q = cos $ + X sin $ , 
r = cos i// + (i sin ^ , 

* Math, Ann, Bd. XII, pp. 23-46. Compare also Cayley 14 On the finite Groups of linear Transfor- 
mations of a Variable," Math. Ann. Bd. XVI, pp. 260-63, 439-40. The proof concerning the number 
and character of the possible groups was given by Prof. Klein, Math. Ann. Bd. IX, pp. 183-208: 
" Ueber binare Formen mit linearen Transformationen in sich selbst." 
Vol. IV. 



definition qr 1* also a r.vr^r/^r of the zr^z. izji ~ w* wr^t 
(I) v = *s.*z~* 

X TtyTvaentA a new argoxnen: and f a new axis cf tne zroup. ami -iiey are deter- 
mined by the relation* 

(H) * tin = a ain ^ xm v « §12. i •!« ^ — FSji sin. f \ . 

(ill ) cm % — ♦ ^ v ^ iaf 

= ccs* / -'9 — £ ; -^ itr. 1 — i ■ . 

where / is the angle formed by i whi «. 

In particular, we hare tr.e well-known fcnnV 



In order that 7 may belong to a Curse groop. it is farther necessary thai 
some finite power of q should reprodace the identity — L e~ unity — $0 that. 
e, y„ fj* — 1 : ^ is then a rational multiple cf 6 : at is called the period of q. 

L In the following discussion it is important to remember, that irfeit two 
qimternioM of the tame group hare the mme axis, they cam a/traj* be vrri&cm as 
prjKtr* of tme and tite wme quaternion. 

Limits of the Periods. 

AmongKt the quaternions of the group there is one set — or one quaternion 
at least — whose argument is the smallest which the groap contains. Let q be 
soeh a quaternion, and moreover such that its axis X forms with come other 
axis u of the group the smallest angle (the case jl= ± u excluded) which the 
axis of any quaternion of the group with the smallest argument can form with 
any other axis of the group. Under this hypothesis we hare, if r be the quan- 
ternion whoae axis is u , 

TY.uUVrqr> TYXu. 
from the product rqr is deduced easily 

V.uVrqr= Trq.VfiX, 

(r) V.uUVrqr=^ r .r^.. 
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In order that the condition TV. fiUVrqr^. TVh(i maybe fulfilled, we must 
therefore have 

(vi) V 2 q> V*rqr, or S*qSS*qr*, 
i. e. cos*$ Sco&d , 

where 6 is the argument of rqr ; $ , however, is by hypothesis the smallest argu- 
ment which the group can possess, so that the only possible supposition is 

C08 2 $ = cos 2 , or Sqr* = db Sq . 

Remembering that S*r — FV = 1 (since Tr = 1) and that r = Sr + Vr , we have, 
if the sign before the second member be plus, 

(vii) Sr. Sqr = 0, 
but if minus, 

S.rqrVr = 0. 
The latter of these conditions, however, would give 

SXfi . tan $ = tan ^ ; 
now as i// by hypothesis cannot be smaller than $ , we should have 

SXfi = do 1 , i.e. A = zk [i, 

and r would be a power of q , a case we evidently do not need to consider. We 
have remaining therefore only the former condition Sr . Sqr = , which com- 
pels us to write either 

£r = 0, or Sqr=0. 

The case Sr = affords a possible solution, and determines for r the period 4. 

But perhaps Sqr = is also a solution. On the supposition that it is, write 
qr in the form 

i_ l JL _ 1 

qr — j a q~Tr q*q i . 

This equation shows that the axes of qr and qrrqf make equal angles with the 
axis of q . This angle cannot be smaller than the angle between X and ft , and 
we have, if we rewrite the condition (vi) for this case, 
(vi) 7 S'qr>S'r, 

so that the condition Sqr = demands also that Sr = ; that is, the two condi- 
tions in question are equivalent, and r has in any case the period 4. We 
have therefore the following result : 

II. If q and r belong to a finite quaternion group, and if the argument of q is 
tJie smallest which t/te group contains, and if the angle between the axes of q and r is 
the smallest one existing between ilie axis of a quaternion with ffie smallest argument 
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and any oilier axis of the group {the angle zero or2Q excepted), then Sr=0 and 
r lias of necessity the period 4. 

One quaternion belonging to the group is 

<l= rqr~ x — cos $ + W sin <p , 

where X' = yX*x~ x . If now we form the product qr/q — which must also be a 
quaternion of the group — we shall find, by the same process as that by which 
(v) was found, that 

and since $ is the smallest argument of the group, 

sin $5: TYq</q, 
from which and the preceding equation it follows, that 

(viii) TV.XU Vqc/q < TY7X. 

This last inequality shows that the axis of qr/q , if it do not coincide with X or 
X', must lie between them and therefore coincide with u , for u is the only axis 
lying between these limits. We have therefore three possibilities : 

where x , y , z are integers. The case qr/q = q", if wo develop tho equation 
q^—^/'q" 1 and operate with V. X on the result, gives 

o= F.;a'ctn$+ v.xvxx', 

(ix) 0= V.XX' etn$ — X 1 — XSM 

and finally, by means of the operation S.X' , 

S*XX'=1, 

which means simply — according to (I)— that r/ is a power of q. The second 
case qr/q = rf and the case qq'q = ± ^ = ± 1, give a similar result, since r/ 
becomes respectively r/ — <f~* and </ = ± q~ % . We therefore conclude, 

III. That the quaternion ququr 1 q , if it belong to a finite group, is either a 
jxywer of q, or is equal to zb [i ; provided ft , as compared with all tlie other axes of 
the group, forms with due axis of q the minimum angle. 

Groxq*s which have a period greater than 10. 

In order that the equation qr/q = q v (or </ = may be satisfied, we must 
have fiXfi" 1 — ± X , which demands further, that cither 

(x) VXu= 0, or 

(xi) SX[i=0, 
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that is, (i is either parallel or perpendicular to X. If however qqfq = ±. (i should 
be satisfied, then 

Sqqfq = cos $ cos 2$ + SXW sin $ sin 2$ = , 
(xii) SX7J = — ctn $ ctn 2$ . 

The smallest value which $ can here assume is — t and corresponding to this 
value we have 

SM = — 1 , X = X = n = q*', 

that is, r is a power of # , a case we do not consider. The condition qqfq = ± (t , 

therefore, is only possible when $ is greater than > t. e. when # has a period 

less than 12 ; and since it will be shown in the sequel (p. 353, VI) that the largest 
period of a finite group having more than a single axis must be an even period, 
it follows that the condition in question can exist only when the period of q does 
not exceed 10. We have, therefore, if the period of q be greater than 10, 
the single condition (xi), the condition (x) being irrelevant. Since of all the 
axes of the group (t has the greatest inclination to the axis of q , it follows from 
the results just obtained, that 

IV. If q has a perwd greater than 1 0, all the axes of the group, except thai of 
q itself lie in tlie plane — passing through the origin — to which the axis of q is per- 
pendicular. 

It will next be shown, that 

V. Of a group containing a period greater titan 10, all (lie quaternions which 
are not powers of q have either the period 4 or 2. 

If there be a quaternion s of the group, whose period is different from 
4 or 2 and which is not a power of q, then there must be several such — with 
different axes, but with the same argument — which can be formed by means of 
the transformations qsq~ l } (fsq- % , . . . Let us suppose, therefore, that there 
are two such quaternions s , sf with the argument % and the axes v , if. Then by 
IV, either Vssf coincides with X , or else it lies in the same plane with Vs and 
Vsf ; that is, we must have either 

or S.ii/Tfaf=0. 

These two equations are equivalent respectively to 

(Svi/— l).sin 2^ = 
and 7V . sin 1 ^ = . 
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one determined by the former value of X. It will be found that the two 
groups differ only by an interchange of e and ef , and it is also easy to show 
that the former group becomes the latter by applying to it the transformation 
(1 — k) ( ) (1 — Jc)~ l ; that is, by writing, in the former group, for each quater- 
nion q the quaternion (1 — k).q.(l — 7c)" 1 . Two such groups are called 
similar and isomorphic 41 . 

The Period 8. If q has the period 8 , then $ = and 



SXX' = — cos 2/= — ctn — ctn — = , 
J 4 

Writing X = i , we have 

1-M 

and since fi forms with X an angle of 45°, we may assume 

q and fi will then be the generators of a closed group of 48 quaternions : — the 

1 + Jfc 

Double- Oldahedron Group. The choice /i = ^= could evidently equally well 

i + k 

have been made ; it turns out however that q and —j=j= generate the same group 

as q and — == • 
* v 2 

Tlie Period 6. If 6 be the period of q, then d> = -r- and 

20 1 
iSJto' = — cos 2/= — ctn — ctn — = — i 

o o o 

Here, if we write fi = i and determine the plane (X , /k) in such a way that 
it bisects the angle between j and k, we shall have for the values of X and q 

j + * • i. . • ^ * + J + 4 

„_ i+t'+j + t 

? o 



* C. Jordan, Traite des substitutions et des equations algobriques, pp. 33, 56. 
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q and i are the generators of a group of the 24 th order : — the Double- Tetrahedron 
Group. 

The Period 4. If q have the period 4 , then q == X . If the condition (xii) 



be applied to this case, we find Sqqfq = = SMJ , /= — , and thus obtain the 

same value of / which gave rise to the double-oktahedron group ; and we should 
in fact obtain this same group for the above value of / in the present case. 
This results from the fact that the product ty, would be a quaternion having 8 
for its period. We may therefore throw aside the condition (xii) and applying 
(xi) — i. e. S7i(i = — write 

X = i, 

which two quaternions are the generators of the well-known group of the 8 th 
order, viz. ±1, ±i, =fc/, ±k. This is a special example of the double- 
pyramid type. 

The Periods 11,9,7,5,3. In order to prove that the above enumera- 
tion of the finite quaternion groups is exhaustive, it will only be necessary to 
show, 

VI. That tlw greatest period contained in any finite quaternion group, which is 
not a cyclotomic group, is even. 

20 

The smallest argument which can belong to an odd period m is • If such 

an argument however belong to a finite group which possesses more than a single 
axis, it cannot be the smallest argument in the group ; for if q be the quaternion 
2q 

whose argument is — » m being odd, and if (i be as before the axis most inclined 

m — 1 m -f- 1 

to that of q, then qm % q » = — q * belongs to the group, and since 

~±J m + 1 ^ _ . m + 1 ^ 

— q * = — cos — ^ — 9 — X sin — ^ — 9 



= cos (2m 9 + + X sin (2m Q + ^) 



, ~ . 

= cos h Jl sin — , 

77i v m 

20 
therefore the group contains the argument — > which is half of — » and thus the 

proposition is proved. With this demonstration ends the possibility of forming 
any other class of finite quaternion groups than those above enumerated. 

Vol. IV. 
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Tables of the Five Different Types of Groups. 

The explicit formulae which constitute the five different types of groups are 
contained in the following tables. N— order of the group. 

The Cyclotomic Groups. 

These have the form 

5*, .... (f™ ; -ZV= m , a prime to m ; 

where q is any quaternion having the period m . 

Jin' 

1. The Double- Pyramid Groups. 

These have the form 

f, 2**, fi>", 

V*fi W?** • • • • l"f* a i N— 4n, a prime to 2n; 
where j is any quaternion having the period 2n , and where fi is a vector lying 
in the plane perpendicular to the axis of q . [Sty. = 0.] 

2. Q 8 : The i-j-k Group, viz: 

±. i , ± i, ±y f ± a. 

This is a special case of . 

Qu- 

The Double- Tetrahedron Group. 

6=1,2,3,4; , = 1,2,8,4,5,6; tf=24. 
Double- OJctahedron Group. 

/i+iv z^+iY f^Y- 
C^r)' (-^t)' (:t0 ; 

6 = 1 8; «j = l ( .... 6; £ = 1 , . . . . 4 ; 2V= 48 . 
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1 . The Double- IJcosa7iedron Group. 

i' /« k< 

^ j + jj + ek y ^ j + </k+ei y ^ k + Ji + ej y, 

k — — \ — 2—)' \ — 2 — 
k — 2 — ;* I — 2— k — —y 

/i—etj — eky /j + Jk — eiy sk — Ji + ejy. 

\ — 2 — k — — I — 2— )' 

Q±*+J±*y, ( i—i—j+k y ^ l+i—j—k y ^ l-t+j-fc ^ 

C — 2 — C — 2 — t — 2 — 
\ — 2 — )' k — 2 — k — 2 — )' 

^ « + «y + * y | ^ e + ett + t y ^ e + rt+j ^ 

\ — 2 — ;» k — 2 — k — 2 — )' 

e=l,....4; >? = 1 6; f=l 10; JV=120. 

<>__ - 

2. Q'lao : A second Double-Ikosahedron Group differing from the above by 
the interchange of e with ef . 

The groups Q 8 and Q u are contained in Q M , and Q B in Q 24 , as permutable 
sub-groups.* Also a double-pyramid group of the 4m th order contains a cyclo- 
tomic group of the 2m th order as a permutable (ausgezeichnet) sub-group. The 
group Q m contains no permutable sub-group except the group ± 1 of the 2 d order. 

The vectors of the quaternions of these various groups represent geometri- 
cally the axes of symmetry of the corresponding regular polyhedra ; that is, they 
are the diameters of the circumscribed sphere, which pass either through summits, 
or middle points of faces, or middle points of edges. 



* C. Jordan, 44 Traite des substitutions," pp. 1-60; and W. Dyck, 44 Gruppe und Irrationalitat regularer 
Riemann'schen Flacken," Math. Ann. Bd. XVII, p. 481. 
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The Gr&up of Movements of the Regular PcJyhedrn in thrtt^iwvnvnowil Spare. 

It i» well known that any displacement of a sphere about its centre as a 
fixed point can be replaced by a simple rotation about a determinate axis, and 
that such a rotation is represented bj the operator q ( )q~ l f q being a quaternion 
whose axis is the axis of rotation and the double of whose angle is the amount 
of rotation. From the foregoing discussion, therefore, it follows immediately 
that all the finite groups of automorphic transformations of the sphere are re- 
presented by the various groups of operations of the form q()q~~ l f when, for a 
given group, q assumes all the values of the different quaternions in some one 
of the above enumerated quaternion groups. The linear transformations of 
Oordan are therefore represented in the following scheme. 

I m () *. If q assume all the values of the quaternions of a cyclotomic 
group of the m a or 2m th order, m being odd, then the operators of q ( )q~ l , 
(fOf*, . . . . q m ( )q~~ m represent the m movements, or rotations about the 
axis of q , which transport any vertex of a polygon of m sides — whose plane is 
perpendicular to the axis of q — into all the other vertices of the polygon suc- 
cessively. These rotations I call the automorphic or self-congruent movements 
of the polygon.* 

J*? - If q assume successively the values of the quaternions of a 
double-pyramid group of the order 4n, the resulting rotations q ( )q~ l will re- 
present all the self-congruent movements (Bevcegungen in sich) of a double 
pyramid having in all An faces. 

Qui ) Qu l - 1^ 9 assume successively the values of the quaternions of the 
group Q u , then the operators q ( ) q" 1 represent the 12 self-congruent move- 
ments of the tetrahedron, such that its four summits 

i+j + i -i-j + t i-j-k -j+j-t 

its four centres of faces 

i+j + k — i— j + k j—j—t —j+j — l 

and its six middle points of edges 

dhi, ±j, 
are separately permuted with each other. 

*I call a figure self-congruent, when without undergoing any change as a whole, like parts — as 
points with points, lines with lines, etc. — are interchanged. Self -congruent movements or rotations are 
those which produce such an interchange of like elements ; thus all the motions of a sphere about its 
centre as a fixed point are self -congruent movements. 



V 
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&8 () Qu 1 ' If the quaternions of the group <2« be substituted for q in 
? ( ) the resulting transformations will be the 24 self-congruent movements 
of the oktahedron. The summits of this oktahedron are 

=bi\ ±j, it/*; 

its centres of faces are 

, i+j + k _j— j-fft i—j — k —i+ j — k . 

dc r= — f ± ■ -== > ± 7= — i i j 

and its middle points of edges are 

... j dbh ■ k±* ■ tzbj . 

s/Z 

and the movements in question permute these Mice elements with each other; 

Qm( ) Quo 1 - Finally, if in q( )q~ 1 , q be made to assume all the values in 
Q m , the result will be the 60 self-congruent movements of the ikosahedron. 
We have here for summits 



for centres of faces 



. + * — f— j + fe , i—j — k —i+j — k 

± 1 3= 7== l zfc 7=-- > zfc 7= I 

^3 \/3 

, ej±dk ek±(/i ei±efj . 

± ~VT~' ^^vr - ' ^^VT - ' 
and for middle points of edges 

±i, ±y, ±&, 

± 2 ' ± * 2 

The above scheme contains all the possible finite groups of automorphic 
linear transformations of the sphere, or what is the same thing, of the plane of 
complex variables. 

Schwarzbach, Saxony, September, 1881. 



The Counter-Pedal Surface of the Ellipsoid. 

By Thomas Craig, Johns Hopkins U*mr*itg. 



The particular surface investigated in the present paper is merely one of a 
class whose properties do not seem to have been studied : there is at least no 
reference to the surfaces in any works that I am acquainted with; further, 
Prof. Cayley expresses his belief that the subject is quite new. The definition 
of a counter-pedal surface is obtained from the definition of a pedal surface by a 
very slight change of the wording, thus : a pedal surface is the locus of the inter- 
section of the tangent planes to a given surface with straight lines drawn from 
a given point parallel to the normal ; the counter-pedal surface is the locus of 
the intersection of the normals to a given surface with planes drawn through 
a given point parallel to the tangent planes. We can have in like manner pedal 
curves and counter-pedal curves. Problems connected with counter-pedals, 
whether curves or surfaces, will in general be more difficult than those connected 
with pedals, as it would seem that in general the degree of the counter-pedal is 
higher than that of the pedal. Before taking up the analytical* part of the work 
I must first express my great obligations to Prof. Cayley for the assistance he 
has given me in this connection, especially in finding the equation of the surface. 
I had found the equation of the surface, but in a complicated form and encum- 
bered with a factor of the sixth degree, which I knew must exist but could not 
find. On presenting my difficulty to Prof. Cayley, he was good enough to work 
out for me the equation of the surface in another and simpler form. The inves- 
tigation below to find the equation of the surface is, with some insignificant 
changes, entirely due to Prof. Cayley. I have also received assistance from him 
on many other minor points in working out the properties of this surface. I 
have not as yet done much on the general theory of counter-pedal surfaces and 
curves, but if one may judge anything from analogy in the case of the counter- 
pedals of the ellipse and ellipsoid, these new curves and surfaces seem to be more 
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closely related to negative pedals than to the direct pedals. For example, the 
degree of the negative and counter-pedals of the ellipse is six ; the degree of 
the negative and counter-pedals of the ellipsoid is ten ; while the degree of the 
pedals is in each case four. In both of these cases the pole is supposed to be at 
the centre. If for the ellipse the pole is taken at the focus, the negative pedal is 
a curve of the fourth degree having the lines a? + = for stationary tangents. 

The counter-pedal surface of the ellipsoid, as considered in the following, is 
the locus of the intersections of central planes parallel to the tangent planes of 
the ellipsoid with the normals at the corresponding points of contact. The 
ellipsoid is given by the equation 

a 1 T 4' T 

The length of the central perpendicular upon the tangent plane to the 
ellipsoid at any point may be denoted by P ; then 

P 2 — a 4 ^ 6 4 ^ <f ' 

further write 

a, /?, y — b % — c*, & — a 1 , a* — 6 s . 

Denote by x } y,z the coordinates of a point on the counter-pedal corres- 
ponding to a point if , iq , £ on the ellipsoid, then it is obvious that these are 
given by the equations 

-Y 

In order to find the equation of the counter-pedal we have to eliminate 
£ , rj , f between these equations and 

a % ^ 6 s ^ <? 1 * 
It is to be noticed that these equations give 

xl; + y>l + z£ = a? + if + £ , 

a* ^ 6' ^ c 3 ' 
+ + ==0. 

The geometrical meaning of these equations is obvious ; one should be able 
to eliminate between these and the equation of the ellipsoid and find the equa- 



^K 1 -^)' 



€**K: 71* Os*a*tw-P*UL Smrfmx *f tie E^fmtiL 



tioa *A the mrfatt:. I wshl fcywerer. y/. ab-> t#> 4> al "Re rwifi m of the 
ncte*^ hkitead tA tea, like prooer <£*~zr«- : btxs I •sotLji a*x .tad like 
Wjmf^ brtu*. Instead of — /* h wH z& ^a^ox&z z>> wris* aerelj # . then 

frrjw these by aid of 

— + — + -^ = 1 

«* ^ 4? ^ <* 4 

we derrre 
and 

+ ' + =■ — • 



f**+f/ tv+f/ fc»+f/ t 

For greater conTcniencc replace x* , jf, z*, «*, V„ c* bj x P 5, z, a, *, c, 
then to find the required equation we hare to eliminate I between 

- >+ «sl, + « =1 



{t+tf 



ia + ff {l+tf ie+l,* t 
Muhiplj the second of these bj # and add to the first ; this gives 

a+< ^ 4+1 ^ < + l * 
which is to be combined with 

~ + * + 



(a + f/ (6 + f/ (e + tf 

We have thus to eliminate I between a seitic and a quadratic equation. 
The method followed by Prof. Cayley to effect this elimination is as follows : 

Expanding the quadratic it is 

(x + y + z)t + [(& + c)z + (e + a) 9 + (a + b)z] t + bac + eag + alm = 0. 

* 

Write this as 

Pt+Qt + 22 = 0. 
Denote by t A and t, the roots of this quadratic, then we have 

Pe + Qt + B = P(l - #,)(/ — <.) , 
, « * 
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The minimum value of t is of course — a , and its maximum value — c. 
Make t = — a, then we have 

a *( x +y + 2 ) — a(b + c » + (J + ay + tt + 5 z)-{-bcx-\-cay-t-a,bz = P(a-{-t 1 )(a + 1^) 
and obviously 

P(a + fi)(« + 'i)=— (3yx 
P(b + t l )(b + t i ) = -ya 1/ 
P(c + t l )(c + t % ) = -apz 

The quantity (t x — t t )* will be needed ; this is given by 

Substituting for P , § , B their values, this is 
or say 

(<i-tf=-£- • 

The values of ^ and ^ , substituted in the sextic equation, will lead to the 
expression required for the equation of the counter-pedal. The sextic expanded 
is 

(b + t)\c + (fax + t (c + t)\a + tf by + (6 + t)\a + 1) % cz — (a + t)*(b + t)\c + t)*=0. 
Write this as 

Aax + Bby+ Ccz — Z> = 0; 

denote by the suffix 1 or 2 the result df substituting for t its values t x and ; 
multiplying together the two identical equations thus obtained we have 

(A x ax + B x by + C x cz — D x ) (A 2 ax + B % by + G % cz — D % ) = ; 

this expanded is 

A x A % a^ + B&bhf + C X C*** + A A 
+ {B X G % + B % O x ) bcyz + {A X G % + A % C X ) cazx + (A X B 9 + A % B,) abxy 
— (A X D 2 + A&) ax — (AA + AA) by — (C X D % + <7,A) cz = . 
Using the above equations giving the values of x, y, z, the coefficients 
in this are readily found. 

A t A t ={b + (ft + t t y ( e + tf (c + tf = -f? . ayy* 
A A = (a + (« + <»)* (c + t t y = ^ • w 

Vol. IV. 
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+ £,tfi = (c + hY(a + < x ) 8 (a + /,J»(6 + t t y + (c + f,)*(a + + W + 

= (a + (a + [(c + ti y {b + /,)» + (c + ttf (b + /,)»] 

= (a + ttf (a + [a* ('i - + 26 -R . 6+7, . c + k • c + <,] 

p 5 L p' i ja J 
+ A t D, = (5 + <,)» ( C + *, J» (a + (6 + /,)» (c + 

+ (6 + 't) 8 (« + (« + (b + (c + ttf 
= (6 + (b + (c + (c + [(a + f,J» + (a + <,)»] - 

= • ayy [(/, - /,)• + 2 (a + M (a + tj] 

The remaining values are written down by symmetry. Substitution of these 
values in the above equation gives 

+ aryz \ (bcx + cay + abz) V + 2aryz [bc(3y + caya + a/xx/?] J 

- I V + b(?zx + cy % xy) - 2xyz. apyP [aa + 6/3 + cy] f = . 

The whole expression divides by the factor 

«W . 

effect this division, then multiply out by P % and reduce further by noting that 
aa + bp + cy= . The terms in the result containing P*xyz as a factor are 
easily seen to be 

P*xyz [a V + b 2 (P + <?f + 2pybc + 2yaca + 2a(3ab] = P^z (aa + J£ + cy) 1 = 0. 

The terms remaining are now 
a*(3*y*xyz — (aa*yz + bfihx + cy r xy) y + /* (ftca; + + a&z) v = . 

This is the equation of a skew surface of the fifth degree. The principal 
section in the plane of xy is the cubic 

(a — hfxy — (bx + ay) (x + y) % = . 

This has an asymptote 

bx + ay + ab = 

which meets the curve in 

ax + by = . 
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There is further an asymptotic parabola 

(x + y) % = ax + by + ab, 
and this meets the curve in , ah 

The discussion of this surface is reserved for the present, but we may just 
notice the values of the coordinates of a point on any of the principal sections 
corresponding to a given value of t . We have 



then 
and so 



ax by cz 

a + t ^ b + t ^ e + t 
For the section in the plane x = we may write 

y = M(b + t), z = — M(c + l), 

'(r+i-.-rO" 1 - 

M= (b + t)(c + t) 



(6 — c)t 

Introducing this value of M we have the values of y and z corresponding to 
x = . Similarly the coordinates of a point in the other two planes may be 
given. Arranged in tabular form these are 



x=0 

„_ (b + tf(c + t) 
J ~ (b — c)t 

~ (b — c)t 



y- 



{e + t )(a + tf 
(c—a)t 



(c + tf(a + t) 
(c — a)t 



x 



_ (a + if (b + t) 
(a—b)t 

_ (g + t)(b + (f 
V— (a — b)t 

2=0 



The equations of the sections of the skew surface corresponding to these sets 
of values of x, y, z are 

(b - cfyz - (cy + bz) (y + zf = , 
(c — cifzx — (az + cx) (z + x) % — , 
(a — bfxy - (bx + ay) (x + yY=0. 
If in the equation of the skew surface we replace x, y , z, a, b, c by the 
squares of these quantities we have at once the required equation of the counter- 
pedal. The correspondence between these two surfaces is such that to every 
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generator on the* ruled .-urfa'*e correspond* a certain curve on the counter-pedal. 

Tii'* curve ;\:A ^•.•:.».-r.i*or apr found by :riv::i-r f a •■•ert i:n • *-ant value in both 

r:Jt>e?». Tis'r line* on ♦ Kip-oid ■roiTe.rpon-iiri:: to a tnv»_-:i va'.wv of f are readily 

found. Required to Cnd th*j line on 

*-• ^* 

-i + -!v + \ = 1 

«* h- *r 

for which f , #. ^ — /*, has a constant value, say — t. : this gives 
the required curve is then the intersection of the two ellipsoids 



\ + ' + \ =1 

<r b l C 

| I ML I | A • 

«' 6* r 1 

The projections of this curve on the coordinate planes are evidently conies ; 
the projection on the plane of orz for example is the hyperbola 

«-» ■> ft * M 1 * 

Z' ir — fr 6- — c / — »" 

a* cr <r c ^ 

From their definition, these curves are obviously Poinsot s pollhodes. For the 
value /„ = /? the curve on the ellipsoid is the sejxirating pollhode : its projection 
on the plane zx is the pair of lines 

a 2 a 5 c 5 <* 

The pollhode itself consists of two ellipses whose planes pass through the axis 
of y . The curves on the counter-pedal corresponding to a certain constant value 
of /, ?. e. — /*, are found by laying ofT on the normals to the ellipsoid along the 
corresponding pollhode the length P . The extremities of these lines also lie in 
that parallel to the ellipsoid for which the modulus = P; the liftes on the counter- 
pedal are then the intersections of the inner sheet of the parallel surface with 
the counter-pedal. These are only partial intersections, and I have not been able 
to determine the degree of the curve. 

The equation of the counter-pedal is obtained from that of the skew surface 
as above indicated, and is 

— (a % a\>f:f + + ^yV// 2 ) (aV + 3 l y x + yV — 2a3xy — 23yyz — 2yazx) 

+ + *Y (AW + c*«Y + aW) (aV + fy* + yV 

— 23yyz —2yazx — 2a^xy) = . 
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The counter-pedal is therefore of the tenth degree — the same degree as that 
of the negative pedal of the ellipsoid. The terms arc grouped into those of the 
sixth, eighth, and tenth degrees respectively. Writing 

A — pa?]» , B = 2aV , G = 2ftW , 
D = SaVyV , E — 22a/fcy , G = a»/SyjtyV , 
the equation may be written 

G + (B — E){AG-D) = 0, 

or, writing 

B — E= — L, AC—D = M, 

the equation is 

G — LM— . 

The L is the v of the above. For (7 = with M — we have the principal 
sections of the surface — complete in the planes z = and x = , but as we shall 
see not complete in y = . These principal sections are the counter-pedals of 
the principal sections of the ellipsoid together with, in the plane y — , a certain 
■pair of straight lines. The equations of the counter-pedals of the principal 
ellipses are 

(i» _ c »y - (c y + tv) (y* + z»)» = , 
( c* — a'? zV — (aV + cV) (a* + x*f = , 

(a 8 - i*y *y - (ft v + ay) (x»+^)»=o. 

The coordinates of a point on each of these sextic curves are given by the 
table 



^=0 

(b* — c*)< 



(c' — a')< 
(c» + <)>' + <) 



(a*— 6')< 

„_ (tf +«)(y +y 

y— (a» — ft*)< 

2=0 



It is important to notice that these values go in pairs. For values of — t < ft* 
the first and second columns give real values of x , y and z , while the third 
gives imaginary values ; for — t — b % the first and third columns vanish ; for 
values of — t > ft* the first column is imaginary while the second and third are 
real. This remark is important in making a drawing or model of the surface, as 
it shows just what points in the three cross sections are to be united. 




7,v; y,r OliA \: W; .v.;, ';. y> m -.'z y = --orr^-;or.i= to Till-*? of 
/ -a* 1/ >. \ \ '* >.:.-: .+ : to w.- ':orr*-;-. r.d!:. z >: :r.t.- iri the I»p : 

v;:. of \v: '/,:; ''.*y.:A'.:.v y. OlSA '<s.:A E are fo-ind rrora the a>:»re 
7;,-: f.or\or. OC/I ^ y,\:. e :'l rr.fc:.r.er to />. Trie sisaLI letter? in-ii- 

'V': 'or?<:-;,o;.':.;.^ ;/0.:.v-. a.vj ->;rv-'; to -;.ow ';o:r.;,!-sV-:y how a drawing or model 
of \V: r:,;jy V; ';o;.-.ti ij';*ed. 

I;» tuuW\u% a drawing of t.h<- - irfa/;e it will of course be desirable to work 
'/•»■ -f-'? fi'jjri^ri'-al vji! j<^ of a few of *h<: '.orr«: -ponding points! though the lines 
will have t/, hi ; <;;;<;'] in hy the eye — unless indeed one chooses to 
y<> through a very tedious eonifiiiUtion to find the intermediate points through 
whi'.h t.o t.ra':e them. 
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The lines 

aa* — yz % = 

are clearly double lines on the surface ; a section of the surface through the point 
a of Fig. 1 will consist of two curves like Fig. 2. 




Fig.2. 

This section gives only eight real points of intersection with a right line. 
There are four real singular points of the nature of triple points in the plane of 
y = and an equal number of imaginary ones in the other two planes ; the origin 
is a singular point of a very high order and will hardly repay study. The double 
lines 

av? — yz* = 

on the counter-pedal correspond to the separating pollhode on the ellipsoid ; the 
projection of these lines has been shown to be 

a 2 a* c 2 c 2 ' 
the angle between these projections and the double lines being called 0, we have 

COS = (tt* + c*) sf~^ + s/ay (a* + c*) + aV + c*f. 

This is a right angle only for ellipsoids of revolution, as we can only have 
cos = for a = or y — . The projection and the double line will coin- 
cide with each other for cos0 = 1 ; this gives 



a 8 + c* 



The double lines are at right angles for an ellipsoid whose axes are connected 
by the relation 

79 2aV 

or — 



a 2 + c* 

I thought that the umbilics of the ellipsoid might correspond to the above 
mentioned triple points or the counter-pedal ; on testing I found that they did 
not correspond, though there is a singular relation between the coordinates of the 
points corresponding to the umbilics and the coordinates of the triple points. 



T:+z coordlrjfctfc* of th* > : 

P = — 7 r — «> ^ = * : 

the Tai jft of * for t:.**=r po::.:* i* — " : *+\*?.i\;rlz.z tils in the =e*>js>d column 
of ite above table Lave 

The coordinate-; of the triple po:r.t= on tie colter-pedal are found by 
making t— — f/\ lh<;y are 



* — - - — ^ 

The values of z and 2 for the two -irrle-? of r-^:^"_- are j : i=t interchanged. The 
condition that the urnbiiics on the ellipsoid sh ould correspoiid to the triple points 
on the counter-pedal u 

fr — — 2 — - 

Besides the two straight double lines on the surface there are two other 
double lines whose projections are of a quadrifoil shape, the curves in space 
having the same shape only bent to fit the surface. 

The existence of these lines is readily inferred from Fig. 1 : they are 
produced by the intersection of the portion of the surface joining the loop E 
to the partial loop OB A with the portion which joins the loop D to the partial 
loop O CA . The degree of these nodal lines I have not been able to determine. 

The lines of curvature on the counter-pedal to the ellipsoid are its intersec- 
tions with the counter-pedals to the two confocal hyperholoids. I have not been 
able to deduce any results of consequence concerning the curvature of this 
surface, but in the next few pages I have given the values of all of the quantities 
employed by Gauss in his investigations on the curvature of surfaces. These 
values will certainly be necessary in any future study of the curvature of the 
counter-pedal, so it is worth while giving them here, although I have not been 
able to determine in a simple manner the radii of curvature. 

Denoting by u and v the curvilinear coordinates of a point on the surface 
of the ellipsoid, we have 

- rar *=zV{V + w )(£* + r ) > 
— a0?=c*(c* + w)(c> + *). 
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Let P, P lt P % denote the three perpendiculars from the oentre upon the 
tangent planes to the three confocal quadrics at their common point £, vi, £, then 

PJ "~(a» + «)V (6* + «) ,T (c* + «)» 
1 _ ^ _l "/* _ . C 2 . 



PJ (a* + e)» ' (&» + »)' ' (c* + e)» 
or in terms of u and v these are 



uv 



• D8 _ (a , + »)(6 a + «)(c' + ») . 

1 — 7 \ ' 

u(u V) 

+«)(*+») 

/g — t : • 

1 V(t? — u) 

The element of length ds given in the form 

*/JEdu 2 + 2Fdudv + GW 

is of course for the ellipsoid 

_ J[_ /du' dv* 
~ 2V pf+ 

Denote by fiT>i£"> £) the quantities which on the counter-pedal correspond 
to E, F, G on the original surface : 
then 

*=(£)' +(£)'+(£)' 

da: da; , dy dy , ds dz 

du dt> du dt> du dt> 



Now 

and therefore 



^_d^_ J P_d^_^dP 2 &c 

du du a* du a? du 
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Substituting in the expression for 3 we have 
To reduce this, observe that 



1 g 

— r - = -s — r - ; — » <*C. 
rf« 2 c? + u 

v P 1 v P __ 1 

* a»(a' + «)» ~~ aP! ' a 4 (a* + tt) «P* ' 

Making these and other obvious reductions we have 



or 



^ = 



2uP? ' 4uP| 
P l 



of course it follows from the symmetry of ST and Q that 

The reductions to be performed in order to 6nd £ are a little different from 
the above, but there is no difficulty in getting it ; all three of these quantities 
may be written as follows : 

p» / 1 -py.i P* 

4P[\P + H) + 4 V 

i p 4 _j_jP! 

** ~~ 4 aW ' ~ 4 «r ' 
The element of length on the counter-pedal being now given by 

da* — 3du* + 2ddudv + Ddv* 



becomes 
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Now 



The element of area of the counter-pedal is 

dS, — */HB — £*dudv , = Ududv . 



- sSii { (t + 4)'(f + v )'+ 7(7 + v)'+ ?■ (y + t)'} • 

This is easily brought into the form 

16 PJP'uV L x (P» + «)' (P» + t>)*J ' 



or again 



(P» + «)' (P» -f- t>) 1 , PIP? (P s + t>)* , P'PJ (P» -f- «)» 



rr, _ J 1_ r (P» + tt) a (P» + t>)' , 

16 PJPf L uV " r 



+ 



uV 



■3 



or say 

the element of area is now 



T 2 



16 P\P\ 



1 T 

d£ = — rrrr dudv j 



4 P 1 P* 



and for the total area we must have 



-6* — c» 



of course the area of the ellipsoid is 

— 6» — e» 



—a* — &« 

The ratio between corresponding elements of area on the ellipsoid and its 
counter-pedal is 



dl 



= 7\ 



dS 

Denoting by (0^, y x ) and (a,, ft, y 2 ) the direction-cosines of the normals 
to the ellipsoid and counter-pedal respectively at corresponding points, we have 

dx dx dx 

<fy dy_ dy 
d£ dq d£ 
dz dz dz 

a, ft 



7'= 



a,, 



ft, 



W * *$*7 4*fenu: sonar- at iie w» if^^^ 



We fori ur at m« 

r=fe 



+ ^ 



-fe, 



> * V 

dm' A. 



= 4 — 



oft 
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or finally 



V = A- 



— k 
6V 







c 


dk 


drj 


K 


du ' 


du 


du 


dk 


drj 




-dV' 


dv 


dv 



k 

b V 



-Tc, 
dk 



>7, 
drj 



du ' du ' 



dk 
dv 



dij 
dv 



K 

du 

dv 



The values of ff and O may of course be written down at once by symmetry. 
There are three other quantities necessary in obtaining the expressions for 
the radii of curvature, &c, by Gauss's method, viz. 



or 



3t = 





<Py 
du*' 


<Pz 


dt?' 


du 8 


dx 


dy 


dz 


du 


du 


du 


dx 


dy 


dz 


dv 




dtT 



(Px 



&c, 



cPy 



cPz 



dudv 



dudv 



dudv 



The values of these expressed as determinants of the fourth order are easily 
found ; they are 



3' = 



abc, 

ffik 

du* ' 

di 

du 

dk 

dV 



— Jc K 
a» *' 


— CO 


ah y 

<? * 


b* 


d»f 


dhj 
du» ' 


d»c 


du* ' 


du* 




A, 


K 


du 


du 


du 


dc 


dy 


< 


dv 


lb' 


dv 



- 7. 


























•or 












< 
















< 












d Ik 2 * * 4m V + 4m Z ** 4* * 



4* 

I {we*e M€ Wa aMe to nmj&fj these expre»nmf aaj < 

If we <fea*rte tj * f 5. z die e*x«dmaS£s of a poimt oa the /nJaf of 
^ij**>wi it at ea*y to tee that 

2r = £ — x ? y = r—y. z = $ — z. 

If i? ? refer to the pedal, we hare for the element of length on that 

mtbtz _ _ 

It » quite ea*y to show that 

j = r> 



# 



Craig : Tlie Counter-Pedal Surface of tJie Ellipsoid. 375 

and then for the element of length on the counter-pedal 

P 2 / du* dv 2 \ 
d*' = dJ + do*+^l^ F > + ^j); 

writing 

A» = aW, 

A} = a 2 + u . b* + w . c 2 + u , 
Af = a 2 + v . i 2 + v . c 2 + r , 

the last term in dd* becomes 

P 2 , x rdu* dr 2 ! 

-2 c~ — L^5 — -^-J ' 

A* / 1 1 \ rdu* _ dt^n t 

— 2 \~\ v ~u)Va\ A\\' 

and so 

i<Vl l\rdu 2 dt^n 



It would be interesting to find an interpretation of this last term, but I 
see no means of doing it. 

Denoting by d£ the element of area on the pedal, we have 



also 

-g = P» P 2 + P? 



4t* 2 P\ 



_ = P* P 2 + P| 



-n 1 ^ 3 
4 w 



calling the quantity under the radical sign y* we have 

— P 8 

y2= 16uVP 2 P 2 C 7 * + ^ + ^i] > 

and for the ratio between the elements of area of the pedal and counter-pedal 

JL — V 1 ( p2 + u f ( p2 + *) 2 + P 2 P\ (P 2 + *? + P 2 P\ iP* + *f \ 
V *VP 2 + P? + P1 
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dx 


dx 


dx 


dx 


dy 


& 


dy 


*L 


*L 


dx 


dy 


dz 


dz 


dz 


dz 


dx 


~dj 


dz 




A 


Yt 



Calling a,, y % and <z^, y t the direction-cosines of the norma.: at cor- 
responding points to the counter-pedal and pedal respectively, this ratio is the 
value of the determinant 



ft 



Let F (£ yi £) = represent any surface, and denote by F tt F„ F^ the deriva- 
tives of F with respect to £, >7, £. The equation of the tangent plane to this 
surface is {xf, i/, d denoting current coordinates in the plane) 

(*-«)*• + + <«-0Ji=o ; 

taking the origin as the pole we have for the perpendicular upon the tangent 
plane 

P- § 

where Q> = F* + Ff + F?. 

The direction-cosines of the normal, and therefore of p , are 

F t F„ F ( . 
~Q' ~Q' ~Q' 
and the coordinates of a point on the pedal surface are 



pPt 



pF, 



pF 



Writing-^- = k we have for the coordinates of a point on the counter-pedal 

z = S + kF { . 

The elimination of i- , ri, £ between these equations and F= will give tho 
equation of the counter-pedal of F= 0. 
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Write the coordinates y, z in the form 

x = £ + x, y = y! + y, z = £ + z 
and we have for ST* O the general values 

etc ^ 

the quantities 1 , are proportional to the direction-cosines of the 

tangent to the curve u = const traced on the original surface ; and ^ 1 i -J^- 

are proportional to the direction-cosines of the tangent to the corresponding 
curve u = const traced on the pedal ; calling the angle between these two 
tangents the above value of ST is 



&=e+e+ 2V J Ej£cos e. 

Writing 0| = u), we may also write 

Q*=(v, v), ft=(u, v), ft == (u, v). 
The whole set of values is then 



& = E+ E+2VEE cos lt 



d = F+ F+ 2^ EG cos ft + 2^ EG coe ft, 



# = 6? + 6? + 2 V # Q cos 2 . 

It would be interesting to find the surfaces for which the square of the 
element of length on the counter-pedal is equal to the sum of the squares of the 
corresponding elements on the given surface and the pedal, i. e* the surfaces 
which give the relation 

Sdtf + 2d dude + Ddtf = Edit + 2Fdudv + Gdrf + EM + 2Fdudv + Gdv* 
or 

The conditions for this are obviously 

cos 4 = , cos t = 

and 



sf E G cos ft + V E G cos ft = ; 

Vol. IV. 
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or otherwise 

du du dv da 

^ dm dr"^"^dr du ^ " 
The quantities F, 8 , O may be written in the form 

V = A+A- 



d(m,r) 


d(; 


*) 




d(s, 


i) 


r) 


d(u, 


*) 






*) 


d{u,t) 







There are many other general formulas that one might write down, but it 
is hardly worth while to do so. 
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Tables for the Binary Sextic. 

The Leading Coefficients of the First 18 of the 26 Covariants. 
By Professor Oayley. 

Including the sextic itself, the number of covariants of the binary sextic is 
= 26, as shown in the table p. 296 of Clebsch's "Theorie der binaren algebra- 
ischen Formen," Leipzig 1872 ; viz. this is 








2 


Order. 
4 6 


8 


10 


12 


1 








/ 








2 


A 




i 




3 






3 




I 




p 


(/, »") 




T 


4 


B 




(/, 0, 


(/, 9 




*•) 




5 




. (•', 0, 


(i, I) 











6 








((/. 0, o. 








7 




(/, n 


(/, n 










8 
















9 






((/,•).«■)• 










10 


(/. n 


(/, n 












12 




((/. o. n 












15 


((/. i), n 















/ - />* 

/ * , Z Z 

fc* y Aits' Y<\>*? 1 TS' * #s*i\XUZ VWKBi'UKOT rf "ft* 

v,/^/^.</ A /, f£ str">* \< ti+s+L vjin* xonva i«c x 

f /, *;.;*i4* f %~ ;-4i% ,v^^.\ 5vur wruraara T. F. 

P '« /' </ J: *>. 3 # 

O <<S ■ f jr. >. ,f 
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we have 

S, Coeff. ce* = as — bb + cy — d(3 + ea , 

T, " « 4 =a5- 2&y+3c/3 — 4da, 

IT, x>=2a'S — + 25'a, 

7, " » 4 = 280a"e — 35/3"S + 10/'y ~ 2 + 24e"a . 
Similarly the invariant T7 and the leading coefficients of X, T depend on the 
coefficients of A , G and E 3 ; and the invariant Z depends on the coefficients of 
G and E A . But these two invariants W and Z have been already calculated; 
viz., as already mentioned, W is Salmon's invariant J9, and Zhis invariant E, 
given each of them in the second edition of his Higher Algebra (but not repro- 
duced in the third edition) : on account of the great length of these expressions 
it has been thought that it was not expedient to give them here. 

For the reason appearing above, I have added the expressions for the 
remaining coefficients of (7, E, G. 



A, a* 


B, a* 


G, 


D , x 8 


E, x» 


2?\ a* 


(?, SB 8 • 




a + l 


ng + 1 


ae + 1 


ac + 1 


acg + 1 


ace + 1 


a*/ +1 


a»d + 1 




a%f— 6 


a°bd—i 


a°6» — 1 


df -3 


<? — 1 


a 6e — 5 


abc — 3 




ce + 15 


& + 3 




e* + 2 


a%»e — 1 


cd +2 


a°b* + 2 




cP-10 






a°6V — 1 


6cd+ 2 


a°b*d + 8 












be/ + 3 


c 3 — 1 


be* —6 












— 1 
















c»e — 3 
















«? + 2 
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J. , 


J X* 




X* 








M, x* 




N, x* 


x* 


n/*pn hV> 1 
wxy ~ x 






+ 

1 


X 


a*cf + 1 


(teg* + 


1 


a*cfa — 1 


a*cda 


°J A 


ahef 10 


ef 




I 
X 




— 1 


dfg - 


6 


dea 4- 1 

wzy ~t x 


ce/ 1 


u> y l 


cay -p *t 










— 1 


<?g + 


8 


df* 4- 3 

uy r o 


-4- 3 

t*y ~r ° 


dpf -4- 9. 


Vy» 4- lfi 

C/t> JL u 









bee 


— 2 


ef* ~ 


3 


cry u 


etc A 


e* —1 


<?e. —12 


be* 


+ 


5 


it? +4 


ab*g* — 


1 


ab*fg + 1 





a b eg — 1 


a o a/ "r lo 


cy 


i 

+ 


y 


c»d 


— 1 


befg + 


6 


oceg & 


fej + 1 


b*f* +1 


6V + 9 


cde 




17 


a°i s e + 3 


bdeg — 


34 


bef* — 3 


bc*g 


bcdg + 2 


6c 8 / -12 


d 3 


+ 


8 


b*cd 


— 6 


bdf* + 


48 


bd*g — 4 




beef — 2 


bede —76 


a°b>g 


+ 


2 


be* 


+ 3 


be*f — 


18 


Mef — 12 


6ee» +11 


bd*f -2 


6a? +48 


b*cf 




6 






c*eg + 


18 


6c» +15 


bd*e + 1 


Me» +2 


c 3 * + 48 


b*de 


+ 


2 






c*f* - 


45 


<?dg + 1 


c 8 / + 9 


c-V -1 


cW —32 


bc*e 


+ 


6 






cd*g + 


4 


c»c/ + 9 


c»de —14 


c*df +2 




bed* 




4 






cdef + 


78 


<xPf + 4 


a? + 6 


cV + 1 














a? — 


36 


—21 


a°6»c<7 


ccPe — 3 














d*f — 


48 


<P« + 8 


6 3 rf/+ 8 


d* + 1 














d*e* + 


28 


a% — 3 


b*e* — 9 
















a°b*ceg 





4 , «2gr + 6 
b*cef+ 9 


6»c»/- 6 
















b*d*g + 


64 


b*cde + 16 
















b*def— 


144 


&»<F/+32 


6*^ — 8 
















b*e* + 


81 


AW — 39 


bc*e — 3 
















bc*dg— 


96 


Wg — 3 


*c»(? + 2 
















bc*ef + 108 


&M/— 66 


















bcd*f+ 


96 


fccV + 18 


















bede* — 


126 


JaPe + 76 
bd* —32 


















bcPe + 


16 


















c*g + 


36 


c 4 / +27 


















c*df - 


72 


<*de —45 


















c*e* — 


27 


+20 


















c*d*e + 


96 




















cd* — 


32 
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aWg 9 


+ 1 


defg 

■a 


— 6 
+ 4 
+ 4 


*f 


— 3 


abcdg* 


— 6 


bcefg 


+ 18 


bcf> 


— 12 


bd*fg 


+ 12 


bde>g 

lej 

cry 


— 18 


+ 6 


+ 4 


cVgr 


— 24 


<?dfg 


— 18 


<?eP 


+ 30 


ccPeg 


+ 64 


cd*f* 


— 12 


cde*f 
ce* 


— 42 


+ 12 


d*g 


— 20 


d*ef 


+ 24 


d*e* 


— 8 


a°b>dg* 


+ 4 


l*efg 

■ iy 


— 12 


+ 8 


b^g* 


— 3 


b'ce*g 


+ 30 


b*cef* 


— 24 


b*d>eg 


— 12 


6»c?/> 


— 24 


b % de*f + 60 
bV — 27 


Wfg 


+ 6 


lx?deg 
b&df 


— 42 


+ 60 


tee*/ 


— 30 


bccPg 


+ 24 


bcd*ef 


— 84 


bcde 9 


+ 66 


Id*/ 


+ 24 


bcPe* 


— 24 


c*eg 


+ 12 


c*f 


- 27 


<?d*g 


— 8 


<?def 


+ 66 


<*<? 


— 8 


<?d*f 


— 24 


cW 


— 39 


cd*e 


+ 36 


cP 


— 8 
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B, x« 








— 1 


efo 






+ 9 


j 






— 8 








4- 3 

I 


bdfq 

if 






— 24 


c/c/ y 






— 45 


bef* 






+ 66 


^Jif 





2 


+ 3 


cdeo 


+ 


5 


+ 48 


cdf* 


+ 


6 


— 12 


c#f 





7 


— 51 


d?g 





3 


— 16 


(Pef 





3 


+ 36 


d£ 


+ 


4 


— 8 









— 2 




+ 


4 


+ 12 


b % deg 





5 


+ 192 


Vdf* 





6 


— 48 


v// 


+ 


7 


— 144 






5 


— 159 


up 




6 


+ 18 


bccPff 


+ 


7 


— 48 


bcdsf 


• 


16 


+ 24 


bee* 


+ 


23 


+ 279 


bcPf 


+ 


30 


— 48 


bcPJ 




33 


— 84 


is 




1 


+ 42 


<?ef 


+ 


36 


+ 153 


v KM J 




37 


— 36 


c*de* 




53 


— 399 


ccPe 


+ 


79 


+ 312 


cP 




24 


— 64 


a°b*fg 




2 





b 3 ceg 


+ 


5 





b s cf 


+ 


6 





b*d*g 
b'def 


+ 


2 


— 224 


+ 


22 


+ 144 


6V 




27 


+ 54 


b % <?dg 




8 


+ 336 


V<*ef 




39 


- 108 


Vcd*/ 




50 


+ 384 


Vcdt? 


+ 107 


— 684 


bWe 




22 


+ 144 


bc*g 


+ 


3 


— 126 


b&df 


+ 


84 


— 648 


5<rV 




21 


+ 432 


bc'cPe 




102 


+ 564 


bed* 


+ 


44 


— 288 


*f 




27 


+ 270 


c*de 


+ 


45 


— 450 


<?<J? 




20 


+ 200 



384 



G 



«/ + 2 
be — 6 
cd + 4 



ag+ 1 
ce — 9 
<P + 8 



c/- 6 
<fe + 4 



eg + l 
4 

e* + 3 



Cayley : ThWes <7t« Binary Sextic. 
Remaining Coefficients of G, E, G. 



E 





adg 


+ 1 


aef 


— 1 


beg 


— 1 


bdf 


— 8 


be* 


+ 9 


*f 


+ 9 


ode 


- 17 


d? 


+ 8 




aeg 


+ 1 


«/* 


— 1 


bdg 


— 3 


be/ 


+ 3 


*g 


+ 2 


cd/ 


— 1 


ce* 


— 3 


cPe 


+ 2 



Note.— In the tables on this page, a 
has been treated like the other letters; 
on the preceding pages, the powers 
of a have been suppressed except in 
the first of every series of terms con- 
taining a common power of a . 



G 



a*g + 1 

ab/ + 2 

ace — 19 

ad} + 8 

b*e — 6 

bed + 44 

c* — 30 



abg + 

aef — 

ade — 
bV 

bee — 

bd* + 112 



7 
14 
14 


21 



c*d 



70 



acg + 7 

ad/ — 28 

ae* — 14 

b*g + 14 

be/ — 42 

Me + 168 

c*e — 105 



ae/ 
beg 
bd/ 
be* 





35 
35 


+ 105 
— 105 



+ 



G 



aeg — 7 

a/» - 14 

bdg + 28 

be/ + 42 
+ 14 

cd/ — 168 

ce» + 105 



«/0 — 7 

% + 14 

6/» 

edg + 14 

ce/ + 21 

<?/ — 112 

de* + 70 



a# 7 



«0* - 1 

bfg — 2 

ceg + 19 

c/» + 6 

<fy - 8 

de/ — 44 

e* +30 



v - 

c/g + 

deg — 

«Y + 



l 

5 
2 
8 
6 



The final result is that we have the values of the invariants B, I, P, W, Z 
and the leading coefficients of the co variants A, G, D, E, F, G, H, J, K, L, 
M, N, O, Q, R: also the means of calculating the leading coefficients of the 
remaining covariants S, T, U, V, X, Y. 
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